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New Syllabus Mathematics (NSM)

IS a series of textbooks specially designed to provide
valuable learning experiences to engage the hearts and
minds of students sitting for the GCE O level examination in

Mathematics. Included in the textbooks are Investigation,
Class Discussion, Thinking Time, Journal Writing,

Performance Task and Problems in Real-World Contexts

to support the teaching and learning of Mathematics.

Every chapter begins with a chapter opener which motivates
students in learning the topic. Interesting stories about
Mathematicians, real-life examples and applications are used
to arouse students’ interest and curiosity so that they can

appreciate the beauty of Mathematics in their surroundings.

The use of ICT helps students to visualise and manipulate
mathematical objects more easily, thus making the learning
of Mathematics more interactive. Ready-to-use interactive
ICT templates are available at http://www shinglee.com.sg/

StudentResources/
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CHAPTER OPENER

Each chapter begins with a chapter opener to arouse students’ interest and curiosity in learning the topic.

LEARNING OBJECTIVES
Learning objectives help students to be more aware of what they are about to study so that they can monitor their

OWN progress.

RECAP

Relevant prerequisites will be revisited at the beginming of the chapter or at appropriate junctures so that students can
build upan their prior knowledge, thus creating meaningful links to their existing schema.

WORKED EXAMPLE

This shows students how to apply what they have learnt to solve refated problems and how to present their working
clearly. A suitable heading is included in brackets to distinguish between the different Worked Examples.

PRACTISE NOW

At the end of each Worked Example, a similar question will be provided for immediate practice. Where appropriate,
this includes further questions of progressive difficulty.

SIMILAR QUESTIONS
A list of simitar questions in the Exercise is given here to help teachers choose questions that their students can do
on their owrn.

EXERCISE

The questions are classified into three levels of difficulty - Basic, intermediate and Advanced.

SUMMARY
At the end of each chapter, a succinct summary of the key concepts is provided to help students consolidate what
they have learnt.

REVIEW EXERCISE

This is included at the end of each chapter for the consolidation of learning of concepts.

CHALLENGE YOURSELF
Optional problems are included at the end of each chapter to challenge and stretch high-ability students to their
fullest potential.

REVISION EXERCISE

This is included after every few chapters to help students assess their learning.
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:arning experiences have been infused into Investigation, Class Discussion, Thinking Time,

wrnal Writing and Performance Task.
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Y, Investigation

Activities are included to guide
students to investigate and discover
important mathematical concepts

s0 that they can construct their

own knowledge meaningfully.

Thinking Time

Key questions are also included at
appropriate junctures to check if
students have grasped various concepts
and to create opportunities for them to

further develop their thinking.

This contains important
information that students
should know.

This contains certain
mathematical concepts
or rules that students
have learnt previously.

O\I—()RI)

PREVE AR Y

skills in the students

This guides students
on how to approach a
prablem.

This contains puzzles,
fascinating facts and
interesting stories
ahout Mathematics as
enrichment for students.

Class

Discussion

Questions are provided for students to discuss
in class, with the teacher acting as the facilitator,
The questions will assist students to learn new
knowledge, think mathematically, and enhance
therr reasoning and oral communication skills.

Journal Writing

Opportunities are provided for students to
reflect on their learning and to communicate
mathematically. 1t can also be used as a
formative assessment to provide feedback to
students to improve an their learning.

develop research and presentation

This includes information
that may be of interest
to students.

Interpet
—Resources

—

This guides students t
search on the Internet

Preface o

— "


admin


-2°: Contents

CHAPTER 1

Dlrect and Inverse Proportlons 001

1.1 Direct Proportion 003
1.2 Algebraic and Graphica 006
Representations of Direct
Proportion
1.3 Other Forms of Direct Proportion 012
1.4 Inverse Proportion 019
1.6 Algebraic and Graphical 023

Representations of

inverse Proportion
1.6 OtherForms of Inverse Proportion 029
Summary 034
Review Exercise 1 035

_CHAPTER 3

Expansron and Factorisation of 089

Quadratic Expressions

3.1 Quadratic Expressions 091

3.2 Expansion and Simplification of 097
Quadratic Expressions

3.3 Factorisation of Quadratic 105
Expressions
Summary 111
Review Exercise 3 112
—
¥:P

o Contents

CHAPTER 2

e e

Linear Graphs and Simultaneous 037

Linear Equations

21  Gradient of a straight line 039

2.2 Further Applications of Linear 050
Graphs in Real-World Contexts

2.3 Horizontal and Vertical Lines 055

2.4 Graphs of Linear Equationsinthe 058
form ax + by =4

2.5 Solving Simultaneous Linear 062
Equations Using Graphical Method
2.6 Solving Simultaneous Linear 067

Equations Using Algebraic Methods
2.7 Applications of Simultaneous 077
Equations in Real-World Contexts
Summary 083
Review Exercise 2 084

CHAPTER 4,

Further Expansron and Factorlsatlon 1 13
of Algebraic Expressions

4.1 Expansion and Factorisation 115
of Algebraic Expressions

4.2 Expansion Using Special 121
Algebraic dentities

4.3 Factonsation Using Special 125
Algebraic Identities

4.4 Factorisation by Grouping 128

Summary 132

Review Exercise 4 133

Revision Exercise A 135

OXFORD




_CHAPTER 5 _

Quadpratic Equatmns and Graphs 137

5.1  Solving Quadratic Equations 139
by Factorisation
5.2 Applications of Quadratic 143

Equations in Real-World Contexts
5.3 Graphs of Quadratic Functions 147
Summary 158
Review Exercise 5 159

CHAPTER 7

Relations and Functions 181

7.1 Relations 183
7.2 Functions 184
Summary 189
Review Exercise 7 190

Geometrical Transformation 233

9.1 Reflection 235
9.2 Rotation 241
9.3 Translation 246
Summary 250
Review Exercise 9 251
Revision Exercise B 253

OXFORD

Aj:‘r

_CHAPTER 6

AIE)CI)I’HIC Fractions and Formulae 161

6.1  Algebraic Fractions 163

6.2 Muiltiplication and Division of 165
Algebraic Fractions

6.3 Addition and Subtraction of 168

Algebraic Fractions
6.4 Manipulation of Algebraic Formulae 171
Summary 178
Review Exercise 6 178

CHAPTER 8 _

Congruence and Slmllarlty 191

8.1 Congruent Figures 193

8.2  Similar Figures 203

8.3 Similarity, Enlargement and Scale 213
Drawings

Summary 228

Review Exercise 8 229

CHAPTER 10

Pythagoras Theorem 257
10.1 Pythagoras’ Theorem 259
10.2 Applications of Pythagoras’ 269

Theorem in Real-World Contexts
10.3 Converse of Pythagoras’ Theorem 276
Summary 278
Review Exercise 10 278

Contents o




CHAPTER 11 _CHAPTER 112

Trigonometric Ratios 281 Volume and Surface Area of 315
11.1 Trngonometric Ratios 283 Pyramids, Cones and Spheres
11.2 Applications of Trigonometric 289 12.1 Volume and Surface Area 317
Ratios to Find Unknown Sides of Pyramids
of Right-Angled Triangles 12.2 Volume and Surface Area 328
11.3 Applications of Trigonometric 296 of Cones
Ratios to Find Unknown Angles 12.3 Volume and Surface Area 338
in Right-Angled Triangtes of Spheres
11.4 Applications of Trigonometric 302 12.4 Volume and Surface Area 344
Ratios in Real-World Contexts of Composite Solids
Summary 310 Summary 349
Review Exercise 11 311 Review Exercise 12 350

_CHAPTER 13 __CHAPTER 14

Symmetry 355 Sets 391
13.1 Line Symmetry 357 14.1 Introduction to Set Notations 393
13.2 Rotational Symmetry in 368 14.2 Venn Diagrams, Universal Set 399
Plane Figures and Complement of a Set
13.3 Symmetry in Triangles. 372 14.3 Intersection of Two Sets 408
Quadrilaterals and Polygons 14.4 Union of Two Sets 408
13.4 Symmetry in Three Dimensions 379 14.5 Combining Universal Set, 409
Summary 384 Complement of a Set, Subset,
Review Exercise 13 384 Intersection and Union of Sets
Summary 416
Revision Exercise C 387 Review Exercise 14 417

OXFORD
@ Contents S kA,




_CHAPTER 15

Probability of Single Events

15.1 Introduction to Probability

15.2 Sample Space

15.3 Probability of Single Events

15.4 Further Examples on Probability
of Single Events

Summary

Review Exercise 15

Averages of Statistical Data
171 Mean

17.2 Median

17.3 Mode

17.4 Mean, Median and Mode
Summary

Review Exercise 17

Revision Exercise D
Problems in Real-World
Contexts

Practise Now Answers
Answers

OXFORD

419
421
422
425
435

439
440

489

491
501
506
509
517
518

521
525

529
535

CHAPTER 16

Statistical Diagrams

16.1 Statistical Diagrams

16.2 Dot Diagrams

16.3 Stem-and-Leaf Diagrams
16.4 Scatter Diagrams

443
445
446
448
452

16.5 Histograms for Ungrouped Data 465
16.6 Histograms for Grouped Data 469

Summary
Review Exercise 16

484
485

Contents o



.‘_ a‘-ﬂ-

RS

5 .:,_u M b

The boss of aicompany
is told’ that ‘helnsedsite
complete, a,construction |
project in a shorter period |
of time. Assuriing that/all
the workers:work at.the
samme rate, how many mors |
workers does . he.neadtin |
order to complete. the
praject on time?

g

wad
W

o)
el o e

=7

e Jyer——

OXFORD

URIERMITY PREAL




OXFORD




Direct Proportion

In Singapore, if we borrow hooks from a public library and are late in returning the
books, we will be fined 15 cents per day for each overclue hook. Table 1.1 shows the
fines for an overdue book.

Numberofdays( 1 | 2 3 4 5 6 7 8 9 10
—— —— = 3 4 - - 5 - -+

Fine (y cents) 15 30 45 | 60 | 75 90 | 105 120 135 150

4

Table 1.1
1. Ifthe number of days a book is overdue increases, will the fine increase or decrease?

2. If the number of days a book is overdue is doubled, how will the fine change?
Hint: Compare the fines when a book is overdue for 3 days and for 6 days.

3. i the number of days a book is overdue is tripled, what will happen to the fine?

4. If the number of days a book is overdue is halved, how will the fine change?
Hint: Compare the fines when a book is overdue for 10 days and for 5 days.

5. If the number of days a book is overdue is reduced to —;— of the original number,
what will happen to the fine? '

From the investigation, we notice that as the number of days, v, a book is overdue
increases, the fine, v cents, increases proportionally, i.e. if x is doubled, then v will
be doubled; if v is tripled, then y will be tripled.

Similarly, as the number of days, x, a book is overdue decreasces, the fine,
v cents, decreases proportionatly, i.c. if x is halved, then y will be halved;

AP 1 = .. : | . i . .
if vis reduced to . of its original value, then v will be reduced to = of its original value.

This relationship is known as direct proportion. We say that the fine, v cents, is
clirectly proportional to the number of days, v, a book is overdue.

@ Chapter 1
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Class

Discussion

Real-Lifc Examples of Quantities in Direct Proportion

Work in pairs.
1. Give a few more real-life examples of quantities that are in direct proportion.

2. Explain why they are directy proportional to each other.

Complete Table 1.2,
Number .
of days | i 2 3 3 6 7 ¥ i £h]

@) | | | | | | | | | | |
Fine :
(v cents)

Rate 15
I

(%)

wn

3} 45 60 7 90 1G5 120 135 50

L

N|"A’
=

£
bad V)

Table 1.2

=
What can we observe about the rate = ?
X
v s .
What does - fepresent? What does the constant “15" mean in this context?
. . V. . 3
In direct proportion, the rate = is a constant. In this case, = = 15.
X R

Let the number of days a book is overdue be v, = 3. Then the corresponding fine is
v, =45,

Let the number of days a book is overdue be v, = 6. Then the corresponding fine is

v, =90,
v 45 - v 90
FromTable 1.2, =L == = |5and 22 = ZX = |5,
x 3 X2 6
Y v, . Y Vi in Book 1, we have learnt that
o=k === =15 (constant), i.e. the two rates =L and 22 are equal LA NT e
Ay X, X X & rdie compares bwo or more
quantities of different kinds.
o6 Y290 S ) 1 _ Yer 4
Moreover, ;= 2and = 25 = 2 beyis doublec when v is doubled. In this case, * {or 2 ) compares
X AY ; -
the fine with the number of days
Wy ¥y . el vl : < i overdue. We have
==L j.e. the two ratios =% and =2 are cqual {This can also be obtained by A book is BRI Ly
NN z v rearranging the equation learnt that a ratics compares two
. ; ar more quantities of the same
"‘_-' = l_ ) kinel. In this case, : QUM

Y
b companson of the number of
To conclude, we have: . vy
davs & book s overdue and 4

I

- I0r v 3y s a compaison of the

" “ . . \Y} Vs R Va fines.
It v is directly proportional to x, then Pl S
A A2 33 Al
o |
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Worked
Example

If 6 kg of biscuits cost $27, calculate the cost of 13 kg of

hiscuits.

Solution:

First, we note that the cost of the biscuits is directly proportional to the mass of the

biscuits. ‘.%9’44 =

Method 1: Unitary Method Methad 1 is called the it
method because it involves iinding

6 k]‘," of hiscuits cost $27. the costof Lkg tor ! urnit)of hiscuits
first.

. 27
) kg of biscuits costs 36

13 kg of biscuits cost $2T7 x 13 = 558.50.

Method 2: Proportion Method

Let the cost of 13 kg of biscuits be Sx.
X 27 [ \s
Then 13”6 ( o= ‘_‘.]

i =%x 13

= $58.50

Alternatively,

X "EI YW N
27 61
12555
v= 6x._7
= $58.50

. 13 kg of biscuits cost $38.50.

[ CTISE NO SIMILAR
Pl !

(a) If 50 g of sweets cost $2.10, find the cost of 380 g of sweets, giving your answer F.'xvr('ilsc 1A Questions 1-2,
Siai-bi, 6
correct to the nearest 5 cents.

Xe - . : . 2 . ;
(b) 5 of a piece of metal has a mass of 15 kg. What is the mass of = of the piece of
metal? ‘

OXFORD
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Algebraic and
Graphical

4l @) Representations of

045 Direct Proportion

FR &

In the example on overdue hooks in Section 1.1, we have found that ): = 15, which

is a constant. If we represent this constant by &, then-':-' =k or y = kv, where k£ = 0.

Hence, we have:

. 5 ¥
| W xis directly proportional to x, then ==kory=ky,

| where kis a constant and & 2 0. |

2 @’ﬂlinking
7 Time

If we substitute & = 0 into v = kv, what can we say about the relationship between ¥
and y7

T~ Investigation

- - =% S— —

Graphical Representation of Direct Proportion

—onsider the example on overdue books in Section 1.1, Table 1.3 shows the fines,

. ) v
: cents, for various number of days, x, a book is overdue, where c=150ry= 15

Mhat does y = 15x mean in this context?

Number of days (x) 0 I 2 | 31 4|5 6 7 8 9 10
Fine (y cents) 0 15 30 45 60 75 90 105 120 135 150
Table 1.3

OXFORD
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1. Plot the graph of v against xin Fig. 1.1.

Fine (v cents)
Fy

_
for]
tn
|
I
1
1
|

751+ } iz
60T

ast+—t—1—A——1—

l | -

- ! E T Humbe
I 2 3 4 5 & 7 & 9 1o (umber
of days (x)

Fig. 1.1
2. What is the shape of the graph?
3. Does the graph pass through the origin?

To conclude, we have:

————— el

If v is directly proportional to x, then the graph of ¥
against x is a straight line that passes through the origin.

1
'l

1. If vis directly proportional to v, is x directly proportional to y? Explain your answer.

2. Suppose v is directly proportional to x. If we plot the graph of x against v, will we
get a straight line that passes through the origin? Explain your answer.

3. If v is directly proportional to x, then the graph of y against x passes through the
origin. If the graph of v against x does not pass through the origin, is v directly
proportional to a? Explain your answer.

4. As v increases, v also increases. Can we conclude that v is directly proportional
to +? Explain your answer,

()XF(_)RD
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Worked

Example

Ty is directly proportional to v and v = 12 when v = 4, tind
(i} an equation connedting x and v,

(i) the value of v when oy =8,

(i) the value of 1 when v =21,

Solution:

(i)

(i)

Since v is (“l‘L‘Ct')’ |)l’()|)()rl3.()['l.3| loa, Since v dhirecthy proportional to

. \
then v =4Ax, where £ is a constant, v then 3 Lorv=Ay where £ s

When v =4, v=12, dconstant and £ 20,
12=4x4d
k=3
Loy=dx

When v =8,

v = Ix§
=24
Alternatively,

when v =8, s doubledd
y=2x 120 s doubled

=24
We can also use —:ll =l‘]"
Lo = 4
12 4
v=2x12
=24
(iii) Substitute y =21 into y = 3
21 =3x
21
=3
=7

__ SIMLAR [
PRACTISE NW e i i QUESTIONS ;

I.

12

If y is directly proportional to v and v = 10 when x

l

Dak-ily

() an equation connecting v and v,
(ii) the value of v when v = 10,
(i) the value of ¥ when v = 60.

I v is directly proportional to v and v = 5 when v = 2, find the value of v when
v="7.

Given that vis directly proportional to x, copy and complete the table.

! x ' 4 5 7

F———I- + 1 + T

S S| 3 | 48 | 7
{}:}ZF_()RII)

Chapter 1

, find Exorcise 1A Questionrs 34, 7-8,
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AT
Worked _
E 1 The expenses, $E, of a tea party are directly proportional 1o

-Xampic the number of guests, N, present. When there are 30 guests

present at the tea party, the expenses incurred are $210.

{i) Find an equation connecting K and N,

(i) Calculate the expenses incurred when there are 80
guests present at the tea party.

(i) Draw the graph ot £ against M.

Solution:

(i Since E is directly proportional to N, Worked Example 3 can also be
solved using the Unitary Method
or the Proportion Method 1sed
When N = 30, £ =21, Worked Example 11, However, as
210 = & % 30 there are forms of direct proportion
where these two methods will
v k=T not work, we need to learn the
s E=TN algebraic method to solve them
see Worked Example 6)

then F = &N, where & is a constant.

{(ii) When N =80,
E=7x%x30
= 560
. The expenses incurred are $560.

s

(i JE=N
-]- r)‘{-lr-?} [:.=?N
i When N =0, £=0,
I When V=1, E=7.
(0, O)
1 Ld - -
ot : » N

; '
| || SIMILAR
| PRACTISE NOW 3

The cost, SC, of transporting goods is directly proportional to the distance covered, dkm. - Brerase 1A Questions 1014
The cost of transporting goods over a distance of 60 km is $100.

(i) Find an equation connecting C and d.

(i) Findl the cost of transporting goods over a distance of 45 km.

(iii) If the cost of transporting goods is $120, calculate the distance covered.

{iv) Draw the graph of C against d.

OXFORD
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Worked
Example

The total monthly charges, SC, for a mobile plan consist
of a fixed amount of $20 and a variable amount which
cepends on the usage. For every minute used, $0.20 s
chargedl.

(i) I the duration of usage is 120 minutes, calculate the
total monthly charges for the mobile plan,

(ii) If the total monthly charges for the mobite plan are
$50, find the duration of usage.

(i) Write down a formula connecting € and n, where n
is the number of minutes of usage.

(iv) Draw the graph of C against a. Is C directly proportional
to n? Use your graph to explain your answer.

Solution:
(i} Total monthly charges for the mobile plan = $20 + 120 x $0.20
$d4
(i) Variable amount = $30 - 8§20
=330
Duration of usage = 0
0.20

= 50 minutes
(iii) Variable amount = 1 x $0.20
$0.2n
Total monthly charges = variable amount + fixed amount
S C=020+ 20

* Since # cannot be negative, the
C=02n+720 line must start trom i = O,
* When g = |20, (=34,

(5. 21) C=02n+20 When = 150, C= 50

When n =0, ¢ =20,

L3 s ¢
Since T30 % 130« » 1S NOT
\’Vhen n= 5; C=21. constant.

: s Cls notdirecthy proportional
-

O 5 H HONIR

C is not directly proportional 1o » because the line does not pass through
the origin.

PRACTISE NOW &
— . QUESTIONS

The total monthly cost, SC, of running a kindergarten consists of a fixed amount  Tercise 1A Questions 1516
of 5000 and a variable amount which depends on the enrolment. For every child
enrolled, the monthly cost increases by $41.

() I the enrolment is 200, find the total monthly cost of running the kindergarten.

i) If the total monthly cost of running the kindergarten is $20 580, calculate the
number of chilcren enrolled in the kindergarten.

i) Write down a formula connecting C and n, where n is the number of children
enrolled in the kindergarten.

i) Draw the graph of Cagainst 2. Is € directly proportional 1o #? Use your graph to
explain your answer.




- Exercise

1A

BASIC LEVEL

1.

108 iclentical books have a mass of 30 kg, Find

{1} the mass of 150 such books,

(i) the number of such books that have a mass
of 20 ke.

In a bookstore, 60 identical books occupy a length

of 1.5 m on a shelf. Find

(i} the length occupied by 50 such hooks on
a shelf,

(ii) the number of such books needed to completely
occupy a shelf that is 80 ¢m long,

If x is directly proportional to v and x = 4.5 when
Y= 3, fire!

() an equation connecting vand v,

(i) the value of v when v =6,

(iii) the value of ¥y when v= 12,

If Q is directly proportional to 2 and Q = 28 when
P=4,

(0 express Q in terms of P,

{ii) find the value of Q when P =5,

(iii) calculate the value of P2 when @ =42,

Finct the cost of

(@ 10 ke of tea leaves when 3 ke of tea leaves
cost S18,

(b) « kg of sugar when b kg of sugar cost Se.

s . . .
g ofapiece of metal has a mass of 7 kg. What is
2

the mass of =

of the piece ol metal?

It - is directly proportional to v and = 12 when
v =3, find the value of v when ;= 18,

IF B is directly proportional to A anck 8 = 3 when
A =18, find the value of B when A =24,

10.

11,

12,

13.

14.

For each of the tollowing, v is directly proportional
to v. Copy and complete the tables.

(a) - )
x | 4 |2 | 2]
y | | 6 | 9 1
(b)
X 2 3 55
e} 4 I
oy 36 96 | 114
If v is cirectly proportional to x and y = 20 when
x=35

4
() find an cquation connecting v and v,
(i) draw the graph o v against x.

If - is clirectly proportional to y and : = 48 when
v=1>0,

(i) fiind an equation connecting v and ¢,

(i) draw the graph of z against v,

The netlorce, £ newtons, needed to push a block
along a horizontal surtace is directly proportional
to the mass, m kg, of the block. When m =5,
=49,

() Find an equation connecting F and m.

(i) Find the vatue ot Fwhen m = 14,

{iii) Calculate the value of nrwhen F=215.6.

(ivy Draw the graph of £ against m,

The pressure, P pascals, of a gas in a container
is clirectly proportional to its temperature, Tkelvin.
When 7= 10, P =25,

i) Find an equation connecting P and 7.

(i) Find the value of Pwhen 7= 24,

(i) Calculate the value of T'when P = 12.

(iv) Draw the graph of P against 7.

The amount of voltage, V volts, needed to send
a fixed amount of current through a wire, is directly
proportional to its resistance, R ohms. Whoen R =6,
V=4,

i) Find an equation connecting Vand R.

(i) Find the value of Vwhen R =15,

(i) Calculate the value of R when V= 15.

(iv) Draw the graph of Vagainst K.

OXFORD
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ADVANCED LEVEL

15. The total monthlyv income, $42, of a salesman who

sells tyres consists of a basic salarv ol $600 and

a variable amount which depends on the

number of tyres he sells, Tor cach tyre he sells,

he receives S8,

(i} It the salesman sells 95 vres in a particular
month, find his total income for that month.

(i) M the salesman’s monthly income for a particular
month is S1680, calculate the number of
tyres he sells in that month,

(iii) Write down a formuta connecting D and
where n is the number of tyres the salesman
sells in a month.

(iv) Draw the graph of D against n. Is D directly
proportional to n? Use your graph to explain
VOUT answer.

4 ¢) Other Forms of S
Direct Proportion

DL\® )

o
I I' I :
W
=

Investigation

Jther Forms of Direct Proportion

he variables v and v are connected by the equation v = 3.

16. Amachine which manufactures ice needs 1o be run for

10 minutes to warm up before the production of
ice begins. The mass, in tonnes, of ice procluced
is chirectly proportional 1o the number of hours of
procuction. Given that 20 tonnes of ice are procluce
when the machine runs for half an hour, find the
mass of ice manutactured when the machine runs
for 1.75 hours.

5 v 5 5
Some values of v, and the corresponding values of v and L aregiveninTable 1.4.

=

"~
el
i

306 9 | 12
| |

Table 1.4
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Fig. 1.2 shows the graph of ¥ against x.

i
-~
50+ v=3dc
x
fll.l.ll
!
I
a0+ : /
0+
201 :
10
= } t 1 >
1 2 3 4
Fip. 1.2

Is v directly proportional to x? Explain your answer.

2. Now, fet us plot the graph of ¥ against v,

5 ¥ : z
Some values of v, and the corresponding values of &%, yand 3 are given in
RY
Table 1.5.

Table 1.5

OXFORD
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Plot the graph of v against 1 in Fig. 1.3. The first three points have been plotted

for you.
¥
A
5{'...—-
4‘}——-
m.—..—.
X
201
X
104
X
L L 1 1 L 3
1 | 1 - "
0 4 8 12 6
Fig. 1.3

Is ¥ directly proportional to +*? Explain your answer.,

rom the investigation, when v = 3¢, v is not directly proportional to v because

v . . . . J ¥ A
RS 3vis not a constant. However, v is directly proportional to 1 hecause == 3 s 0
AT

| constant. Another way to look at this s to let
X = v such that v = 3¢ becomes
v=3\ e %:: 3. Therelore, v is

directly proportional 10 X ( = x).

OXFORD
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Worked

Exan lple For each of the following equations, state the two variables
which are directly proportional to each other and explain
vour answer.

(@) v =51 by v =Jx
Solution:
(a) Sincey =54 i, ‘— = 5 is a constant, then v is directly proportional to .
=
() Since vy =y, e 2= 1 is a constant, then v is directly proportional to v .
] NS A Y prog W

B PRACTISE NOW 5 [§

For cach of the following equations, state the two variables which are directly
proportional to each other and explain your answer.

(@ v=o6v b fr=x

h

1. In Worked Example 4, we have found that the formula connecting C and n is
C =021 + 20 and that C is not directly proportional to i, However, n is directly
proportional to a variable. What is this variable?

2. In the equation v - 1 = 4, state the two variables which are directly proportional
to cach other and explain vour answer,

Worked
Example If vis directly proportional to .« and v =20 when v =2,
(iy find an equation connecting 1 and v,

(i) calculate the value of y when v =3,

@) find the values of v when v = 1.25,

(iv) draw the graph of v against x°.

@ Chapter t

SIMILAR |
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Fxeecise 18 Questions -dial-(d
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Solution:

(1) Since v is directly proportional to 1,
then v = &2, where £ is a constant,
When v=2, v =20,
W=~Ax2
200 = 4k
k=
s

A

o

iy

)

(i} Whon v=3,
X 3*
45

A

v o=

1
PN

(i) When v = 1.25,

1.25 = 5¢°
=025
Ly= 2025
= =05

(iv) Since v is directly proportional to v, then the graph of v against v 15 a straight
line that passes through the origin.

Yo lfx=52

51 4(1, 5)
/ V=S
When v =0, v =0,
Wheny= 1, v=5.
(©,0) |,
o | ol

PRACTISE NOW B

If v is directly proportional to v and v = 18 when v = 3,
(i) find an equation connecting v and v,

(i) find the value of v when v = 5,

(i) calculate the vatues of v when y = 32,

(iv) draw the graph of v against .

. Wy s directly proportional to v* and v = 21 when v = 2, find the value of v when
v=4

- Given that v is directly proportional to +*, where v is a positive real number,
copy and complete the table.

x 2 3 5
¥ 36.23 51 441
()X]—(_)I{l?

s difficult to use the Unitany
Mothod o the Proportion AMethed
see Worked Example 160 solve
direct propertion problems like in
Warked Example 6. Thus we need
to learn the algehraie method isee
Warked Example 31,

A< cannot be negative, the e
mist start from the origin where
vmi)

i SIMILAR f
QUESTIONS |

b 5= Tk

Exercise T Questions 1




Worked

Example

The volume, Vem', ot a solid ts directly proportional to
the cube of its raddius, r em. When the radius of the solid
is 6 om, its volume is 905 cm'.

(@ Find an equation connecting Vand s,

(i) Calculate the volume of the solich when its radius 15
10 cm.

Solution:

() Since Vis directly proportional to r',
then V= 40" where & is a constant.
When r =6, V=905,

905 = A x 6°
903
k= T2
905
V= ml’

{iiy When r= 10,

_ 905

V= 2I6x 10

4189 2
=189 52

|32 C¥]

: T 22 .
= The volume ot the solid is 4189 o5 em’.

. SIMILAR  §]
§ quesTions [
The length, £ em, of a simple penculum is directly proportional to the square of its Exercise 18 Questions $-10, 1.2
period itime taken to complete one oscillation), T seconds. A pendulum with a length
of 220.5 cm has a period of 3 5.
i Find an equation connecting / ancl 7.
(i) Find the length of a pendulum which has a period of 5 5.
4
[}
Ja‘
|
i -

e

(i) What is the period of a pendulum which has a length of 0.98 m?

L,

H’*’"’"

OXFORD
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BASIC LEVEL

It xis clirectly proportional to v' and x = 32

when
yv=2,
(i) find an equation connecting x and ¥,
(ii) find the value of x when v =6,

(i) calculate the value of ¥ when v = 108,

(iv) draw the graph of x against y*.

It 2 is directly proportional to w and z = 4 when
w=§,

(i) find an equation connecting w and z,

(i) find the values of z when w = 18,

(i) calculate the vatue of w when =5,

(iv) draw the graph of =* against w,

It is given that v is directly proportional to ¥,
Write down the value of # when

(i) ¥y m¥is the area of a square of fength x m,

(i) v em'is the volume of a cube of length v em.

For cach of the following equations, state the two
variables which are directly proportional to cach
other and explain your answer,

@ v=4v b yv=3/x
(c) v =5y d) p'=4f
If = is directly proportional to x* and = = 8 when

x =4, find the values of z when v = 9.

It g is directly proportional to (p - 1)* and ¢ = 20
when p = 3, find the values of p when ¢ = 80.

Given that y is directly proportional to ¥, copy and
complete the table.

X 3 4 _ 0
y 375 o048 1029
OXFORD

PN IVaEniry

10,

Given that the mass, m g, of a sphere is directly
proportional to the cube ot its radius, » em, copy
and complete the table.

r jro2sy
m (3.25

02 | 15 | |
675 11.664

Puring a certain period in the lite of an carthworm,
its length, L cm, is directly proportional to the
square root of N, where N is the number of hours
after its birth. One hour aiter an carthworm is born,
its fength is 2.5 em,

(i Find an equation connecting L and N,

(i) Find the length of an carthworm 4 hours aiter
its birth,

(iii) How long will it take for an earthworm to grow
to a length of 15 cm?

If v is directly proportional to " and the difference
in the values of v when vy = 1 and v = 3 is 32,
find the value of y when v = -2.

ADVANCED LEVEL

11. v is directly proportional to 1% and v = « for a

12,

particular value of x. Find an expression for v in
terms ot a, when this value of v is doubled.

The braking distance of a vehicle is directly
proportional to the square of its speed. When the
speed of the vehicle is & m/s, its braking distance
is d m. Il the speed of the vehicle is increased
by 200%, find the percentage increase in its
braking distance.




Investigation

Inverse Proportion

Table 1.6 shows the time taken for a car to travel a distance of 120 km at different speeds.

Speed (x km/h) 0 20 30 40 60 120

Time taken (¢hours) 12 6 4 3 2 | \\“ L ¥ L ¥ . "
Table 1.6
abie “.

1. if the speed of the car increases, will the time taken increase or decrease?

2. If the speed of the car is doubled, how will the time taken change? —t
Hint: Compare the time taken when the speecds of the car are 20 km/h and

St
el
B
40 km/h. a
3. If the speed of the car is tripled, what will happen to the time taken? \‘\‘v

4. If the speed of the car is halved, how will the time taken change?
FHint: Compare the time taken when the speeds of the car are 60 km/h and
30 km/h,

5. If the speed of the car is reduced to 3ol its original speect, what will happen to
the time taken? ‘

From the investigation, we notice that as the speed of the car, v km/h, increases, the

time taken, v hours, decreases proportionalfy, i.c. if vis doubled, then y will be hatved;

if v is tripled, then v will be reduced to 3 of its original value.

Similarly, as the speed of the car, v km/h, decreases, the time taken, v hours, ingreases

proportionally, i.e. it x is halved, then y will be doubled: if vis reduced to S of its

original value, then y will be tripled.

This refationship is known as inverse proportion. We say that the speed ot the car,
vkwvh, is inversely proportional to the time taken, v hours,

@




Class

Discussion

Real-Life Examples of Quantitics in Inverse Proportion

Work in pairs.

QSIMILAO';JS |
. . ; - - S . UESTI |
1. Give a tew more real-lite examples of quantities that are in inverse proportion.

2. Explain why thev are inversely proportional to each other, Exercise 1C Questions 1)

Complete Table 1.7,

Speed
N 0 0 B [§1h] 120
{x km/h)
Time taken
12 g 4 3 2 |
(v hours) '
Product
Wx12=12 2Hxb6=120)
xy km

Fable 1.7
Vhat can we observe about the product 1w?

ninverse proportion, the product ay is a constant. In this case, xv = 120
= dlistance travelled.

et the speed of the car be v = 20. Then the corresponcing ime taken is v = 6.

et the speedt of the car he v, =40, Then the correspondling time taken is v = 3

rom Table 1.7, x v =20 x 6= 120 and vy, =40 3 =120

Xy =y, = 20 (constant)

carranging,

BN Y We have learnt that 1or direct

I 5 proportion, ~= = 2 but for
\ v

o conclude, we have:

IV OTse i)l’!)i arhon, we h(]\-’(‘
Vi

v

"I

or vy = v, Note the
Vs :

order ot voand
- S . Vs 1)
it vis inversely proportional to x, then =5 = \—' HE Y, =08

OX F_()l{_l)
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Worked
Example

10 identical taps can fill a tank in 4 hours. Calculate the
time taken for 8 such taps to fill the same tank.

Solution:

First, we note that the time taken to fill the tank is inversely proportional to the
number of taps used because as the number of taps increases, the time taken to till
the tank decreases.

Method 1: Unitary Method

10 taps can fill the tank in 4 hours.

I tap can fill the tank in (10 x 4) hours. teveer taps reguire more time

= . 10 x .
8 taps can fill the tank in more taps require less time

= 5 hours.

Method 2: Proportion Method

Let the time taken for 8 taps to fill the tank be y hours.
Then 8v=10x 4000
Lo lox4d
R
=5

. % taps can fill the tank in 5 hours.

PRACTISE NOW 8

Four identical taps can fill a tank in 70 minutes. Find the time taken for 7 such taps
to fill the same tank.

@ Chapter 1

1

AT N A N N A A G N N

Tank

4h 4h 4h 4h 4h b 4h dh dh dh

. o |
Fach tap can fill 5 o1 the 1ank
in 4 hours.

>

It is more contusing o use
Vi .

= “L tosolve inverse propaortion
\ (¥

problems like in Worked Fxample
# because we need 1o switch the
order of v and a, .

E
| QUESTIONS |

Excecise 10 Questions 2, 5-7, 15

OX 1-'_(_)RD



Worked
Example

5 men can paint 2 identical houses in 3 davs. Assuming
that all the men work at the same rate, how long will it
take 10 men to paint 8 such houses?

L7 .
Solution: >
The three variables are ‘number of men’, ‘number of houses’ and ‘number of days’.  wWhen theee vanables are involved
) we heep one variable Constant
First, we keep the number of houses constant. atatime

Number of men  Number of houses  Number of davs

5 2 3
2 k] H’(‘\\ ©F NYCeH rid Uil'(' nmore
s J X,
davs
5.3 The number ot davs required
10 2 AL 15 MOTe MeR require feswer ta paint the houses is inversely
1} woportional to the nuniber of men.
HECH

davs

Mext, we keep the number of men constant.

Number of men  Number of houses  Number of days

10 2 1.5
1.5 Hewer houses require
10 I 2 tewer dave
iP5 ) The nuntber of days required
10 8 8 x T' =0 more houses require mose to paint the houses s directly
= s proportianal to the number of

houses that need to be painted
= 10 men will take 6 days to paint 8 houses.

1
! | | SIMILAR ]
=T [ 2a, |

a) 3 men can dig 2 identical trenches in 5 hours. Assuming that all the men work  Fxercise 1C Questions 13-14, 16
at the same rate, how long will it take 5 men to dig 7 such trenches?

b) 7 identical taps can fill 3 identical tanks in 45 minutes. How long will it take 5
of the taps to fill ane of the tanks?

OXTORD
Chapter 1 @




Algebraic
and Graphical _
Representations of {4 3 M\,

L |

=~
9J) Inverse Proportion

In the investigation on page 19 of Section 1.4, we have found that ay = 120, which

is a constant. If we represent this constant by &, then xv =k or y ==, where k2 0.

Hence, we have:

If v is inversely proportional to x, then xy = & or v =

where & is a constant and & 0.

: k . ;
It we substitute £ = 0 into ¥ = ©, what can we say about the relationship between
i X
xand v?

Investigation

Graphical Representation of Inverse Proportion

Consider the example on the car in Section 1.4. Table 1.8 shows the time taken,
v hours, for the car to travel a distance ot 120 km at different speeds, x km/h, where

7
w=1200ry= 20

Speed .\ 5, 3 40 S0 60 70 80 90 100 110 120
(x knt/h)

Timetaken ., 4 3 94 2 17 15 13 12 L1 1
(v hours)

Table 1.8

@ ONFORD




1. It we plot the graph of v against x, what type of graph would we obtain?

2. Plot the graph of v against v in Fig. 1.4.

Time taken (v hours)

2t
b1

10—

T+
10 20 30

44—+ Speed
4 50 60 70 8 90 100 110 120 (xkm/h)

Fig. 1.4

3. If the value of x is doubled, how will the value of ¥ change?
Mustrate this with an example by choosing two appropriate points on the graph you
have drawn in Fig. 1.4.

What if we plot the graph of v against %? How would the graph look like?

I . P . .
Let X = —. Some values of v, and the corresponding values of X and y are given in
=

Table 1.9. Complete the table.

Speed

0200 300 40 50 60 70 80 90 | 100 110 120
(x kin/h)
X=i 0.1 005 0033 002 0017 0014 0013 001 0.009 0.008
Time taken | |, | =, 3 24| 2 a3 las {3l a2l
(v hours)

Table 1.9

OXTORD
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4. Plot the graph of v against X in Fig. 1.5.

Yy

2t

HT

10+

1 i 1 | ] i ] ] | |
0 ] 1 1 1 1 i 1 1 1 T X

001 002 003 004 005 006 007 008 009 0.1

L J

Fig. 1.5
5. Describe the graph obtained. What can we say about the relationship between
y and X?

6. Although v is inversely proportional to x, what is the relationship between y and
X?

7. Write down an equation connecting ¥ and X. What does it tell you ahout the
relationship between y and X?

In general,

if v is inversely proportional to x, then
k . i
e ww=korv=s =, where kis a constant and & # 0,
X
; = . . k :
e the graph of y against x (and of equation y =~ tis a hyperbola (see Fig. 1.4},
YEe )

« the graph of y against l‘ is a straight line (see Fig. 1.5).

OXFORD
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- f-@"[hinking
a’ Time

If yis inversely proportional to v, is vinversely proportional to v¢ Explain your answer.

Worked | Jaall
It ¥ is inversely proportional to x and v = 3 when
Example sdgifind

i) the value of v when a =8,
(if) an equation connecting v and v,
(iii) the value of v when v = 48,

Solution:

(M

(i)

When v =8, i is doubled
= % (v is halved
|

2

Allernatively,

Ty, =AY
Exy=4x3
12
Vg
1
= ;5

Since v is inversely proportional to v,

k .
then v = =, where & is a constant.
»

Whenay=4, v=3,

k

Bi= 3
wh=12
12

V= —
X

(i) When v =48,

OXFORD
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since s inversely proportional 1o
k :
tthenav=kory= where ks
i e

aconstant and k=0,

Rap and Fthan are gomng to compete
N arace. Raps average speed s
twice that of Ethan's,

Fthan wants to start 10 m in from
of Raf. Ethan says, "After Raj runs
W m, 1 witl he 5 m in front ot
him. After Raj runs another §m, |
will he 2.5 min iront of him, Thus
Raj will never ¢atch up with me !
Is Ethan correct?

This ts a variation ot ine of Zeno's

paradoxes. Zena 90 - 430 B.C.
was a Greek phitosopher

Chapter 1 @




SIMILAR |

& QUESTIONS |
1. If v is inversely proportional 1o 1 and v = 5 when v = 2, find Evercise 1C Questions 34, 8-9
5 " 10104y
(iy the value of v when v =8,
(i) an equation connecting v and v,
(i) the value of vwhen v = 10.
2. i v is inversely proportional 1o v and y =9 when v =2, find the value of ¥ when
r=3
3. Given that v is inversely proportional to x, copy and complete the table.
x 0.5 2l 3
4 2 08
Worked
E I Bovle’s Law states that the volume, Vdm', of a fixed
xalnp ¢ mass of gas at constant temperature is inversely
proportional to its pressure, P pascals (Pa). The N
pressure of 1 dm' of a gas in an airtight container 5 | dm' = 1000 cm
50 Pa. Assuming that the temperature in the container (g, means “cubic decimetre’)
is constant, calculate the volume of the gas when its
pressure is 1250 Pa.
Solution:

Since V 1s inversely proportional 1o P,

k .
then V=5, where k is a constant.

When P =350, V=1,

k
=50
k=50
50
V=,

When P = 1250,
50
1250

=0.04

V=

~. The volume of the gas is 0.04 dm’.

#
i practise Now 11

The current, 1 amperes (A), flowing through a wire is inversely proportional fo its  Erercise FOQuestions TH-12
rosistance, R ohms (€1, Given that the current flowing through a wire with a resistance

of 0.5 Qs 12 A, find

() the current flowing through the wire when its resistance 1s 3 €,

(i) the resistance of the wire when the current flowing through it is 3 A.

OXFORD
@ Chapter 1 STy Ry




- Exercise

1C

BASIC LEVEL

-

Which of the tollowing quantities are in inverse

proportion? State the assumption made in each case.

(@ The number of pencils Farhan buys and the
total cost of the pencils.

(b) The number of taps filling a tank and the time
taken to fill the tank.

(€} The number of men laying a road and the time
taken to finish laying the road.

(d) The number of cattle to be fed and the amount
of fodder.

(e) The number of cattle to be fed and the time
taken to finish a certain amount of the fodder.

Eight men can build a bridge in 12 clays. Find the
time taken for 6 men to huild the same bridge. State
the assumption made.

If x is inversely proportional to y and x = 40 when
v=35, find

() the value of ¥ when vy = 25,

(i) an equation connecting v and v,

(i) the value of v when x = 400.

It Q is inversely proportional to P2 and Q =0.25 when
p=2

(i) express @ interms of P,

(i} find the value of Q when P=5,

(i) calculate the value of P when @ =02

35 workers are emploved to complete a construction
project in 16 days. Before the project starts, the boss
of the company is told that he needs to complete
the project in 14 days. Assuming that all the workers
work at the same rate, how many more workers does
he need to employ in order to complete the project
on time?

OXFORD

10.

11.

A consignment of foclder can feed 1260 cattle for

50 days. Given that all the cattle consume the

iodder at the same rate, find

(i) the number of cattle an equal consignment of
fodder can feed for 75 days,

(1) the number of days an cqual consignment of
fodder can last if it is used to feed 1575 cattle.

At a sports camp, there is sufficient food for 72
athletes to last 6 days. If 18 athletes are absent from
the camp, how manyv more days can the food last
for the other athletes? State the assumption made.

If = is inversely proportional to x and = = 5 when
x =7, finc the value of » when z = 70.

It Bis inversely proportional to A and 8 =3.5 when
A =2, find the value of Bwhen A= 1 4.

For each of the following, v is inversely proportional
to x. Copy and complete the tables.

(a) :
2 | 25
y | 4 1S
(b) '
3 4 25
B 9 | 8 | 23

The frequency, f kilohertz (kHz), of a racio wave

is inversely proportional to its wavelength, 4 m.

The frequency of a racdio wave that has a

wavelength of 3000 m is 100 kHz. Find

(i) the frequency of a radio wave that has a
wavelength of 500 m,

(i) the wavelength of a radio wave that has a
frequency of 800 kHy.

Chapter 1 @




12. The time, 1 hours, needed to complete a job is 14, A consignment of fodder can feed 1000 sheep for
inversely proportional to N, where N is the 20 days. Assuming that all the sheep consume the
number of men employed for the job. 3 men can fodcler at the same rate, how many consignments
complete the job in 8 hours. of fodder are neecded to teed 550 sheep for 400 davs?
(i) Find an cquation connecting ¢ and A,

(i) Find the number of hours needed by 6 men 15, Tap A takes 6 minutes to fill a tank and Tap #

to complete the job. takes 9 minutes to fill the same tank. Pipe C can

(i) If the job is to he completed in : hour, how empty the tank in 15 minutes. How long will it

many men need to he employed? take to fill up the tank if the pipe is in use when
both taps are turned on?

16. A contractor agrees to lay a road 3000 m long

in 30 days. 50 men are employed and they work
for 8 hours per day. After 20 working days, he finds
that only 1200 m of the road is completed. How
many more men does he need to employ in order

13. 12 plasshlowers can make 12 identical vases in
9 minutes. Assuming that all the glassblowers
work at the same rate, how long will it take

8 glasshlowers to make 32 such vases? . ) o
to finish the project on time if each man now works

10 hours a day?

Other Forms of
Inverse Proportion

_1.6

We have learnt that if v is inversely proportional to x, then

k
xy=kory=-—,
. Alatier

where & is a constant and £ = 0.

Similarly, if v is inversely proportional to x*, then Another way to look at this is 1o
k let X =47 such that
AMy=kory=—,
A vy=k becomes Xy =1
where & is a constant and & 2 0.

k i
or v=— hoecomesy= O
. ¥ X

where & 1s a constant and £z 0
Therefore, v s iversely
proportional to X (= v)

OXFORD
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Vorked

hl

' « . . .

,xample For cach of the following equations, state the two
variables which are inversely proportional to each
other and explain vour answer.

2 3
@) v= = (b) y=—=
v Wy
Ll
olution:
. 2 : ; v ; ;
) Sincey =, Le vv=2is aconstant, then v is inversely proportional to v
A
. 3. . . . -
) Since v = ik e, yylx =3isa constant, then v is inversely proportional to v,
~

PRACTISE NOW 12 |

r each of the following equations, state the two variables which are inversely
oportional to cach other and explain your answer.

) y=2 ) e © y=—0

H v’l[' Xt
Vorked
[l < ) 3 1 ~ v = i -
.xample It v is inversely proportional to Jx and v =6 when vy =4,

(i} calculate the value of v when v =16,
(i) find an equation connecting v and y,
(i) find the value of v when v = 4.

olution:

When x=16=4 x4 1604 times o1 4

1 | ! ; .
N7 6 v is o times ot 6 since v is inversehy proportional to Vv
N

I

]
B x
> 6

=3

OXFORD
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SIMILAR [
QUESTIONS

Exercise 113 Questions Hai-fe)

The square root sign  is used
to denote the posine square root
only, Thus JF = 2. However, i
= then v = £ JF = 122, 1 we
want both the positive and the

negative square rools, we need to

write ::J—.

Chapter 1 @




(i) Since vis inversely proportional to Jx | then vy = T where & is a constant.
R

Wheny=4d, v =6,

Ol= A
¥
6= %
k=12
12
Vs —/—
Jr
(i) When y=4,
4 12
“Jx
N
=t
=3
v=9
. SIMILAR |
4 e ! | aUesTions |

I xercise 1D Questions 1-2, 4-0

1. M yisinversely proportional to x* and v =2 when x =4, !
! -10

(i) tind the value of v when x = 8§,
(i) find an equation connecting v and v,
(iii) calculate the values of vwhen vy =¥,
2. If visinversely proportional to v and v =6 when x=9, find the value of v when

X=25.

3. Given that vis inversely proportional ta Jv, copy and complete the table.
B L .

x ] 4 16

ONXFORD
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Worked '

1 In a computer simwlation of an experiment, a drug
Examp c is added to two identical flasks, cach containing

the same amount of a certain bacteria. The drug
is allowed to react with the bacteria for various
times in ¢ hours. 1t is Tound that the amount of

bacteria left, s umits, is inversely proportional to
(1= 2) hours. In ane flask, there are 6 units of bacteria
left after 5 hours. Calculate the amount of bacteria left
in the other flask after 7 hours.

Solution:

Since s is inversely proportional to 1 - 2,
A ‘
then s = T— 5. where & is a constant.

Wheni=5, s=6,

k
Ts5-2
k

6=

6

3
k=18
_ I8
Y=
When 1= 7,
18
-2
2

6

¥= 3
3.

. The amount of bacteria left in the other flask after 7 hours is 3.6 units,

PRACTISE NOW 14
. ] OUEONS

The force, F newtons (N), between two particles is inversely proportional 1o Exercise 1D Questions 7-8, 11
the square of the distance, d m, between them. When the particles are 2 m apart,
the force between them is 10 N. Find

() the force between the particles when they are 3 m apart,
| b I

@) the distance between the particles when the force between them is 25 N.

OXFORD @




“Exercise

1D

BASIC LEVEL

1.

If x is inversely proportional to ¥* and x = 50 when
y=2,

(i} find the value of x when y =4,

(i) find an equation connecting x and y,

(iiiy calculate the value of ¥y when x=3.2.

If = is inversely proportional to Jw and z =9 when
w=9,

@ find an equation connecting w and z,

{ii) find the value of - when w =16,

(iii) calculate the value of wwhen z = 3.

For cach of the following equations, state the two
variables which are inversely proportional to
cach other and explain your answer.

@ y=~> )y = =
X LTy
(€) v= % () n= -
v m -1
e) g =_——4—\1
ip+l)

If = is inversely proportional to v and z =5 when
v = 64, find the value of z when x = 216.

If ¢* is inversely proportional to p+3and g =3 when
p =2, find the values of ¢ when p=17.

Given that 1 is inversely proportional to 5%, copy and
complete the table.
s l 2 4

1 S0 0.08 001

The force of repulsion, F newtons (NJ, between two

particles is inversely proportional to the square of

the distance, ¢ m, between the particles.

(Y Write down a formula connecting F and d.

(ii) When the particles are a certain distance apart,
the force of repulsion is 20 N. Find the force
when the distance is balved.

For a fixed volume, the height, & cm, of a cone is
inversely proportional to the square of the basc
radius, r cm. Cone A has a hase ;
raclius of 6 cm and a height of

5 ¢m. The hase radius of Cone B
is 3 ¢cm and the height of Cone €
is 1.25 em. If all the cones have
the same volume, find

(i) the height of Cone B, - t' \
(i) the basc raclius of Cone C. L34

hem

ADVANCED LEVEL

9.

10.

11.

if v is inversely proportional to 2v + | and the
difference in the values of y when x=05 and x=2
5 09, find the value of y when x = -0.25.

v is inversely proportional to x* and v = b for
a particular value of x. Find an expression in
terms of b for v when this value of x is tripled.

The force of attraction hetween two magnets is
inversely proportional to the square of the
distance between them. When the magnets are
# em apart, the force of attraction between them
is F newtons (N). If the distance between the
magnets is increased by 400%, the force ot
attraction between them becomes ¢f N. Find the
value of ¢.

OXFORD




Summary]

1. If yis directly proportional to x, then

e Yofkor ¥ =kx, where & is a constant and k= 0,

B R
or ="
S| »n’

¥
X

ta

-

i =]

[

* the graph of y against x is a straight line that passes through the origin.

3

2. |If yis inversely proportional to x, then

* xy=kory= ; where k is a constant and k20,

. Y2 X
2 _ e s
= X, orx ¥y=Xv,,

* the graph of y against x is a hyperbola,

o

v
T P
-
ra
.'//
¥
P
r s
# o 1
(_)-1: X
OXFORD
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‘ Exercise

=

If v is dircctly proportional to v anct ¥ = 6 when
P

) express v interms of x,

(i) find the value of y when v =11,

(iii) calculate the value of v when y = 12,

(iv) draw the graph of ¥ against .

If A s directly proportional to Band A =1 5 when

, find

al o

S
B_

. . |
(i) thv value of A when B = 3

e |

| —

(i} the value of Bwhoen A =
If v is directly proportional to v' ancl ¥ = 108 when
r=3

(i) finc an equation connecting v and v,

{ii) find the value of v when v =7,

(i) calculate the value of x when v = 4000,

(iv) draw the graph of ¥ against x".

If ai is dlirectly proportional to s and n = 9375
when m =25, find

() the value of n when m =3,

i) the values of nrwhen = 18135,

If 1 is directly proportional to /s and 1 = 4 when
s =64, find

() the value of rwhen s
(i) the value of y when ¢

g —

If v is inversely proportional to v and v = 4 when
=3,

(i) cxpress v in terms of v,

(i) finct the value of v when v =06,

(i) calculate the value of xwhen v = 24,

If ¢ is inversely proportional to p*and ¢ =3
p =35, find
(i) an equation connecting p anc ¢,

winen

(1) the value of g when p =10,
. ; 1
(iii) the negative value of pwhen g = 2.

Chapter 1

10.

11.

If = is inversely proportional tow + 3 and - =
when w =3, find

(i) the value of zwhenw =9,

(i) the value of wwhen =24,

Given that v is inversely proportional to 24, copy
ancl complete the table.

0.2 0.5 2

15 096 | 0375

The total monthly charges, $C, for a fixed phone line
consists of a fixed amount of $9.81 and a variable
amount which depends on the usage. For every
minute used, $0.086 is charged.
(1) 1i the duration of usage is 300 minutes, find the
total monthly charges for the fixed phone line.
(i) If the total monthly charges for the fixect phone
line are $20.56, calculate the duration of usage.
(i) Write down a formula connecting C anctn, where
n is the number of minutes of usage. Hence,
state the two variables which are directly
proportional to each other

The gravitational potential energy, G joules (J),

of an ohject is directly proportional to its height,

i m, above the surface of the Earth. When the

object is at a height of 40 m above the surface

of the Earth, its gravitational potential energy is

2200 1. Find

(i) an equation connecting G and £,

(i) the gravitational potential energy of the object
when it is at a height of 22 m above the surface
of the Earth,

(iii) the height of the object above the surface of
the Earth when it has a gravitational potentia
energy of 3025 ).

OXFORD



12, Kate makes a donation to a charitable organisation

on a monthly basis. Her monthly donation is directly
proportional to the square of her monthly savings. If
she saves S900 and $1200 in January and February
respectively, her donation increases by $35 irom

14. 5 men are hired to complete a job. It one more man

is hired, the job can be completed 8 davs earlier.
Assuming that all the men work at the same rate,
how many more men should be hired so that the
job can be completed 28 days earlier?

January to February. Find the amount of money she
donates to the charitable organisation in each of the
two months.

13

Boyle’s Law states that the pressure, P pascals (Pal, o

a fixed mass of gas at constant temperature is inversely

proportional to its volume, V dm?®. The pressure of

4000 dm’ of a gas in an airtight container is 250 Pa.

Assuming that the temperature in the container is

constant, find

() the pressure of the gas when its volume is
5000 dm’,

(i) the volume of the gas when its pressure is
125 Pa.

Challenge .
Yourself

1. Ii Ais directly proportional to C and 8 is directly proportional to C, prove that cach of the following is
clirectly proportional to C.
(@) A+ 8
by A-B
() JAB

2. Itis given that ¢ is directly proportional to x* and inversely proportional to /¥ .
{i) Write down an equation connecting x, v and -,
(i) 2= 16 when v = 2 and v =9, finc the value of - when v=5 and v = 4.

3. Thetime, T days, needed to paint some buildings is directly proportional to the number of buildings, B, that
nced to be painted and inversely proportional to the number of painters employed, P. 18 painters can paint
3 buildings in 20 days.

(i Find an equation connecting 7, B and P.
(i) Find the number of days neecled by 16 painters to paint 4 huildings.
(i) If 10 buildings are to be painted in 24 days, how many painters neecl to be employed?

ONFORD
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Linear Graphs and
Simultaneous Linear Equations

During festive seasons, people usually buy gifts for their
friends and relatives. When shopping for gifts, if we narrow
down our gift choices to two items and we have a fixed budget,
how do we determine the number of each item to buy?

OXFORD

UHIVEREITY FRAKE




LEARNING OBJECTIVES

At the end of this chapter, you should be able to:

= find the gradient of a straight line,

= state the y-intercept of a straight line,

state the equation of a horizontal line and of a vertical line,

* draw graphs of linear equations in the form ax + by = £,

* solve simultaneous linear equations in two variables using
{(a) the graphical method,
(b} the elimination method,
(€) the substitution method.

= formulate a pair of linear equations in two variables to
solve mathematical and reai-life problems.

OXFORD




Gradient of
_a Straight Line

—

r )%1

The equation of a straight line is in the form v=mx + ¢, where m and ¢ are constants.
Now, we shall take a look at how changing the value of m and of ¢ affects the line.

)
l l%, _-/II

Investigation

Equation of a Straight Line

In this investigation, we shall explore how the graph of a straight line in the form y = sy + ¢ changes when either
m or ¢ varies.

Go to http/Awww shinglee.com.sg/StudentResources/ and open the spreadsheet ‘Equation of a Straight Line’.

1. Change the value of ¢ from =3 to 3 in steps of 1 by clicking on the scroll bar. What happens to the line?
State the coordinates of the point where the line cuts the y-axis.

Change the value of m from 0 1o 5 in steps of 1. What happens to the line?
3. Change the value of m from 0 to =5 in steps of —1. What happens to the line?

What is the difierence between a line with a positive value for s and a line with a negative value for m?

A [ B8 T ¢ [ .o J € [ F [ 6 [ H
Graph of y =mx + c |

x 3 2 1 0 1 2
y 1 -9 7 5 3 K 1

m=2 c=.5

oW Ns ;W -

y=mx+t+c

—
—

-
N

-
(%]

[y
(52

-
[=2]

-
-

J’

=
e
PODEPED

—
[==]

-
@0

]
[=]

hv
pry

3

)
(Y]
b

e ]
-

M
(2]
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Gradient of a Straight Line

Look at the roads around you. Some roads are steeper than others.
The steeper a road is, the harder it is to walk up the road. Gradient is a
measure of how steep a slope is.

From the investigation on the previous page,

The equation of a straight line is in the form of vy = nv + ¢, where the
constant mr is the gradient of the line and the constant ¢ is the y-intercept.

Mote: The y-intercept refers to the y-coordinate of the point of intersection of
the line with the y-axis.

From the investigation, we have discoveredt that the grachient of a line can be either

positive or negative.

* Fig. 2.2{a) shows a line that slopes _ from the left to the right and its
gradient is positive.

* Fig. 2.2(h) shows a lin¢ that slopes from the left to the right and its

grachient is negative.

slope
downwards trom
lett 1o right

slope A/
upwards from [/
. rard
leftoright / f

(a) Positive graclient (b) Negative gradient

Fig. 2.2
In real life, can the gradient of a slope be negative?

From the investigation, we can also see that as the absolute value of the gracient m
increases, the steepness of the line increases. For example, a line with a gradient of 3
is steeper than a line with a graclient of 2 since 3> 2; but a line with a graclient of -3

is also than a line with a gradient of =2 although -3 < -2.

How do we find the gradient of a line?

The graclient of a straight line is the measure of the ratio of the vertical change (or rise)
to the horizontal change (or run), i.e.

vertical change
horizontal change

rise

run’

Cradient =

OXFORD
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In Fig. 2. 2a), the line slopes
donvinvards from the right to the
teft but its gradient s positive, Thus
it is important to specity whether
the line is sloping upwareks or
downwards from the left to
the right

Chapter 2 @



Worked
Example

Find the gradient of each of the following lines.

(a)

(b}

Solution:
i:ﬂ} i"'
&
sl /
6——
i
54 /4\
4+ ;’F :
/ .
34 ,-’f >vemcal change
i ’ :
/| y
C
horizontal change
3 [ 1 [
0 T 1 ) Y
1 2 3

@ Chapter 2

Take two points A and B on the line and draw dotted
lines to form the right-angled triangle ABC.
Vertical change (or rise) BC =5 - 1
=4

Horizontal change (or run) AC =2 -0

=2
Since the line slopes upwards from the left to the right,
its gradient is positive.
ise
run

- Gradient =

oo

OXFORD

--------- By PRy




{b) ¥ Take two points P and Q where the line cuts the y-axis
and x-axis respectively.
\ i | Let O be the origin (0, 0).
Vertical change {or rise) OP = 6
\i Horizontal change (or run) 0@ = 2
Since the line slopes downwards from the left to
the right, its gradient is negative.

.. Gradient = %€
run

vertical change
A

1)

|
of 1 22
)

. I
horizontal change

] i SMLAR |
. PRACTISENOW1 |

Find the gradient of each of the following lines. Exercise 2A Questions 2(a)-ih
(@)
}" i

OXFORD
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(b}

)
deer—————&
|
] ] 1 | >
of 1 2 3 4
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Gradients of Straight Lines

Work in pairs.

Consider the points D(1, 3) and £(2.5, 6) on the line in Worked Exanple 1(a),

(i) Find the gradient of DE.

(i) Is gradient of DE = gradient of AB?

(iii) Hence, we can choose any two points on a line to find its gradient because
the gradient of a straight lineis ;

After learning how to find the gradient of a straight line, we need to have a sense of
the magnitude of the steepness of a line.

Class

Discussion

Gradients in the Real World

1. How steep is a road with a gradient of 17 Fig. 2.3 shows a line with a gradient
of 1. Measure the angle of inclination between the line and the horizontal
dotted line.

1wl

angle
L E e T K

1 unit
Fig. 2.3
2. How steep is a road with a gradient of 2?2 Make an accurate drawing of
a line with a gradient of 2 and, indicate the vertical change and horizontal
change clearly. Measure the angle of inclination.

: ; l
3. Repeat Step 2 for a road with a gradient of 5 .

4. Do you consider a road with a gradient of | steep or gentle? Discuss with
your classmates if there are many roads in Pakistan that have a gradient of 1,

. . . ! g .
3. Do you consider a road with a gradient of 5 steep or gentle? Discuss with your
classmates whether the gradients of most roads in Pakistan are greater than

or less than

o] —

OXFORD
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The stecpoest street in the world
15 Baldwin Street in Dunedin,
New Zealand, with a gradient of

about 0.38
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‘st Horizontal Line

Investigation

Gradient of a Horizontal Line

In this investigation, we shall find out what the gradient of a horizontal line is.
Fig. 2.4 shows a horizontal line.

| + 4-.-- |
£ 3.__. +
AG-3,2) g |co
e R f e

Fig. 2.4

1. There are 4 points on the line. The coordinates of A and C are given.
Write down the coordinates of B and of D.

2. In the line segment AC,
rise=______andrun=___

3. In the line segment BD,
nse=______andrun=___

4, What can you conclude about the gradient of a horizontal line?

@ Chapter 2  Linear Graphs and Simultaneous Linear Equations

A,
ATion

In this case, the equation of the
horizontal line is y = 2, which is
a linear function. Notice that the
y-coordinates of all the points on
the horizontal line are equal o 2.

OXFORD
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*:-i Vertical Line

Investigation

Gradient of a Vertical Line

In this investigation, we shall find out what the gradient of a vertical line is,
Fig. 2.5 shows a vertical line.

=0 ——1
41— 1 JrP{ﬂ,-nil}- '
i+ i ] r +
24 ; Q1 1
B T ' +
] ] ,R':E"q) iy
) N T B
=y ] i : ! 1
¥ Lo St | { ;3 |
Fi;.?,S | _

1. There are 4 points on the line. The coordinates of P and of R are given.
. . e

Write down the coordinates of Q and of §. > o
2. Inthe line segment PR, .
i In this case, the equation of the

ise=___ andrun=___ | vertical line is x = 3, which is not
3. In the line segment QS a linear function. Notice that the
) ’ v-coordinates of all the points on
rise = _ and run = the vertical line are equal to 3.

4. What can you conclude about the gradient of a vertical line?

Exercise 2A Questions 1, 3-4

OXFORD
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BASIC LEVEL

%
Line 2 3
. Linel_
] s 3__-
2__
I.._..
| 1 1 | I v
1 1 0 1 -
-4 B -2 i 2
]
24

Write down the gradient of each of the given lines,

2. Given that the equation of the line representing cach of the following linear graphs is in the form
v =myx + ¢, find the gradient m and state the y-intercept ¢.

(a) v
F 3
3__
2.-..-
]__
] l
1 1
| 3
Chapter 2

(b)

b
34
i
l-..-
| § 1 gt
1 1 1 »X
0/i 2 3 4
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3. The figure shows five line segments.

-‘l
A
4-.-.-
3+
Line 1
- Line 5
: (13 [l
Line 2 I“ie $
Line 4
] 1 1 | I | | 1 b\
T ] 1 | | 0 1 1 il
-5 -4 3 -2 | | 2 3
S
21

Find the gradient of each of the line segments.

ADVANCED LEVEL

4. X In the figure, Line 1 is parallel to the x-axis and Line 3
is parallel to the y-axis. Line 2 is paraiicl to Line 5

0] and Linc 4 is parallel to Line 6. If the gradients of Line 5

Line & /_ N ,

r,'\lino? and Line 6 are -3 and ,]) respectively, write down the gradients
' of Line 1, Line 2, Line 3 and Line 4.
o R T
* Line 3

Line 5 t\\

Further Applications of

(()) () Linear Graphs in < AE
2.2 v

| Real-World Contexts

In this section, we will learn how to apply the concepts of gradient and y-intercept to solve linear graphs used 1n

daily situations,

OXFORD O




\Vorked I Histanee=Timd Grapl

The travel graph shows a journev taken by a cyclist.
Example He started his 50-km journey at 0800 hours. At
0900 hours, his bicycle tyre suffered a puncture and
he spent half an hour repairing it. He then continued
his journey and reached his destination at 1130 hours.
(@) How far did the cyclist travel before his bicycle

tyre suffered a puncture?

(b) Find the gradient of each of the following line

segments, stating clearly what each gradlient represents.

) OA
(i AB
(iii) BC
Distance-
travelled (km)
A T
504~ | - | C
40—+
30—+
spil A B
10—+
. | ] | | l | . Time |
O T T T 1 T 1 1 * (thours)

0800 0830 0900 0430 1000 1030 1100 1130

Solution:
(a) 20 km
. . : 20
(b) (i) Gracdient ot OA = 8
=20

The cyclist traveiied 20 km in 1 hour, i.e. his average speed was 20 km/h
hefore his bicycle tyre suifered a puncture.

iy Gradient of AB=0
He stopped cycling, i.c. his average speed was zero.

. . 3
(i) Gradient of BC = _7(_)

=15

The average speed during the Last part of his journey was 15 kim/h.

OXTORD



PRACTISE NOW 2 OSIE%%%?QS

A technician in a computer firm drove from his workshop to repair a customer’s  Fxerdise 2B Questions 1-2
computer. On his way back, he stopped to repair another customer's computer.
The distance-time graph shows his entire journey.

Distance
travelled (km)

ol A B
i H
o 1 t {
6 -1 i
s | . D |
4= + t + - 4
EJ... 4 { + 1 e
2 - < +
I.. 4 =
————— 5 el
» . o
10 20 30 4 s e |Minutes)

(@) How long did he take to repair each computer?
(b) How far from his workshop was his first customer?
(©) Find the gradient of each of the following line segments, stating ciearly what
each graclient represents.
(i) OA
(i) AB
(i) BC
(iv) CD
v) DE

QONFORD




- Exercise

2B

BASIC LEVEL

1. The graph shows Khairul's journey when he visited a friend in Town C. During the journey, he stopped for
breakfast at a cafeteria, after which he continued to drive to Town C.

[Distance
travelled (km)
A

80+
70+
60—
50+ -
401

30+
20+

101

(0] I l | 1 . Time

Y J ! ¥ ' ” (hours}
1000 1030 1100 1130 1200

(a) Atwhat time did he leave home?

(b) How far did he travel before he reached the cafeteria?

(c) Find the gradient of cach of the iollowing line segments, stating clearly what each gradient represents.
(i 0A (i) Al (ii)) BC

OXFORD
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Ethan cycled from home to a post office. On his way back, he stopped at a hawker centre 1o have his breakfast.
The distance-time graph shows his entire journey.

Distance from

home (km}
_~

404 oty

0/_9_ I l ] | ] \E » Jime

: | I I 1 | Ll
0600 0700 0800 0900 1000 1100 1200 MU

(@) How far from his home was the post office?

(b) Find the total time he stayed at the post office and at the hawker centre.

() Find the gradient of each of the following line segments, stating clearly what each gradient represents.
(i) 0A i) BC (i) DE




) D Horizontal and
4= 0" P) Vertical Lines

in section 2.1, we have learnt that the equation of a straight line is in the form
y = mx + ¢, where the constant mr is the graclient of the line and the constant ¢ is the
y-intercept.

Consider the equation of the straight line v = 2v + 1. For cach value of x, there is a
corresponding vatue of y.

Wheny=0, yv=2(0)+ 1 = 1.

Whenx=2, v=2(2+1=35,
if we plot these points on a sheet of graph paper, we obtain a straight line. Since
the points (@, 1) and (2, 5) lie on the line, the coordinates of these points satisfy the
equation y =2x+ L.
Docs the point (4, 10) lic on the line with equation y=2v + 17
We replace x by 4 andl v by 10 in the equalion y = 2v + |

LHS =10
RHS =2(4) + 1
=9 LHS

Since the coordinates of (4, 10) do not satisfy the equation y = 2¢+ 1, the point does
not lie on the line.

What are the equations of a horizontal line and a vertical line?

Investigation

Equation of a Horizontal Line

Fig. 2.6 shows a horizontal line.

¥
F Y
4
Al-4, 3 B i, 3
CER) Loy b
74 1 |
1+ :
| I 1 | I I T
| I | 1 ﬂ 1 1 1 i
4 -3 -2 -1 1 2 3
Fig. 2.6
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1. What is the gradient of the horizontal line?

2. There are 4 points on the line. The coordinates of A and of C are given.
Write down the coordinates of 8 and of 1.

3. What do you notice about the y-coordinates of all the four points on the
horizontal line?

4. What do you think the equation of the horizontal line is?

From the investigation, since the gradient m of a horizontal line is 0, the equation of
a horizontal line is

y=c.

The y-coordinates of all the points on a horizontal line are equal to ¢la constant).

: 1 SIMILAR |
| - PRACTISE NOW [n QUESTIONS |

Exercise 2C Question 1

Line 1

-

L 2
it

e
=

—_——

Frad ——

Line 2

1) Write down the equation of each of the given horizontal lines.

3) In the graph, draw each of the lines with the following equations,
(i v=2
(i) v=0
Describe the lines.

Chapter 2 @




Investigation

Equation of a Vertical Line

Fig. 2.7 shows a vertical linc.

)l
F
c X P(2:3)
24 !
= Q
2,0)
- ._;l: >
0 1 2 3
s & {
A B
e o i
T S S 'Y

I
Fig. 2.7

1. What is the gradient of the vertical line?

2. There are 4 points on the line. The coordinates of P and of R are given.
Write down the coorclinates of Q and of §.

3. What do you notice about the x-coorclinates of all the four points on the
vertical line?

4. What do you think the equation of the vertical line 1s?

From the investigation, since the gradient m of a vertical line is undefined,
we cannot write the equation of a verticat line in the form v = my + ¢

As the v-coordinates of all the points on a vertical line are equal to the same constant
value a, the equation of a vertical line is

__1_ —
(3 I

| |

@ Chapter 2

.
v oo s not o linear funtice

hecause there dre muey valoes
o v 1or one value ot
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f | 4 SIMILAR - F
g PRACTISE NOW - i QUESTIONS

y Exercise 2C Question 2
4
Line 2 Line 1
4..._
% ks
2_..
T
] | 1 | 1 1 |
T T | I T ] I =%
—4 3 2 {J | 2 3 <}
—k
=21
3L |

(@ Write down the equation of each of the given vertical lines.

(b} In the graph, draw cach of the lines with the following equations.
(i v=-35
(i) v=0
Describe the lines.

Graphs of Linear
Equations in the

_dm 0" %) fOorm ax+by=k_

2

We have learnt how to draw graphs of linear equations in the form y = mx + ¢,
where m and ¢ are constants. In this section, we shall take a look at the graphs of
linear equations in the form ax + by = &, where «, b and & are constants.

OXFORD
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Investigation

Graphsofax+by=k
1. Consider the equation 2x + v = 3.
(i) Using a graphing software, draw the graph of 2vx+ y=3.
(i) Do the points A(2, -1} and B(-2, 5) lie on the graph in (i)?
Do the coordinates of each of the points satisfy the equation 2x + y = 37
Explain your answers.
(iif) The point (1, p) lies on the graph in (i). Determine the value of p.
(iv) The point (g, ~7) lies on the graph in (). Determine the value of ¢.
(v) On the same axes in (i), draw the graph of y = -2x + 3. What do you notice?
Hence, show algebraically that y = =2v + 3 can he obtained from 2v + y = 3.
2, Consider the equation 3x — dy = 6.
@ Using a graphing software, draw the graph of 3x -4y = 6.
() The point (2, ) lies on the graph in (i). Determine the value of r.
(iii) The point (5, -1.5) lies on the graph in (i). Determine the value of s.
(iv) State the coordinates of two other points that satisfy the equation 3x - dv = 6.

e i 3 .
(v) On the same axes in (i), draw the graph of y = 355 What do you notice?

. 3 .
Hence, show algebraically that y = Zx -% can be obtained from 3x =4y =6.

Worked
Example

The variables v and v are connected by the equation
2v - 3v = 2. Some values of x and the corresponding

values of v are given in the table.
X -2 0.5 4

- - : '

[y =2 P

L d

S

{a) Calculate the value of p.

() On a sheet of graph paper, using a scale of | c¢m
to represent 1 unit on the v-axis and 2 em to represent %
I unit on the v-axis, draw the graph of 2v - 3y =2

for-2=sy=<4d. 2 = v = 4 represents values of

. . . . x that are more than or equal 1o
(€) The point (1, ¢) ties on the graph in (b). Find the value 3t tess than or equal 10 4

of g.
(d) (i) Onthe same axes in (b), draw the graph of v = 1.
(ii) State the x-coordinate of the point on the graph

of 2v - 3y = 2 that has a v-coordinate of 1.
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Solution:
(a) When x=-05, v=p,
20-05)-3p=2
Ip=-3
Sop=-=)

(b)

- e-3v=2

(d) (i)

y=1

() i)
{c)

Scale: y-axis: | cm to 1 unit
y-axis: 2¢m to I unit

(¢) From the graph in (b),
When v =1,
g=yv=0
{(d) Gi) x-coordinate of point =2.5

| PRACTISE NOW 3 ﬁ

The variables v and v are connected by the equation 3x + v = 1. Some values of x
and the corresponding values of v are given in the table.
; "

X =2 0 [ 2
- 4 ' =

(@) Find the value of p.

(b) On a sheet of graph paper, using a scale of 4 ¢m to represent 1 unit on the x-axis
and | cm to represent i unit on the y-axis, draw the graph of 3x + vy = |
for-2=.x=2,

(¢} The point (-1, ¢) lies on the graph in (b). Find the value of ¢.

{(d) () On the same axes in (b), draw the graph of y = -0.5.

(ii) State the v-coordinate of the point on the graph of 3v + v = 1 that has a
y-coorcinate of 0.5,

i
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BASIC LEVEL

1. v
F )
3 Line 1
5,__
4t
Tl
‘2 4
-
e T e
1 =2 = O ¢ & 3
e
3 Line 2
i

(@) Write down the equation of each of the given
horizontal lines.

(b) in the graph, draw cach of the lines with the
following equations.
(i) v=-3

” I

(i) v=3 5

Describe the lines.

Chapter 2

2. ¥
F
Line 2 Line 1

4 -
i g 18
| 2
=

1 [ 3 1 1 -

I 1 1 —>X
3 2 a | 2

o
24
3

(a) Write down the equation of each of the given
vertical lines.

(b) in the graph, draw each of the lines with the
following equations.
iy v=1

(i) x=-2%

Describe the lines.

OXFORD
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ADVANCED LEVEL

3. The variables x and vy are connected by the 4. Consider the equation =2x + v =-3.

equation —x + 2y = 4. Some values of v and (@) Copy and complete the table.
the corresponding values of y are given in the table. ' . | 0 5
X -5 0 5 i 1
| | | y |
y | | 2 4 (b) On a sheet of graph paper, using a scale of
(@) Find the value of p and of 4. 4 cm to represent | unit on the x-axis and
(b) On a sheet of graph paper, using a scale of 2 em to represent | unit on the y-axis, draw the
I cm to represent 1 unit on the v-axis and 2 em graph of -2x + v =-3for -1 = v = 2,
to represent | unit on the y-axis, draw the (c) (1 On the same axes in {b), draw the graph
graphof —x+ 2y =4 for-5=x=35. of yv=-1.
(¢) The point (r, 0.5) lies on the graph in (b). (ii) Find the area of the trapezium bounded
Find the value of r. by the lines -2x + v = -3, y =1, and the
() (i) On the same axes in {b), draw the graph A- and y-axes.
of x=3.

(ii) State the v-coordinate of the point on the
graph of —x + 2v =4 that has an x-coordinate
of 3.

Solving
Simultaneous Linear
Equations Using

) Graphical Method

Z)O.Ar

We have learnt how to draw graphs of 2v-3v =2, y=-3, v= -25, —v + 2v =4, elc.

What is the relationship between the graphs of two linear equations when we draw
them on the same axes? What is the connection between the coordinates of the point
of intersection of the two graphs and the pair of values of v and v that satisfies both
the erpuations?

N FORD
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Investigation

Solving Simultaneous Linear Equations Graphically
1. Consider the linear equations 2v + 3y =5 and 3x -y = 2.
(i} Using a graphing software, draw the graphs of 2x + 3y =5 and 3x - v =2 on the
same axes.

(i) What are the coordinates of the point of intersection of the two graphs?

(iii) Five pairs of values of x and v are given in Table 2.1.

X =2 0 ] 2 4
¥ 3 =2 } 4 -
Table 2.1

Determine the pair of values of x and y that satisfies both the equations
2v+3v =35 and 3x - y =2, What do you notice?
2. Consider the linear equations 3x —4y = 10 and 5x + 7y = 3.
(i) Using a graphing software, draw the graphs of 3x -4y =10 and 5x + 7¥ =3 on
the same axes.
(i) What are the coordinates of the point of intersection of the two graphs?
(i) Hence, state the pair of values of v and y that satisfies both the equations
3v-4y=10and 5y + 7y =3.
What can we conclude about the coordinates of the point of intersection of the
two graphs and the pair of values of x and y that satisfies both the equations?

Explain your answer.

In the investigation, the graphs of 2v + 3y = 5 and 3x — v = 2 intersect at the point
(I, ). v =1 and y = 1 satisfies the two linear equations simultancously. We say
that v =1 and v = | is the solution of the simultaneous linear equations 2v + 3y =5
and 3x -y =2

Can we say the same for the linear equations 3v — 4y =10 and Sv + 7y =32

OXFORD
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.*: Choice of Appropriate Scales for Graphs

Before we proceed to draw a graph, we have to choose a suitable scale, The following
guidelines may be useful:

* Usea convenientscale for both the v-axis and the y-axis. For example, we may use
L ¢m to represent | unit, 2 units, 4 units, 5 units or 10 units. Avoid using awkward

scales such as I em to represent 3 units or | ¢m to represent 4.3 units.
* The scale used for the x-axis need not be the same as the scale used in the V-axis,
¢ Choose a suitable scale so that the graph will occupy more than half the size of
the graph paper.

¢ Look at the largest and the smallest value of x and estimate the scale to be used.

Repeat the process for the values of y.

Choice of Appropriate Scales for Graphs and Accuracy of Graphs

Work in pairs.

1. Using a suitable scale, draw the graph of y = 3x - 1. Compare your graph with that
of your classmate. Do the graphs look different?

2. Use your graph in Question 1 to find
(i) the value of vy when x = 1.3,
(i) the value of v when y = =2 8.
3. How do you check for the accuracy of your answers in Question 2?

4. f your answers in Question 2 are inaccurate, how can you improve your graph?

OXFORD
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Worked
Example

Using the graphical method, solve the simultancous
equations

2y —5y=232,
2v+ 3v=10).
Solution:
v—5r=32 2v+3v=0
x A 6 X =i 0 3
! ! i 1 i :
[y B —6 4 ¥ 2 0 2

We only need to plot 3 points
1o obtain the graph of a lincar

i cquation. In fact, a straight line
can be determined by plotting
: T 2 points. We use the 3™ point to
le: v oy I . !
Scale: x aXIIS. cmto S un!ts check for mistakes in the graph.
i v-axis: 2 ¢cmto 5 units

o —104

The graphs intersect at the point (6, -4).
- The solution is x = 6 and v = —.

b | SIMILAR
| practsenowa |

Fxercise 20 Questions 1iai-(i)

1. Using the graphical method, solve the simultancous equations B

v+ v =3,
v+ ¥y =5,
2. Using the graphical method, solve the simultaneous equations
Fu-2v+ 11 =0,
br+v+4 =0,

OXFORD
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Coincident Lines and Parallel Lines

Work in pairs.
1. (@) Using a graphing software, on separate axes, draw the graphs of each of
the following pairs of simultaneous equations.
(i x+yv=1
3v+3v=3
(i) 2w+ 3yv=-1
20x + 30y = =10
(i) v-2v=5
5x - 10y = 25
(b) What do you notice about the graphs of each pair of simultancous equations?
(€} Does each pair of simultaneous equations have any solutions? If yes,
what are the solutions?
2. (a) Using a graphing software, on separate axes, draw the graphs of each of
the following pairs of simultaneous equations.
(i) v+v=1
Jv+3v=15
(i) 20+ 3v=-1
20x + 30y = —40
(iii) x-2y=5
S5x 10y =30
(b) What do you notice about the graphs of each pair of simultaneous equations?
() Does each pair of simultaneous equations have any solutions? If yes,
what are the solutions?

From the class discussion, we notice that the graphs of each pair of simultaneous

equations in Question 1 are identical, i.e. the two lines coincide. Since every point on S

each line is a point of intersection of the graphs, the graphs have an infinite number Exercise 20 Questions -Ha-tly,
of points of intersection. Hence, the simultaneous equations have an infinite number kb

of solutions.

The graphs of cach pair of simultaneous equations in Question 2 are parallel lines
Since the graphs do not intersect, they have no point of intersection. Hence, the
simultaneous equations have no solution.

N @ Thinking
;}’ Time

What type of simultaneous equations have

(a) infinitely many solutions?

(b) no solution?

OXFORD
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BASIC LEVEL

1. Using the graphical method, solve cach of the (b} Consider the equation v = %.1'4- 2.

following pairs of simultancous equations. (i} Copy and complete the table.
(@ 3x-v=0 by v-v=-3 -

2v=-v=1 X=2v=-=1 N 8 | 0 4
() 3v—-2y=7 (d) 3v+2v=4 ¥

2v4+3v=9 Sx+v=2 i . 2

: : {ii) Onthe same axes in @), draw the graph
(@ 2u+ 5y =25 () 3v-dy=25 1 | gral
o B R
iy = e v 16 ()f\-4m+2t0r §=y=4

(c) Hence, solve the simultaneous equations
2v—v=-9and x -4y =-8.

2. Using the graphical method, solve each of the

following pairs of simultaneous equations, 4. Using the graphical method, solve each of the
@ v+4vr-12=0 (h) 3v+v-2=0 following pairs of simultaneous equations.
d+y—18=0 2v-y-3=0 @ x+2y=3 (b) 4v+y=2
(€} 3v=2v=13=0 (d) 2v+4v+5=0 2x+4v=6 dv+y=-3
2v+2v=0 X +5v+1=0 (€ 2y-x=2 d) 2y+x=4
- dv-2v=4 v+r=6
3. (a) (Z(msurler the equation y=2v+ 9.
(i Copy and complete the table.
T 5. Using the graphical method, solve each of the
B (- 0 4 following pairs of simultaneous equations.
¥ (@ v=3-5x (b) 3v+a=7

(it On a sheet of graph paper, using a scale 5yl =0 B

of 1 cm to represent | unit on the x-axis
and 1 cm to represent 4 units on the y-axis,
draw the graphof y=2v+ 9 for-8 s v < 4.

Solving
Simultaneous Linear
) R Equations Using
£ o)) Algebraic Methods

In Book 1, we have learnt how to solve linear equations in one variable such as
3x-d=1land 44— 10=5v+7.

To solve a linear equation in one variable x means to find the value of x sa that the
values on both sides of the equation are equal, i.c. x satisfies the equation.
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- @ Thinking
Q’ Time

What are the solutions to a finear equation in two variables, e.g. 2v + v = 137
Do you obtain the same solutions as your classmates?

In Section 2.5, we have learnt that from the graphs of two linear equations, the
coordinates of the point(s) of intersection give the solution(s) to the pair of simultaneous
linear equations. In this section, we shall take a look at two algebraic methods that
can he used to solve a pair of simultaneous equations: the elimination method and
the substitution method.

-1Solving Simultaneous Linear Equations Using
Elimination Method

Let us use the elimination method to solve the following pair of equations.
We shall label the equations as equation (1} and equation (2).

v —y=12 e (1)
20+ vy =13 e (2)

The elimination method is usually used when the absolute values of the
coefficients of one vartable in both the equations are the same. For example,
the absolute values of the coefficients of v in equations (1) and (2} are the same.
What happens when we add equation (2) to equation (11
(1) + 2k Br-v)+i{2v+v)=12+13

Jv+2v-yv+y=25
Notice that the terms in v are eliminated. We are left with a linear equation in
one variable .

Sv=125

Substitute x =5 into (1} 3(3) - v=12

- The solution of the simultaneous equations is v = 5 and v = 3.
Check: Substitute v = 5 and v =3 into (1) and (2):
In (1), LHS =3(5)-3
=12
= RHS
Ini2), LHS=2(5)+3
=13
= RHS

Since x = 5 and y = 3 satisfies both the equations, it is the solution of

the simultaneous equations.

OXFORD

Itis a good practice to check your
solution by substituting the values

of the unknowns which you have
jound inte the original equations.
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Worked
Example

equations
Solution:
3x+Ty=17-
3'\._6‘.=4 e S _'
=2 B+ 7)) =B =060)=17-4
v+ 7v=3x+06v=13
13v =13
y=1
Substitute y=tinto (11 3v+ 7(1)= 17
Jv=10
= 31
3

. 1
~. The solution is x = 3§ andy=1.

Check: Substitute v = 3;

In'li, LHS

3(3%)+ 7(1)

17
RHS

1]

]

in(2), LHS 3‘3%}—6{1}

=4
= RHS

PRACTISE NOW 5

Using the elimination method, solve the simultancous

v+ Tv =17,
3v-6y =4,

andy=linto (1 and 2k

1. Using the elimination method, solve each of the iollowing pairs of simultaneous

equations.

(@) x—y=3
dy+yv=17

(€} 13x+%v =4
170 -9v =206

(b)

(d)

Tv+2v=19
Tx+8r=13
4y -5Sv=17
X—=5v=8

2. Using the elimination method, solve the simultaneous equations

Iv—yv+14=0,

vty + 1=0.

@ Chapter 2

The coefficient of x in both the
L‘([Uﬁll”ns 3] 1 H(_‘n(:(!, \Vh(.‘n W
subtrac Lequation | from equation

, the terms in v are climinated.

To eliminate a vartable, the
absolute values of the coefiicients
of the vaniable in hoth the equations
musi he the same,

SIMILAR
QUESTIONS |

Exercise 2E Questions Tiak-ill, ),
Glak-ib)
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It is somctimes necessary to manipulate one of the equations before we can
eliminate a variable by addition or subtraction.

Worked
Example

Using the elimination method, solve the simultaneous

equations
3v+ 2y =3,
dr=—y=7
Solution:
3x+2v=8 cooeeee (1)
dy-y=7 - )
X2 8v—2v=1d (1
i (Br+2) +(Br -2y =8 + 14
11y =22
x=2
Substitute x =2 into (211 4(2) -y =7
V=1

s The solutionisx=2and v = 1.

; PRACTISE NOW 6

Using the elimination method, solve each of the following pairs of simultancous

equations.
(@) 2v+3v =18 (b) dv+yv=11
Jv—y=5 3x+2v=7

It is sometimes necessary to manipulate both the equations before we can
eliminate a variable.

Worked
Example

Using the elimination method, solve the simultancous

equations
13y = 6v=20,
Tx+4v=18,
Solution:
13v - v =20
To+4v =18
2x 2oy [2v=40 . ;
3 v+ 12y =54 i
+ 020~ 120+ (210 + 12y) = 30 + 54
47v =94
vE2
Substitute x = 2oL B2 - 6y = 20
Gy =6
.1'.

S The solitionis v=2 and v = |
ONFORD

# |n this case, it is easicr to
climinate v first.

« We multiply equation 1 by
2 sa that the absolute valucs of
the coefficients of v in both the
equations are the same

| SIMILAR |

QUESTIONS |
Exercise 2F Questions Fak-ifh, 5,
Bicl-fdi

#* The LCM oo and 4 s 12,

* We multiply equation by 2
and equation by 3 so that
the absolute values of the
coetlicients ol v both the
equattons are 1the same.
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- Thinking
@ Time

In Worked Example 7, is it easier to eliminate x first? Explain your answer by showing
how x can he eliminated.

|  SIMILAR |
PRACTISENOW? |

Using the elimination method, solve each of the following pairs of simultaneous  Exercise 2E Questions 3ia)-ii.

equations. Sick-idi, brei-ifl
(@ Ye+2v=5 (b) S5v—dv=17

To-3y=13 2v- =11
Worked sofving Simultancous Fractional tauations Using

Flimination Method
Using the elimination methad, solve the simultaneous

Example

equations
2,.¥ _¢
R A
A‘~%=6.
Solution:
Method 1:
2y '
5.).’ 5—6 1]
ru%-zﬁ 21
;-x:1l:x—%=9- === |3}
S VU I VR )
?-l—_-'.(x 6) (x 3) 9-6
P S S
6t3~°
=
3 3
y=18
. . - 18
Substitute y = 18 into (21 x— = =6
x=12

. The solution is x = 12 and y = 18.

OXFORD
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Method 2:

i.l‘—%u()-
1—%—.6 ......... 2
Oxiliby—yv=>54 -
3xi2h3v-y=18 i)
3=y =) —By—¥)=54-18
3v=36
r=12
Substitute v = 12 into 4: 3(12) - v = I8
v= 18

o The solutionisy=12and v = 1§,

PRACTISE NOW 8 SIMILAR
QUESTIONS

Using the elimination method, solve the simultaneous equations Exercise 2k Questions Tiak-id)
LU
St -y,
2 3
2 3 ]
=== =3=.
57 6 2

-1 Solving Simultaneous Linear Equations Using
Substitution Method

Now, we shall take a look at how we can solve a pair of simultancous equations
using the substitution method.

In this method, we first rearrange one equation to express one variable in terms
of the other variable. Next, we substitute this expression into the other equation
to obtain an equation in only one variable.

Worked
Example

Using the substitution method, solve the simultaneous
equations

Tv—-2v=21,
4y +v=57.
Solution:
Tv-2v=2]
dy+y=57 2
From (2, y=57-4x i rearrange (21 to express vin terms of a
Substitute (3)into (11 Ta =~ 2(57—4x) =21 (replace v in (1) with expression inx to
Tx=H4+8c=21 ] obtain an equation in v}
15y = 135 } tsolve the equation in ) ; ’3
x=9 z
Substitute x = 9 into (1) y = 57 = 4(9) (substitute the solution of x into the expression Itis casier to obtain the value of 3
’ 2 \ by substituting the value of x into
=21 or v : ;
. equation instead of equation
- The solution is x =% and v = 21. I or

OXFORD
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- Thinking
@ Time

It we make a the subject of equatton (1 or 0 in Worked Example 9, will we get the
same solution? Which wav is casier?

:
: SIMILAR ]
PRACTISENOWS | i Apanin i
Using the substitution method, solve the simultancous equations Exercise 28 Questions dial-ih
W-a=T,
2v+ 3v =4,
Worked Solving Simu
E l Method
xamp € Using the substitution method, solve the simultancous
equations
v+ 2v= ,
Yy + 8y=22
Solution:
3y 4 2y = TamiEEL
Yy + 8y =22 3
From (1), 2y =7 = 3y
_7-h 2
V= 2 ——memme—ee [}
; . . =
Substitute 1irinto 121, 9y + 8 TERr. 22
Ov+ K7 -3 =22
Yy + 28 - 120 =22
=0
=6
=l
N : : 7-3(2)
Substitute v =2 into (i v = ,)(
|
2
i . I
- The solution is y=2 and v = 3
!1 PRACTISE NOW 10 ) { SIMILAR |
i | QUESTIONS |
Using the substitution method, solve the simultancous equations Fxercise 21 Quostions 8ai-i
Av=2v=g§, o
dv+3v =35
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Time

1Devi was asked to solve the simultancous equations

i+v=0
|
x=1- 3V
using the substitution method.
She dlid it this way:
vy =0 e 1
|
= | = — v eemaToay (1)
v=1 5 2
: T
Substitute (21 into (1): 2{1- S|+ v=06
2-v+yv=0
2=06

What was wrong? Explain vour answer.

Worked 1
Example 1

Using the substitution method, solve the simultancous

equations
v+ 1
ve2 T 2
hel Ll
Ve fTH 3
Solution:
._\'+1 1
v+27 2
x=2 | ‘
¥ [+ 3
From 7 2( v+ | ) =yv+ 2 C onsrder : = i‘r Cwhere b, o =0
3
v+ 2=v+2
S Multeply v b an hoth <ides,
v=2y
b = ;f - hel # ‘;;
From |, 3y~ =v-1 ' '
6= . | okl o Iy
Jx-v=5
Suhstitute inte 1 3v=2v=35
v=35
Substitute v=35 into vy =2(3)

I}

= The solution is v =5 and vy = 10,

OXFORD
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Using the substitution method, solve each of the following pairs of simultancous

equations.
v—=1_2
EE el b) 3v+2v=3
(a) =3 3 (b) 3x+2y
x=2 1 B &
BT X+y v+ 2y

BASIC LEVEL

1.

Using the elimination method, solve cach of the 3.
following pairs of simultancous equations.

@ v+y=106 (b) x—vy=5
Xx=yv=0 X+yv=19
{c) liv+4v=12 (dy Iv+vr=11
Qr—dv=3§ Jv—x=3
(@) 3v+yv=5 () 2c+3v=5
v+v=3 2e+7v =9
(g Tx-3v=15 (h) 3v-2v=9
IHy-3v=2I Ay - 2v=7 4.
() 3a-2b=5 () 5¢-24=9
2b-35a=0 3c+2d=7
(ky 3f+4h=1 h 6j-k=23
Sf—-4h=7 k+6j=11

Using the elimination method, solve cach of the
following pairs of simultaneous equations.

@ 7v-2v=17 (b) 16x+5y=39
3uady=17 4v-3y=31
€) x+2v=3 (d) 3v+y=-5
v+Se=T Te+3v=1
() 7x-3v=13 (N 9r-35v=2
2v—y=3 3v-d4y =10 .
Chapter 2

| SIMILAR
QUESTIONS

Exercise 2B Questions 9iai-id,
100 100

Using the elimination method, solve each of the
foliowing pairs of simultaneous equations.

(@) 7v-3v=18 (b) dx+3v=-5
by +7v=25 Jv- 2y =43

(€) 2Zv+3v=8§ (d) Sv+dv=11
Sv+2v=9 Jv+Sv=4

() 4y —3v=-1 H Sv-4v=23
Sv—=2y=4 D-Ty=11

Using the substitution method, solve each of the
following pairs of simultancous equations.

@ v+v=7 (B 3v-v=0
r—y=3 2v+yv=35
(€ 2v-Ty=35 (d) Sv-v=35
v y=-4 v+ 2y =29
(@) Sv+3v=11 3v+5v=1)
dy—-yv=2 x=2v=7
@ x+y=9 Sv+2v=3
Sv-2v=4 t-dv=-06

Using the elimination method, solve cach of the
following pairs of simultaneous equations.

@ v+v=05 (b) 2v+04v=8
r—y=1 Sx=12v=9
(€) 10v=-3v=245 (d) 6¢v+5y=105
Iv~5v=135 Sv=3v=-2
OXFORD
M 15




6.

Using the elimination method, solve each of the
following pairs of simulitaneous equations.

(@) dx—v-7=0 (b) Txv+2vy-33=0
dr+3v-i1=0 3v=Tx—-17=0

() 5x-3v-2=0 (d) 5v-3v-13=0
r+5v-6=0 Tv—-0v-20=0

{e) 7v+3yv-8=0 (f) 3x+5v+8=0
Jv—dy—-14=0 dy+ 13v-2=0

Using the elimination method, solve each of the
following pairs of simultaneous equations.

x+1 3 X v_5
o e i b 3-35=%

v-2 3

x 3 Xx-3 v-T
(© §-3zv=3 @ ==

%x-%:lz Tly= 13y

Using the substitution method, solve each of the
following pairs of simultaneous equations.

(@) 2v+5v=12 (b) 4x-3v=25
4y + 3y =— 6y +5v=9

(©) 3v+7v=2 {d) 9v+2v=5
6x-3y=4 Te—dv=13

(@) 2y -5v=25 M 3x-5v=7
4x+3y=3 4y -3y =3

Using the substitution method, solve each of the
tollowing pairs of simultaneous equations.

@ %+_\'+2=() (b l;".=3
% —y=10=0 3-‘5“ Yo
(€) 3x—v=23 G ;+%ﬂ4

OXTORD
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10. Using either the elimination or the substitution
method, solve each of the following pairs of

simultaneous equations.

@) g i

X+Y 22X+ ¥
3x+4y=9

b) 3(x-2=10-3)

Sx+y X4y
LN
© —5==2-=3
7\—-3__1 Y=
2 T3
v+ v v—V
— = — =2y =3y
(d) 3 3 2v=3v+ 5
11. If x=3 and v = -1 is the solution of the simultaneous

ecjuations

3px+gv=11,
—gv+ Svy=p,

find the value of p and of ¢.

12. lfx=—11and y =35 is the solution of the simuitaneous
equations
pr+Sv=yq,
gy+Iv=p,

find the value of p and of 4.

13

*

A computer animation shows a cat moving in a

straight line. Its height, i metres, above the ground,
is given hy 8 — 3h = -9, where s is the time in
seconds after it starts moving. In the same animation,
a mouse starts to move at the same time as the cat

and its movement is given by

29y + 10h = 16.

Find the height above the ground and the time

when the cat meets the mouse.
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Applications of
Simultaneous
) = Equations in =
&= & Real-World Contexts

In this section, we will learn how to apply the concept of simultaneous equations to

solve mathematical and real-lite problems.

A familiar problem which we have learnt how 1o solve in primary school is used to
itustrate how to formulate a pair of simultancous equations to solve the problem.

Consicler the following problem:

7 cups of coffee and 4 pieces of toast cost $H.60. 3 cups of cottee anc
4 picces of toast cost $8.60. Find the cost of cach item.,

L i = —

In primary school, we have fearnt how to solve the problem by using the 1oHowing
representation (or drawing a diagram).

Method 1:

D R D D D e e j\\\—'ﬂﬂm
A . A A g A i ’ ' )

= )
7 cups of cotfee 4 picces of toast
- S - - - .‘ ‘\ R = S8.60
& S SN L J B |

5 cups of coffee 4 pieces of loast
2. Cost of 2 cups of coffee = $10.60 - $8.60
=52
2 Costof | cup of cotfee = $1
5 x $1 + cost of 4 pieces of toast = S8.60

Cost of 4 picces of toast = $8.60 — §3
= $3.00

= Cost of | piece of toast = $0.90

OXTORD
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We shall now take a fook at how we can solve the problem by using the algebraic
method.

Method 2:
Let the cost of | cup of colfee be Sy and the cost of | picce of toast be Sv.
X+ 4y =106 - (]

Sv+dy =80 e 1 1
(1} ={2):2v = 10.6-8.6
2v=2
=1
Substitute x = 1 info (21 5(1) + 3y = 8.6
4y =86-3
4 =36
v=09

=~ Costof 1 cup of coffee = S
Cost of 1 piece of toast = $0.90

Worked Finding Two Numbers Given Sum and EXitleren .
The sum of two numbers is 67 and their dilference is

Example 3. Find the two numbuers.

Solution:
Let the smaller number be v and the greater number be v
Nh ¥y =07 e (1)
[ S (2)
(114121 2v =70
y=35
Substitute ¥ =33 into |1 1: v+ 35 =67
1 =32

The two numbers are 32 ancl 35.

r-g ’ %‘:)Thinking
Time

Can you solve Worked Example 12 by using only one variable 12
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: PRACTISENOW 12 & |  SIMEAR |
QUESTIONS

1. The sum of two numbers is 36 and their difference is 9. Find the two numbers. Exercise 2F Questions -2, 5-10
2. One third of the sum of two angles is 60° and one quarter of their cifference

is 28°. Find the two angies.
3. The figure shows a rectangle with its length and breadth as indicated. Find the

perimeter of the rectangle.

(v+y+2)cm

L]

2vem (v+2)cm

(2v+ 1)em

Worked _
If 1 is addect to the numerator and 2 to the denominator
Example

) . .2 .
of a fraction, the value obtained is 3 i 2 is subtracted
from its numerator anct | from its denominator, the

resulting value is % Find the fraction.

Solution:
Let the numerator of the fraction be x and its denominator be y, i.e. let the fraction
be * .
5
‘ x+1 2
y+2 3
x=2 1 .
y=1"3 3

From i, 3+ 1)=2(v+2)

3x+3=2y+4
3x=2y=1. }
From ', 3(x-2)=v-1
Jx-6=yv-1
Jxey=5 e (4
{4 irv=4
Substitute y =4 into (4: 3y -4 =35
Iv=9
=)

- The fraction is %.

k | SIMILAR |
| PRACTISENOW13 | | QUESTIONS |

If | is added to the numerator and to the denominator of a fraction, the value obtained Exercise 2F Question 11

.4 _ . . . . .
is = If 5 is subtracted from its numerator and from its denominator, the resulting

o1 . X .
value is g Find the fraction.

OX FORD
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Worked
Example The sum of the ages of Jun Wei and his mother is 60.

Two years ago, Jun Wei’'s mother was three times as
old as Jun Wei. Calculate

(i) Jun Wei's present age,

(i) the age of Jun Wei’s mother when he was born.

Solution:
(i) Letthe present age of Jun Wei's mother be x years and that of Jun Wei be v years.
Then two years ago, Jun Wei’s mother was (v - 2) years old and Jun Wei was

(v = 2) years old.

v+ v=060 ---
pd =By = 2): semmsal 3]
From (!, x-2=3v-06
Fim P whasadeie (]
Substitute 13 into (1 (3v =4)+ v =60
4y =64
=16

Jun Wei's present age = 16 years
{H) Substitute y=161into  1;x=3(16)-4
=44
- Age of Jun Wei's mother when he was born = 44 - 16
=28 years

. F
ii PRACTISE NOW 14 l' | SIMILAR |
: _—— — — F l QUESTIONS |

1. Infive years’ time, Kate's father will be three times as old as Kate. Four years ago,  Exercise 2F Questions 3-4,

0 A . ; 12-17, 20-21
her father was six times as old as her. Find their present ages.

2. To visit the two conservatories at Gardens by the Bay, 11 adults and 5 chilcren
have to pay $280 whereas 14 adults and 9 children have to pay $388. Find the total

amount a family of 2 adults and 3 children has to pay to visit the two conservatories.

OXFORD

UMEVE BT R

Chapter 2 @




Worked

The sum of the digits of a two-digit number is 8.

-
hxample When the digits of the number are reversed and
the number is subtracted from the original number,
the result obtained is 18, Find the original number.
Solution:

Let the tens digit of the original number be v and its ones cligit be v.

Then the original number is 10x + v,

the number obtained when the digits of the original number are reversed is
10y + x.

v+v=38
0y + v —(10v+2) =18

From (2, v +y - 10v=-v=18

v —9v= 18

A=y =2 divide by 9 throughout
bt b 2e= 10
=35

Substitute x=5into ' :5+v=8§

yend
-~ The original number is 53,

PracTiSENOW 1S

A two-digit number is such that the sum of its digits is 11. When the digits of
the number are reversed and the number is subtracted rom the original number,
the result obtained is 9. Find the original number.

In each of the following questions, formulate a pair of
linear equations in two variables to solve the problem.

BASIC LEVEL

1.  The sum of two numbers is 138 and their difference 3.
is 88, Findt the two numbers.

2. The difference between two numbers is 10 and 4.

their sum is four times the smaller number.
Find the two numbers

@ Chapter 2
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Search on the Internet for *Psychic
Mind Reader . This is an interac tive
applet that <laims to read your
mund. Follow the instractions on
the applei. Do vou believe tha
the applet can read your mind?
not, try to show, by using algebra,
how this fascinating trick waorks!
Explain why the symbols for the
numbers 90 and 99 are dilferen
trom the symbol that corresponds
to your final number,

SIMILAR
QUESTIONS

Pxercise 2F Question 149

A helt and a wallet cost $42. 7 belts and 4 wallets
cost $213. Finc the cost of each iten.

8 kg of potatoes and 5 kg of carrots cost $28
whereas 2 kg of potatoes and 3 kg of carrots
cost $11.20. Fincd the cost of | kg of each item.

OXFORD
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Two numbers are such that if 7 is added to the first
number, a number twice the second number is
obtained. If 20 is added to the second number,
the number obtained is four times the first number.
Find the two numbers.

[¥] |

6. The sum of two numbers is 48. If the smalier number
is one fifth of the larger number, find the two numbers.

7. One fifth of the sum of two angles is 24° and half
their difference is 14°. Find the two angles.

8. The figure shows an equilateral triangle with its
sicles as indicated. Find the length of each side of
the triangle.

{x+v—Ycm

(v+3)cm

9. The figure shows a rectangle with its length and
breadth as indicated. Given that the perimeter of
the rectangle is 120 em, find the area of the rectangle.

(3x-¥)cm

. B

(2v -3 cm

] ]

(Zv+v)em

10. The figure shows a rhombus with its sides as indicated.
Find the perimeter of the figure.

{(2Zr+y+ 1)em

[(3x—y-2Y
rl.' —'——2—-—' cm

OXFORD
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11. If 1 is subtracted from the numerator and from
the denominator of a fraction, the value obtained

1 . .

is 5. If Lis added to tts numerator and to its
- . T

denominator, the resulting value is 3 Find the

fraction.

12. The giant pandas Kai Kai and Jia Jia reside at
the River Safari. The sum of their ages when they
first arrived in Singapore in 2013 was 11 years.
In 2022, Kai Kai will be three times as old as
Jia Jia was in 2013. Find their ages in 2014.

13. 6 adults and 4 senior citizens have to pay $228
while 13 adults and 7 senior citizens have to pay
$459 to visit an exhibition at the ArtScience Museum.
Fincl the total amount 2 adults and a senior citizen
have to pay to visit the exhibition.

14. Lixin intencls to buy either Gift A, which costs $10,
or Gift 2, which costs $8, as Christmas gifts for cach of
her parents, 2 siblings, 13 relatives and 10 friencls.
Given that she intends to spend $230, find the
number of cach gift she should buy.

15. There are some chickens and goats on a farm.
Given that the animals have a total of 50 heacdls
anct 140 legs, how many more chickens than
goats are there?

16. 580 is divided between Ethan and Michael such
that one quarter of Ethan’s share is equal to one
sixth of Michael’s share. How much does cach of
them receive?

17. Rui Feng deposited a total of $25 000 in Bank A
and Bank B at the beginning of 2013, Bank A and
Bank B pay simple interest at rates of 0.6% and
0.65% per annum respectively. He withdrew ail
his money from the two banks at the end of 2013.
If the amount of interest he earned from each
bank is the same, find the amount of money he
deposited in each bank.
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ADVANCED LEVEL

18.

19.

20.

Two numbers are such that when the larger
number is divided by the smalter number, both
the quotient and the remainder are equal to 2.
if five times the smaller number is divided by
the larger number, both the quotient and the
remainder are also equal to 2. Find the two numbers.

A two-digit number is such that the sum of its

digits is ':l? of the number. When the digits of

the number are reversed and the number is
subtracted from the original number, the result
obtained is 45. Find the original number.

Raj has $10. If he buys 8 pears and 5 mangoes,
he will be short of $1.10. If he buys 5 pears andl
4 mangoes, he will receive $1.75 in change.
Find the price of | pear and | mango,

The equation of a straight line is in the form
v = mx + ¢, where the constant m is the gradient of
the line and the constant ¢ is the y-intercept.

The gracient of a straight line is the measure of
the ratio of the vertical change (or rise) to the
horizontal change {or runj, i.c.

vertical change
horizontal change

rise

Grachient = .
run

If v = aand v = b satisfy cach of the two simultaneous
equations in two variables, then v =« and v = b is
known as a solution of the two equations.

A pair of simuitaneous linear equations in two
variables can be solved by

¢ the graphical method,

= the elimination method,

* the substitution method,

ya

T

. Huixian’s mother buys some shares of

Company A on Day 0. On Day 7, the share price
of Company A is $4.60. If she sells all her shares
of Company A and buys 2000 shares of
Company 8 on Day 7, she would receive $7400.
On Day 12, the share price of Company A is
$4.80 and the share price of Company B is $0.50
less than that on Day 7. If she sells all her shares
of Company A and buys 35000 shares of
Company B on Day 12, she would have to pay $5800.
Find

(i) the number of shares of Company A Huixian’s

mother has,
(i) the share price of Company # on Day 12.

The solution of a pair of simultaneous linear equations
is given by the coordinates of the point of intersection
of the graphs of the two equations.

A pair of simultaneous linear equations has aninfinite
number of solutions if the graphs of the two equations
are identical.

A pair of simultancous linear equations has no
sofution if the graphs of the two equaiions are parallel.

For mathematical and real-life problems that involve
simultaneous equations, we formulate a pair of linear
equations in two variables before solving for the
unknowns in the problems.
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1.

Review.

Exercise

il

Given that the equation of the line representing each of the following linear graphs is in the form

v=mx + ¢, find the gradient m and state the y-intercept ¢,

(b)

() ¥
F 3
/
'? g
/
."lll.
| f,f L.
fll.l.l 4 g I
."I.II. 31
/ 21
.'lll.l
Ill.l" I- A B
ll.ln'
—i
2/ - 0
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2. The flag-down fare of a taxi is $m. The taxi charges Sa for cach kilometre it travels. Use the graph to
find the value of m and of a.

Charges ($)
-~
6~ /
/__,/
4 -
S
: I i £ Dislal?cg i
T I 7 travelle m
0 ] 2 3 (km)

3. Two mobile phone companies, A and B, ofier plans with a talk time rate as shown in the graph.
(i) How much does Company A
Charges ($) _ _ charge for 20 minutes of talk
4 ' time?

(i How much does Company B
charge for 50 minutes of talk
time?

(i) If Jun Wei uses less than
30 minutes of talk time
per month, which company
would he able to offer him
a hetter price? Explain your
answer.

(iv) Which company has a greater

| Time rate of increase in charges?
T (minutes) Explain your answer.

(v) If Michael wants to pay only $4
for a talk time plan per month,
which company should he
choose? Explain your answer.

OXFORD
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Consider the equation 2y + v =2,
(a) Copy and complete the table.
X -4 0 4

1
.)' !

(b) On a sheet of graph paper, using a scale of 2 cm to represent | unit on the
x-axis and | em to represent 1 unit on the y-axis, draw the graph of
v+y=2for4sxy=<4

(c} The point (p, =2} lies on the graph in (b). Find the value of p.

(d) (i) On the same axes in (b), draw the graph of v= 0.5,

(i1} State the coordinates of the point of intersection of the graphs of
2v+yv=2and v =0.5.

@) The variables .y and y are connected by the equation 5x = 3y = 2. Some values
of .x and the corresponding values of v are given in the table.
; ; : .
X -5 | -2 7

¥ I P — 7]

(i Find the value of p and of 4.
(i) On a sheet of graph paper, using a scale of 1 ¢m to represent | unit
on both axes, draw the graph of Sx—3v=2for-5 s v =< 7.
(b} Consider the equation 3v + 4y = 7.
(i) Copy and complete the table.
X l =5 3 7
"?

(if) On the same axes in @)(iD), draw the graph of 3x+ 4y =T for-S = v = 7.
(c) Hence, solve the simultaneous equations Sx— 3y =2 and 3x + 4y = 7.

Solve each of the following pairs of simultaneous equations.

@ 7v+2y=10 (b} Yv+4yv =28
Sv+2v=0 dv—llv==I2

{€C) 2x—5v=22 (d) 6x-v=16
v-3rv=14 3v+ 2y =12

(@) dv+3r=0 H Sx-dv=4
Sv+53=11L 2v—y=1235

Two numbers are such that if 11 is added to the first number, a number twice
the second number is obtainedl. If 20 is addec! to the second number. the number
obtained is twice the first number. Find the two numbers.

ONFORD
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8. The figure shows a parallelogram with its sides as indicated. Find the perimeter
of the parallelogram.

(x+¥+ Dcm

2y - x) cm (v +2)cm
3x 4) cm

9. If 1 is subtracted from the numerator and 2 is added to the denominator of

. . .o . . .
a fraction, the value obtained is 3 If 3 is added to its numerator and 2 is

. . . P R .
subtracted from its denominator, the resulting value is L Find the fraction.

10. A two-digit number is such that the sum of its digits is 12 and the ones digit
is twice its tens digit. Find the number.

11. in four years’ time, Khairul’s mother will be three times as old as Khairul.
Six years ago, his mother was seven times as old as him. Find
(i) Khairul's present age,
(if) the age of Khairul’s mother when he was horn.

12. If Shirley gives $3 to Priya, Priya will have twice as much as Shirley. If Priya gives
$5 to Shirley, Shirley will have twice as much as Priya. How much does each
of them have?

13. A vendor buys 36 smartphones and tablet computers for $28 065. Given that
a smartphone costs $895 and a tablet computer costs $618, find the number
of each item the vendor buys.

14. 5 cups of ice-cream milk tea and 4 cups of citron tea cost $26.80 whereas
7 cups of ice-cream milk tea and 6 cups of citron tea cost $38.60. Find the difference
hetween the cost of | cup of ice-cream milk tea and 1 cup of citron tea.

15. Vishal mixes coffee powder that costs $2.50 per kg with coffee powder that
costs $3.50 per kg. Given that he sold 20 kg of the mixture at $2.80 per kg
such that he does not make any profit or incur any loss, find the mass of
each type of coffee powdler that he uses for the mixture.

16. A mobile company charges a fixed rate of x cents per minute for the first
120 minutes of talk time and another rate of y cents per minute for cach additional
minute of talk time. Ethan paid $26.80 and $32.40 for 175 minutes and 210 minutes
of talk time on two different occasions respectively. Find the amount he has to
pay if he uses 140 minutes of talk time.

17. In a Mathematics test, the average score ohlained by Class 2A is 72 and
the average score obtained by Class 2B is 75. The average score obtained by
the two classes is 73.48. Given that there is a total of 75 students in the
two classes, find the number of students in each class.
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Challenge

Consider the simultaneous equations
pr-v=0,

Bv-2v=¢q.
Determine the conditions that p and ¢ must satisfy if the simultaneous equations
have
(i) an infinite number of solutions,
() no solution,
(i) a unique solution, i.e. only one solution,

Solve the simultaneous equations

Two positive numbers are such that the sum of 11 times the square of
the first number and 13 times the cube of the second number is 395. If 218
is subtracted from 26 times the cube of the second number, the number
obtained is 121 times the square of the first number. Find the two numbers.

Some spiders, dragonflies and houseflies are kept in three separate enclosures.
They have a total of 20 heads, 136 legs and 19 pairs of wings. Given that
a spider has 8 legs and 0 pairs of wings, a dragonfly has 6 legs and 2 pairs
of wings, and a housefly has 6 legs and | pair of wings, find

() the number of spiders,

(i) the number of dragonflies,

(i) the number of houseflies.

A rooster costs $5 and a hen costs $3. Chicks are sold at 3 for $1. A farmer
hought 100 birds of these three types for $100. How many of each type of
bird did he buy?

Hint: There are three possible sets of answers.

OXFORD
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Expansion and Factorisation of
Quadratic Expressions

(x + 6) cm, what is the breadth of the rectangle”’

A student replies, ‘The breadth of the rectangle is (v + 2) em.”

After you have learnt how (0 factorise quadratic expressions, you will be able to determ
how the student arrives at his answer.




apter
Three

LEARNING OBJECTIVES

At the end of this chapter, you should

be able to:

* recognise quadratic expressions,

= expand and simplify quadratic
expressions,

* use a multiplication frame to
factorise quadratic expressions.




“D - Quadratic =
D)o Expressions

fod Recap (Algebraic Expressions)

In Book 1, we have learnt that an algebraic expression is an expression that
consists of algebraic terms, operation symbols (+, —, x, +) or brackets. An algebraic
expression has no equal sign.

We have also learnt that in the algebraic expression 3x - 5, there are:
s 2terms: 3x, -5

= | variable: x

= | constant term: =5

The coefficient of xis 3.

The algebraic expression 3x - 5 is an example of a linear expression of the form
av + b, where x is the only variable, and ¢ and b are constants.

Now, we shall lcarn how to manipulate quadratic expressions in one variable.
The general form of a quadratic expression in one variable is ax® + bx + ¢, where
v is the variable, ¢, b and ¢ are constants and a 2 0.

Representation of Quadratic Expressions

In Book 1, we have learnt that an algebra disc has two sides:

1. |
front back
X &
front back

Similarly, for an algebra disc where one side shows the variable ¥, the other
side will show —x.
o %

front back

To obtain the negative of ¥, we flip the disc with x* as shown:

fli
—p. _(_‘;‘) o —.'L’:
ichange sign)

To obtain the negative of —x*, we flip the disc with —x* as shown;:

L N SR

ichange signi

If we put two discs x* and ¥ together, we will get a zero pair:

(@) ! F+(=x) =0

OXFORD
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We use three (x') discs to represent 3+,

@@ w=rsled

We use three -x discs to represent —3x%.

- oF X 3= (=) + () + ()

To obtain the negative of 3v%, i.e. =(3x?), we flip the three @ discs as shown:

PEE - “19-—} ¢ = = =3 =-3¢

ichange sign}

To obtain the negative of =37, i.e. =(=3x%), we flip the three —x* discs as shown:

wot ok — P 5 PR —3=3e

ichange sign)
What happens if we put three (@ discs and three - discs together?
@ —-.r'g
@ x 3¢+ (-3¥) =0

We will get zero pairs.

We can also use algebra discs to represent quadratic expressions.
Example: 247 + v -3

@@ @022 -3zt x+ () (=) +(=])
Example: —-2x? - x4+ 1

& - & 1) 2 x4 L= () + (=) (=) +

What is the quadratic expression represented by () (&) (&) &g 1 —1?

‘.3 Addition and Subtraction of Quadratic Expressions

We will show how to carry out addition and subtraction of quadratic expressions
using algebra discs.

Example: 4x° + 2¢°

VDOO®

®&
HOOOOO

Therefore, 4x* + 2% = 6x°.
OXFORD
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Example: 417 + {-2¢')

® © NG

() = Bk @ -.-;‘”izero

&)

)

Q‘J 25 () = [pairs
Therefore, 4 + (=217 = 247,
Example: —bv' - 207 = 4y + (-24%)
-y N
- =
_.‘_' _Ir' _‘-.'
0 £ .- &
=0 =0 =1
Az
-

Therefore, -4y — v = 6,

Example: 41~ — (217}
As —(=2x) = 2, 4! ~ (-2x%) can he represented by:

- - -
X - —X
- @ E—t" @:.zero

Therefore, -4y — (<247 = -4y + 23°
=R

Example: 44"~ 2v - (-3x) + 1 + 2
As =307 =3, A -2 = (3 + v+ 2 can be represented by:

- X .

group Eel

- @ like terms ) - (1)
* @@ A 4:@Ry__ﬂ

QOO = O

Z(—.‘I’() pE!IH

443 42 — e A A 2y by 42— oyl x4 2 %
Therefare, —43* - 2\'+.r+ 2= A - 2v+ i 4 a+ 2

- v+ 4 2 teroup like terms) Like terms are terms that have
S ey o the same variable, e.g. 2x and 3y
= 2L When hwo terms are not like terms

they are known as unlike terms,
f : : eg 2vand 2v; vand X7
¥ PRACTISE NOW

Simplify cach of the following expressions by using algebra discs. Alternatively,
you may visit http://www.shinglee.com.sg/StudentResources/ to access the
AlgeTools™ software (Go to algedisc/Quadratic Expressions/Activity 1).

(a) -4+ 2% (b) —dx + (-2x
(c) 4x - 242 (d) 40 - (-2¢Y)
(e) 2v" -3 —x'+ 1 () 53+ (=) +2 - (209~ 3v =

OXFORD
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i Negative of a Quadratic Expression

In Book 1, we have learnt how to find the negative of a lincar expression,
e.g. —(v +2) = —x -2, using algebra discs:

S (CIOTO N e g g

(Chan ¢ sign)
(v +2) o —-x -2

Similarly, to find the negative of a quadratic expression, we flip all the discs.

Example: -(2v +v - 1)

@00 —— =00

ichange sign)
~-(2F4+x=-1) LR 2 —x 4+t

Thercfore, -2y + v - 1) ==2" —y + |,

We can also simplify quadratic expressions involving the negative of a quaciratic
expression using algebra discs.

Example: 2v° - 3y + | — (v - 2y - 3)

CEEIsT=10) @g @8 group 3 g@_ 8 %
< D=l — i terms ....... o A% ——— i
e B 16 0% g T Ol o
7('r0|)a1r5

Qe -3+ D= (= 2x =) 20 = 3r 4+ -+ 204+ 3327 - 7 3y 204 | 43— i o+ 4

Therefore, 26 - 3r + 1]~ (¥ = 2r = )= 20" = 3x + 1 — v + 2v + 3 (simplify 1o get negative of expression!

=2v - =30+ 2v+ 1+ 3 (group hke terms
= — X+ 4,

PRACTISE NOW - §

Simplify each of the following expressions by using algebra discs. Alternatively,
you may visit hitp://www.shinglee.com.sg/StudentResources/ to access the
AlgeTools™ software (Go to algedisc/Quadratic Expressions/Activity 11.

(@ -y +y+1) (b) ~(-2v*—x+ 1)

(€) ¥ +2v+1 - (3 +5xv-2) (d) (= -y + 207 - Tv+3

(),.\' l:'() RD
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: Expansion and Simplification of Simple
Quadratic Expressions

in Book 1, we have learnt how to expand the linear expression 2(x + 3) hy
representing it as ‘2 groups of (x + 3)" using algebra discs:

'<4C001 [@111}
<D 1 _'7®1 O

2{x + 3) 2x+6

Therefore, 2(x + 3) = 2x + 6.

We can expand quadratic expressions of similar forms using algebra discs.

Example: 2(2v*—x + 1) can be represented by "2 groups of 2v —x + 1)

<[eeed  E®a1]
<@l eeew

22x7 —x + 1) 4xf = 2x+ 2

We can also simplify quadratic expressions involving the expansion of a quadratic
expression using algebra discs.

Example: -x* - X + 2 + 3(x* + x - 1), where 3(x’ + x - 1) can be represented by
‘3 groups of (¥ +x =1}

e R RN YR
Soos hirene@r  #E0O0I

4 @ Zero pairs
-® =1
=X+ 24+3(0 +x=1) =t —x+2 3 303 p P30k 3N+2-3 — — 2+ 20 =1

Therefore, —x2 —~x+2 + 3(x* + x - 1)

Vo424 30+ 3= 3 (expand)
Vo4 30—y + 3+ 2= 3 dgroup like terms)

RER e RO

OXFORD
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PRACTISE NOW F.

Expand andfor simplify cach of the following expressions by using algebra discs.
Alternatively, you may visit http:/iwww.shinglee.com.sg/StudentResources/ to access
the AlgeTools™ software (Go to algedisc/Quadratic Expressions/Activity 1.

(@) -2 +a-1 (h) 3" - 2v+ 3
() v + 3+ (=1 + 3" - ) (d) 2(x" +dv-35) - (6+ 1)

Worked
Example

Expand and/or simplify each of the following expressions.
(@ 3¢ +dy -7 —y

(h) 207 — 5y + 7+ (—4v) - (-23) = 3

(€} S+ 00+ 1 — (4P —5v+ 1)

(dy (1 = %) + 2(4" - 3)

Solution:
(@) 37+ 4y - — v = 37— 4 A — v igroup Tike terms
=2¢3 + 3x

(b) 2v" - 5v+ 7+ (—4.\‘3)- -

[

ad
|

2
=20 -4 = Sv+ 2v + 7= 3 igroup like terms
27— 3v + 4

(€ St + b+ - (A =5x+ 1)]=5x2+06v+ | —4x2 45y~ | simplity 1o get negative of expression

=50 -4 +br+ 50+ ) — I (oroup like terms
H

=1+ |y

(d) +2(4x7 - 3) = -1 +.7 + Bx* - 6 (simplity 1o get negative of expression; “2 groups of (4 - 31

=1+ 807~ |1 = 6 (group like terms)

=0y -7
A #
: SIMILAR
| racTsE how 1 | ]
Expand and/or simplify each of the following expressions. Excrcise 3A Questicns 1)
(@) 70 =4y + 607 - x (h) —(-5v) +3v+(-6)+ 231" - 8x + 4)
(€) 4 =1 — (T + 13x - 2) ) -G +5v-8)+ "+ 61+ 5

OXFORD
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Expansion and
1 ) 2) Simplification of
D) o), Quadratic Expressions.

-::: Product of Algebraic Terms in One Variable
In Book 1, we have learnt that 2(3x) can be representect by ‘2 groups of 34"
o008, (060
<@ ©®

2(30) Gy

Therefore, 2(34) = 64,
Notice that the 6" in “6x’ is obtained by multiplying 3 hy 2. %

When we multiply an algebraic term by another algebraic term containing the

.. . . . TXXN=4
same variable, the cocfficients and the variable are multiplied separately, c.g.
2vx 3= (2 % 3) x (v x) =647 | SIMILAR |
QUESTIONS E

What do we get when we multiply 4a by 512

Exercise 3A Questions 24al-d

(N}
*0

: Expansion and Simplification of Quadratic
Expressions

We shall now learn how to expand quadratic expressions of the torm a(b + ¢)
using algebra discs and a multiplication frame. The following examples illustrate
the multiplication process.

Example: 2(3x)
We multiply each disc in 3x by 2.

£J 600}
D®O®® _
D|OO® +1xv=x|

Therefore, 2(3.x) = ox.

Example: 2(3x - 2)
We multiply each disc in 3x - 2 hy 2.

X @@ e

DI@@@be

D|O@@ VD +—{Ix=h=-1]
— Tglxx:_q

BN Sl
Therefore, 2(3x = 2) = 2(34) + 2(-2)
=6x -4,

OXFORD
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Example: 2(3x - 2)
We multipty cach disc in 3v -~ 2 hy 2 before changing its sign.
X OO
10000 .
VDO «—-1x(-h=1

* —
|—|_—I X = —.r.

L |
Therefore, —2(3x — 2) = (- 2)(3x) + (=2)(=2)
=-06x + 4.

Example: 2x(3x - 2)
We multiply cach disc in 3x - 2 by 2x.

x | ©@E@@4
® OO
O|OEEODD +rx =

Foy
Therefore, 2x(3x — 2) = 2x(3x) + 2x(=2)
=61 =4y,

-

Example: -2x(3x - 2)
We multiply each disc in 3x - 2 by 2x before changing its sign.

x |[©O®=1¢i
@ = = —r@
S| OB «Frxen =y

T,
S
Thercfore, <2x(3x — 2) = (=2.0)(3x) + (=20)(=2)

. PRACTISE NOW

Expand each of the following expressions by using algebra discs. Alternatively,
you may visit htip://www.shinglee.com.sg/StudentResources/ to access the
AlgeTools™ software (Go to algedisc/Quadratic Expressions/Activity 2).

= 0" + 4y,

(@ 32x+1) (hy —3(2x- |)
(€) x(-2v+3) (d) 2xiv-3
e

Chapter 3




In general, we have:

L
alb + ¢) = ub + ac

Recall from Book 1 that this is known as the Distributive Law, where ‘a groups of b and
" is the same as “a groups of 5" and ‘a groups of ¢, Le. ‘a times ot b and “« times of ¢

Worked thapanding Linear amd Qi

E o le the Form ath + ¢n
X P Expand each of the Tollowing expressions,

(@ 2(x-2) (h) -2(3+4v)
(€) 2vx +5) (dy —3x(3 -4
Solution:
'y ¥

Ty

(@ 2(v-2r=2v -4 Distributive faw; "2 groups of 1y

¥ \

h) =203 + 41y =-6 - By Distributive faw; 'the negative of 2 groups of (3 + 4y

(v ¥

(©) 2x(xv+35)=2x"+ 10x (Distributive 1 aw

tr ¥

(d =223 —dx) = -9x + 1207 Distributive Taw

PRACTISE NOW 2

Expand cach of the following expressions.
(@ 3dy+ {b) 7(5x -2
(€) 5v(2v=3) () -2x(8x -3

Worked
Example

Expand and simplity each of the following expressions.
@ 2(2v+3) - 2(x - 5) (b) v(2v+ 1)+ 2v(x + 4)

Solution:

{a) 2(2v+3)- 201 —15) =4y + 620+ 10 hstibutive Law, 2 groups of 120+ 3
the neaative of 2 grouns o oo 3y
=4y =20+ 6 + 10 group tike temes
=2v+ 16

(hY 20+ 1Y+ 20(v+ D =20 + 04 20 + S stribative aw

= 200 4 207 + v+ By rgroup dike terms

=41+ Oy

Forva0and 2, v x vz 2y

| SIMLAR |
QUESTIONS [

Exercise 3A Questions 3lai-ihi

The euwdes by which operations
are performed when an algebrae
evpression mvolves brackets are
as rollows:

* Simplity the expression within
the brackes first.

+ Use the Distributive Law when
an expression within a pair
of brackets is mudtiplied by an
algebraic term.

* When an expression contains
more than one pair of brackets
sumphiy the expression within
the sonermsd pair ot hrackets
hirst

OXFORD




] ¥
| PRACTISE NOW 3 &

Expand and simplify each of the following expressions,
@) 5(r-H-32v+D (b) 2v2xv+ 3

Ll

[ ] L]
ane
e &

Quadratic Expressions

o2

i SMILAR
| QUESTIONS |

Exercise 3A Questions <bial-udy,
Hlal-it

Further Expansion and Simplification of

Now, let us learn how to expand quadratic expressions of the form
{a + b)e + ) using algebra ciscs and a multiplication frame. The following

examples illustrate the multiplication process.

Example: (v + 2)(v + 3)
First, we multiply each disc in v + 3 by v,
Next, we multiply each disc inx+ 3 by 2.

Therefore, (v + 2)(x + N=alx+3N+2(x+3)
= +3v+ 20+ 6
=+ 50+ 6,

Exampte: (v + 2)(x - 3)
First, we multiply each disc in x
Next, we multiply each disc in x =3 by 2.

3bva

x=3

x |@<)Chsi x

OV ¥
r+2 O@LIENED —>
0] 0999 )
Therefore, (v + 2)(x ke D=xlx-3N+2x-3)

U =y -3x+2x-6

=xl=x=6.

OXTORD

X 3
X 3x
2x 6
X =3
| =3x
2x| -6
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Example: (v - 2}x + 3)
First, we multiply each disc in x + 3 by x.
Next, we multiply each disc in v+ 3 by 2 betore changing its sign.

x+3
36101010 x|c 3
@@@@@ v | s

-2 =l @—I

-1@;111 - [EEsant

Therefore, (v — 2)(a + N=xx+3)=2x+3)
=vV+3x-2x-6
=y +x- 0.

Example: (x - 2)(x - 3)
First, we multiply cach disc in x =3 by x,
Next, we multiply each disc in v - 3 by 2 before changing its sign.

r=3

Therefore, (v - 2)(x 4 H=alv-3)=2x=-3)
a3y~ 2x+6
= =504 6.

Example: (2v - 3)(3x + 2)
First, we multiply each disc in 3x + 2 by 2,
Next, we multiply each disc in 3x + 2 hy 3 before changing its sign.

3v+2

@@@O@ x| 3x 2

POEOEDD . lee]
OPOEO® M| *
1
1
|

2v-3

Theretore, (2v - DR+ 2) = 2vCr +2) ~3(3x + 2)
=6r"+4x-9x~6
=61 -5v-0.

O\l-(_)l{l)
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Example: (2v - 3)(3x -2
First, we multiply cach disc in 3a - 2 by 24,
Next, we multiply each clise in 3v - 2 by 3 before changing its sign.

Jr=2

Peeee L lul .
® oY ol Rl

=lele=7010) 3|9 6

Therefore, (2 - 33y =2y = 2x(3x = 2) =33y =-2)
=~ arEomTe

=607 - 13v + 6.

When we expand quadratic expressions of the form (a + b)(c + o) using algebra discs, we
obtain a rectangular array. Notice that there are four distinct regions in the rectangular
array. The lop-left region contains the x*-discs, the bottom-right region contains the
b-discs and the other two regions contain the x-cliscs.

Class

Discussion

Expansion of Quadratic Expressions of the Form {z + £)(c + d)

Work in pairs.

1. Expand each of the following expressions by using algebra discs. Alternatively,
you may visit http://www.shinglee.com.sg/StudentResources/ to access the
AlgeTools™ software (Go to algedisc/Quadratic Expressions/Activity 21,

@ (x+ 3)(x+06) b (v+3xv-0)
(©) (x=3)x+0) ) (x-3)x-6)
@) (3x+ IM2v+ D) # Gu+ D2 -3)
® Gy-D2c+3) (h) (Gr- D2y -3)

2, Expand (« + b)(c + d).

From the class discussion, we have:
{ ; v (¥ ¥
| (a +hie+ely=alc+d)+ bie+dh
=+ ad + be + hd

OXFORD

THINERAETY B
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Worked Expanding Quadratic Exprossions o the Formig = hite + d)
1 Expand cach of the following expressions,

Example @) (v +4)x +5) (b) (2x+ 3y +2)

() (30 +8)5v -9 (d) (4305 -2\

Solution:
S Yy ¥ v
@) (v +4)e+5) =a(v +5) + 4lx + 5) imaltiphy the expression in the sccond beac ke
by each termin the first bracket
= X7 4 5+ o+ 20 (Destributive [ aw
=27+ Gy + 20

-

)

Yy

b (2v+ ?)(.1':- 2)=2x(x + 2) + 3(x + 2) imuitiply the expression in the second bracket
by each term i the Tiest bracket
=2+ 4y 4+ v+ 6 (Distnihutive Law
=24+ T+ 6
- Y %
(€) (3x + 8)(3x = 9) = 3x(5v - 9) + 8(5x — 9) nmubtiply the expression m the second
bracket by each term in the first bracket
15 = 27x + 400 = 72 tDistributive Law
150+ 130 =72
ry % L ‘
(d) (4 =305 = 2v) = 4(5 - 2x) — 3x(5 - 2v) imultiply the expression in the second
bracket by cach term o the first bracket
=20 - 8v— 15x + 6x° ([[Distributive Law
=20-23v+ 6y

_ i SMLAR |
PRACTISE NOW 4

Expand each of the following expressions, Exercise 3A Questions 5ial-ib),
(@) (v +2)x+4) (h) (3x—4)51-06) Al
(€} (5+)2-3y) (d)y (1 -7)(1ix-4)

0X }QI{I)
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Worked
Example

Expand and simplify the expression
(A3 v =D — (v + 20 -7

Solution:
=8 v vy VY Gy vy
(v +5) =) = (v + 2 =Ty =x(x =)+ 5(v -4y — [x(x - T+ 2(x = T)]
muhtiply the expression in the second bracket
by cach term in the dist bracket: do not forget to
include the square brackets for the expansion
ab (v + 2 - 7))
=" =4+ 5v - 20 — (P = Ty + 2v — 14 Distributive | aw
=y 4+ - 20 - (v —5v - 14)
=T =20 b Sy 140 mphiy to get negative of
expression)
=¥ -0+ 0+ 5r =20 + 14 (group fike terms)
=by-6

PRACTISE NOW 5 &

Expand and simplify the expression (2v

| SIMILAR  §
| QUESTIONS |

1M+ 5) = 5
Yial-idi

~Exercise

BASIC LEVEL

1. Expand and/or simplify each of the following 4. Expand and simplify each of the following

4y, Fxercise 3A Questions 8lai-i

[l

expressions.

@ 6+ 19+ 97 -8

() 24+ 2v -7 —(-1ix) -5y 1
(0) ¥+ (=3¥) + 2032~ Hy)

{d) 50—y~ (' =100

() (4" +9v+ 2y + 307 - T+ 2

CXPressions.

(@ 42a+3)+5a+3)
(b) 9(5 - 2b) + 3(6 — 5h)
(€l 3+ 1)+ 2e(c + 3)
(d) 6d(5d — 3) + 2d(3d - 2)

() =1 =7y -83)+2(:* -3y - I) 5. Expand each of the following expressions.
@ (x+3)v+7) (b) (4x+ D3y +3)
2. Find each of the following prociucts.
(@) 12 x5x (b) xx6x
(€) (~2v) x 8x () (=3x) % (-10x) _ )
6. Expanc and simplify each of the following

3. Expand each of the following expressions.

expressions.
@ 7(2a+ 1) =H8a+ 3

(@ 43v+4 (b) —6({:’.\‘—3) () 32— 13— 25— 3)
(€} s_;{_" -3) d -2(5¢-1) (©) 3¢(5+ ¢} -2 - T)
(eiictrty B ~8x(3x+5) (d) 2d(3d - 5)— (2 - db)
(8) ~5x(2 - 3v) () ~v—x—1) () 92 + 4/~ 8)
() =2h(3+ 4 -5hth - 1)
OXFORD
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7. Expand cach of the Tollowing expressions. ADVANCED LEVEL

(a) (a+ DN hy (h-2b+T)
(©) (¢ - )¢ - 6) () (3l + 1)5 -2 9. Expand and simplity cach of the following
(e (1 -NUf+6) (f) 4300 -9in CXPressions,
@ v - Gu -2+ 1)
8. Expand and simplify cach of the foliowing (b) 2x(x = 6) = (2v+ 5)T - 1)
CXPressions. () (4a=33x+2)-Brv=5)-x-9)
(@ S+ (x+ Dv+3) (d) (2v+ 3350 - 2) = 2(5v - 3)v+ 1)

(b) v+ (v + N2 - 1)
(C) Br4+ 2 -9 +2x(dv+ 1)
d) (-3 -8+ -H2v+Y)

cy) ) Factorisation of g A L
Do) D) Quadratic Expressions

In Book 1, we have learnt that factorisation is the process of expressing an algebraic
expression as a product of two or more algebraic expressions. Factorisation is the
reverse of expansion.

In Section 3.2, we have learnt how to expand the product of two linear factors to
obtain a quadratic expression of the form ax® + by + ¢, where «, b and ¢ are constants
and a = 0. In this section, we shall learn how to carry out the reverse process, i.c.
factorisation.

- Factorisation of Quadratic Expressions Using
Algebra Discs

Recall that in Section 3.2, when we expand the product of the two linear factors,
x+ 2 and x + 3, we obtain the quadratic expression, ' + 5y + 6. Recall also
that there are four distinct regions in the rectangular array. The top-left region
contains the v-discs, the bottom-right region contains the 1-discs and the other
two regions contain the v-discs.

Theretore, (V+ 2)iv+ D=+ 3+ 2+ 3)
v+ 3v+ 20+ 0
=7+ S+ 6,

@ OXFORD




Since factorisation is the reverse of expansion, when we factorise a cjuaciratic
expression, we will obtain two finear tactors. Hence,

ST+ 0=+ 30+ 2040
=ax+3)+ 200+ 3)
=(v+2)x+3).

Algebra discs can also be used to tactorise quadratic expressions. To factorise

4+ 50+ 6, we first form a rectangular array with the () disc at the top-left
. . oy . . -

region and the six (1) discs at the bottom-right region.

X

O
OOO®
OOO®
Next, we put in the five (£) discs to form the rectangle.

»

Thus we have:

v *V=ELEA
®|®®®® =r=ax]
Hence, the hwo linear factors are v+ 2 and v + 3.

Notice that in this case, the constant term 6 is factorised into 2 x 3 and
the five (x) discs (51} are divided into two groups (2x and 31 to complete
the rectangle.

Example: v* + 7x + 12

We have to form a rectangle with the (&) disc at the top-left region and the twelve
(1) discs at the bottom-right region. The possible factorisations of 12 are | x 12,
2x6and 3 x4

Consicler 1 x 12. We are not ahle to divide ‘7" into two groups to complete the rectangle.

@@@@@@@
51010/0/010/0/0/0/0/000)

Consider 2 x 6. We are also not able to divide 70" into two groups to complete the
rectangle.

X

ONFORD
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Consider 3 x 4. We are able to divide '74" into “3x” and “4x" to complete the rectangle.

x x (& OOOO
OO OO
OOOOO _ ®®®®@3
@@@@3 @@@@@3

610000 0610000
The factorisation can be simply illustrated using a multiplication frame: %

x y 4 T yxyay

v = Ixd=12

A 4y * Ixyvz=

3 3y 12 = dxv=-h
= Jv+dv=Ty

Thercfore, v + 7y + 12 = (v + 33(v + 4).

Example: v - 7x + 12
We have to form a rectangle with the () disc at the top-left region and the twelve
(1) discs at the bottom-right region. Then we divide '-7." into "=3x" and "-44" 10

conplete the rectangle.

| x @ SHENERQD
GOC6e  OLo000

SO0 00NN 4@@@@@
QOO0 — @@@@@

SOOOD §1270/0/0l0 ;h
The factorisation can be simply illustrated using a multiplication frame:

' rKY=N
a3 B d o (3 i~
A a2 -4y o (=)xr==R
-3 T 12 (=) xa=—d
. P30+ (= -

Therefore, x* = Tx+ 12 ={x — 3x =4,

PRACTISE NOW

Factorise each of the following expressions by using algebra discs. Alternatively,
vou may visit http://wwiw shinglee.com.sg/StudentResources/ to access the
AlpeTools™ software (Go to algedisc/Quadratic Expressions/Activity 41.

{a) v+ 61+ 5 (b) v~ by +5
fCh AV + 8+ 12 (d) v =8+ 12

OXFORD
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:iFactorisation of Quadratic Expressions Using
a Multiplication Frame

Without using algebra discs, we can use a multiplication trame to help us factorise
quaclratic expressions.

Consider the expression x* + 8v + 12,

® x v 0 " i 1]
\ — > t \ —» x i 6y
> 2 2 2 | 2 | 12

2y + = By
Step 1 Step 2 Step 3
Step 1: Write + in the top-left corner and 12 in the bottom-right corner
of the multiplication frame.

Step 2: Consider the fuctors of 4+ and 12, Write them in the first
column and the first row.

Step 3: Multiply them to complete the multiplication frame and check
whether the result matches the given expression,

Therefore, v* + 8x + 12 = (v + 2)(x + 6).
Let us apply the above method to factorise another expression v — 5x + 4.
Consider the factorisation of v and 4, i.e. v = vx v and 4= (=1} x {—4),

* ® X -4 % X —
¥ | —» x| —» X v =y

(=0) + (—dy) = =5x

Therefore, v = 5v+ 4 =iv— 1}y - 4.

Worked Factonsing Quadratic Exprossions ot the Tormoa + I

E 1 Factorise each of the following expressions completely.
xamp € @ v+ T+ 10 th) ¥ -9v+ 14

(© v+3v-20 d) v-x-12

Solution:
@ r=axx
lh=1x100r (1) % (-10)
=2xS50r(-2)x (-5

S 5

- T B 5 Sv 2 and 5 are sefected

2 2 10 as 2y + v =Tx.
v+ 3v=T7x

ST+ 10 =0+ 2) v+ 5)

OXFORD

The poussible tactonsations of 12
are 1% 12, 260 and x4,

= Consider [ =12,

= v 12
v v 12x

tJ

1 L |
A4 12v= 132 Ky

= Consider 3 x4,

E v 4
v v dr
3 v 12

Ww+dv=Tex Ry
The above cases are rejected as
the term in does not match that
in the given expression,

i
For ax’ + by + ¢ where a, & and
¢ = 0, both of the factors of «
must be positive, e.g. in (@), we
only have to consider 10 =1 x 10
and 2 x 5,

It is a good practice (o check
vour answer by expanding the
product of the twao lincar factors
to see it it gives the original
quadratic expression, e.g. in (a),
v+ DU+ S =+ 51+ 2+ 5)
Sv+i+ e+ 0=+ T+ 10

Chapter 3 @




fhy v =xvxu
l4=1x1d4or=1x{-IdH y
=2xTor(=2)x{-T) &
b4 v 7 For av + b+ ¢ whore o and
.‘_ B 7y ¢ = O bt b O bath of the sactors
5 5 + M ¢ nust be negative, e.g.om
-2 —2Y 14 (h), we onlv have o consider

(—=2x) + (=7x) = -9 Me-hx-lband -2y x (-7

L == -T)

(©) v=uxx.u
20=1x{-2M or{-1)x 20
=2x (=10 or(-2) = 10
=dx(-5ror(—=) x5

b Az 5
X X v 4 and 3 are selected
— -dy 20 as oy + Se =

(=) +35v=uw

==+ 5

(d) v =1xu
~“12=Ix(-12)or(-)x 12

=2x(-6)ori{-2ix6
=3=(-Hor(-31=4

» X —

R\ x 4y 3 and =3 are selected

3 3 =12 as v+ i—h=
v+ (=) = —x

== 2= (x+ e —4)

PRACTISE NOW 6 |
- | _QUESTIONS

Fxercise 38 Questions Lag-thi. 4

Factorise cach of the following expressions completely.
(@) v +8v+7 th) v~ 1lxv+28
(e} ¥ +x-2 (d) v -7x-8

OXFORD
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Worked
Example

Factorise each of the following expressions completely.
(@ 2+ Tr+ 3 (b) 3x"+7x-6

{c) —v"—dv+ 32 (d) 4v — 61— 4

Solution:

(a) 2¢¥=2vxu
I=1x3ori=ly=x{-3) s
* ¥ 3

I and 3 are selected

1=
-
|
-
>
=

! Notall quadratic expressions canbe
I ¥ 3 ds 4 O =T lactorised using the multiplication
frame, e, v+ 2 - L

x4 6y = FAS
2+ T+ 3 =020+ D+ 3)
(b) 3v'=3vxu
~-6=1x(-6)or(-1)x6
=2x(=3or(=-2)=3

x a3
v | 3¢ | 9y 2and Yare selected
2 ' 2y =6 as{ 2+ v =T

(-2 +9v =Ty
LA T —6=Cy=-2(v+ 3)

() —xv"'=-vxx
=1 x32or(-1yx(=32)
=2x160r(-2)x(-16)
=4 xBor (4 x (-8}
x X 3
x | = | =8« 4 and § are selected

4 4 32 as 4+ -8 =y
4y & (—8y)=—dy

Soev e+ 2=+ D+ )
(d) " —06x—4 =202+ - 3v—2) (oxtract the common factor 2

vt =2 Xy
D2=ixw(=2)or{(=-1)x2

® A} )

2 2 | —dv Fand =2 are selected

I x| 2 B e e R A I
U+ (=)= -3y

A= =4 =22+ 1) =2

OXTORD
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| PRACTISE NoW 7 §§

Factorise cach of the tollowing expressions completely. Exercise 3B Questions 2iai -l
(@ 2+ 1ly+12 (h) 5 - 13v+6 $iai=the, Siai=ih
(€) 2v+%0 -9 (d) 93" - 33v+ 24

BASIC LEVEL

1. Factorise each of the foltowing expressions 3. Factorise each of the folfowing expressions

completely. completely.

(@ a +9a+38 (b) b +8h+15 (@) —a* + 2a + 35 () ~3b% + 76D - 25

(€) ¢*-9c+20 (d) & — 164+ 28 (€) 4+ 10¢ + 4 (d) 5d° - 1454 + 600

(e) [-+6/- 106 (0 I +24-120 (€) 81 +4f - 60 () 240 - 15h -9

(g) k°=dk-12 (hy m* = 20m - 21 (g) 30+ 14k - 4&7 (h) 35m%n + Smn = 30n
2. Factorise each of the following expressions 4. The area of a rectangle is (¥ + 8x + 12) em®. If the

completely. tength of the rectangle is (v + 6) cm, show that its

(@ 3+ 10n+7 (b) 4p° +8p + 3 breadth is (x + 2) em.

(C©) 64°— 1 Tg+ 12 (Y 4" = T7r+3

(€) 85+ 25 - 15 ® 6+ 1920

(g) 4’ - 8u—21 (h) 180" —w -39

5. Factorise cach ot the following expressions
completely.

(a) % pEepol (b) 0.6r - 08gr — 12.8¢r

1. The general form of a quadratic expression in one variable is v + by + ¢,
where x is the variahle, «, b and ¢ are constants and « 2 0.

. . . ¥ ¥i ¥ L
2. Expansion of Quadratic Expressions: (a + bY(¢ + ) = alc + d) + bl + )

= + ad + be + bd

o ()X}_'()I_{I)




We can use a multiplication frame to factorise quadratic expressions.
For example, consider the expression x* — 2y - §.

x X 4 X 1
\ —» vo| o — \ \ —~4
b 2 B 2 2y b
Qv+ (—hvy=-2x
Step 1 Step 2 Step 3
Step 1: Write " in the top-left corner and & in the bottom-right corner of

the multiplication frame.

Step 2: Consider the factors of .+ andt 5. Write them in the first column andt the
first row.

Step 3: Multiply them to complete the multiplication frame and check whether
the result matches the given expression.

Therefore, v - 2v— 8 = (x + 2)(x — 4).

Rleview

’ Exercise

Expand each of the following expressions.

(@) 10a2a-T7) (b) —3b(7 - 4h)

() (c—4)c-11) (d) (3d-5)4-d)
Expand and simplify each of the following expressions.

@) T3 —4) + 43 - 2) () 6l + (20 + 3)(h— 1)
() 2k~ I}k-4)-3k(k-T7) ) m+2)n+ 1) =G+ 3509 - 5m)
Factorise each of the following expressions completely.

(@) o' + 13a + 36 (b)) H - 15h+ 56

(€} ¢*+ 1de - 51 (d) & —12d-45
Factorise each of the following expressions completely.

@) 97+ 187 16 (b) 347 - 19h - 14

(c) 14k’ + 49k + 21 (d) 182" 39m+ 18

Factorise the expression 3. 121 x5 completely.

Challenge
Yourselff

Determine the integer values of n for which #* — 18n + 45 is a prime number.

OXFORD
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Further Expansion and Factorisation
of Algebraic Expressions

Various algebraic properties can be used to quickly simplify and evaluate complicated
numericat expressions. What are some examples of such algebraic properties?

AL “7".""'51‘-'.7_.:'
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ARNING OBJECTIVES

1e end of this chapter, you should be able to:

xpand and simplify algebraic expressions,

5e a multiptication frame to factorise algebraic expressions, 0 u r
wcognise and apply the three special algebraic identities to

¥pand and factorise algebraic expressions,
ictorise algebraic expressions by grouping.

OXFORD
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Expansion and

‘m Factorlsatlon of
H'e) B Algebraic Expressions

:- Product of Algebraic Terms in More Than
One Variable

tn Chapter 3, we have learnt that when we multiply an algebraic term by another

algebraic term containing the same variable, the coefficients and the variable
are multiplied separately, e.g. 2v x 3v= (2 x 3) x (v X x) = 617,

tn general, when we multiply an algebraic term by another algebraic term, the
coeificients and the variables are multiplied separately,
eg. 2rxIv=(2x3) x(rxyv) =6y

Worked
Example

Find each of the following products,
(@) 4vx(-7v) (b) 2 x 3

Solution:
(@} 4y x {-Tv)=[4 x (-T)] x (x x ¥) (rearrange the coetticients and the

variables accordingly)
= =28y

b 2y i =R xaoxyxvIx(3xyxyxy) SRR

. RRE R R
= (2 x 3y x (xxx)x (¥ x ¥ x ¥ x ¥} (rearrange the coefficients and the

variables accordinghy
= Aty lonpress in index notation)

Voyxrxuxy

RAERE NS RE Y

| o
i SIMILAR |
| PRACTISE NOW 1 | | oUESTIONS |
1. Find each of the following products. Em.“is.e A Questlons 1Ead=i3
Stak-idy, 12
(a) Sv=ov (b) (—8x)x 2v
(©) viyzoxais fd) (—uv) e (=11x%)

2. Findthe product of 54 and —H

@ OXFORD




.-t Expansion and Simplification of Simple

Algebraic Expressions

In Book 1 and in Chapter 3, we have learnt the Distributive | aw:

SR
ath + ¢) = ub + ac,|

where ‘« groups of b and ¢’ is the same as ‘a groups of b" and “a groups of ¢,

i.e. ‘a times of " and ‘« times of ¢,

WOI’de (Expanding Algebraic Expressions of the Form a(h + i)
E 1 Expand each of the following expressions.
Xampile @ x(y +3) (b) ~2x(6x - 5v)

Solution:

(a) x(v + 3) = v + Jv (Distributive Law; ‘4 groups of (v + 31

(b) —2x(6x = 5v) = =127 + 10y (Distribulive Law)

PRACTISE NDW 2

Expand each of the following expressions.
{a) -vi5-2x) (b) 2x(7x + 3y}

VVorked (Fxpanding and Simplitving Algebraic Expressions of

the Form a(h +

Example

Solution:
FY ¥ 7Y )

(@ —3xly + 50— 42y - 52y = -3y — 3xs = By + 200z (Distributive Law

3y = Buy = 3z + 20xz (group like terms)
==llav+ 17xz

(h) 2v(v + 20} + 3x(2v — 3v) = 2 4 day + 607 — 9y Distributive [aw
= 267 + 607 + duy = Qxv (group like terms
= 8" — Sxy

1]

" PRACTISE NOW 3 |

Expand and simplify each of the following expressions.
(@) 4x(3v - 52) - 5x(2v - 32) (b) x(Zv—v)+ 3viv -3y}

O_N ) _ORD

Expand and simplify each of the following expressions.
(@ -3x(y+ ) -4x(2y - 52 (b) 2u(x + 2v) + 3x(2v - 3y)

SIMILAR
QUESTIONS

Exercise 4A Questions 2ial-{]l.

biaj-id}

SIMILAR |
| QUESTIONS

Exercise 4A Questions 3iai-ib).

Tiab=idi
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*:-: Further Expansion and Simplification of

e @

Algebraic Expressions

In Chapter 3, we have learnt that:

B L I S ] (WV*\V i
(a+D)c+dy=ulc+d)+Dlc+d) |
=qc + ad + he + bd

Worked Expanding Algebraic Expressions of the Formyte + dye
E | Expand each of the following expressians,

LS @ (- 4359 () 2¢ - Sy~ 3
Solution:

N v vy (v ¥

{a) (v=2v)(x+5y) = a(v + 33) — 2v(v + 5v) (muhiply the expression in the second
bracket hy cach term in the first bracket
= %+ Sev — 2oy — 10v7 (Distributive Law)
3y = 10y

Y LI |
(h) (2x° = 1){50—3) = (50 - 3) multiphy the expression in the second
bracket by cach term in the tirst bracket
= 10x* — 627 = Sx 4+ 3 (Distributive Law; simplify to get negative of
EXPFeSsion|

PRACTISE NOW 4

Expand each of the following expressions. Exercise 4A Questions $aj-(h),
(@ (x+ 992 -y) (b) (3 —3)6x+7) Aakdc

Worked
Example

Expand and simplify the expression
(X =220 + vy = (v + V(5 — 4y,

Solution:
g Y RIS

(v~ 2v)2x + =B+ By - dy) = a2+ v) = (2 + vy - [3\(5\ —4v)+ \(5\ — 4y
multiphy the expression in the second bracket
by cach term in the Tirst bracket; do not forget
to inclucke the square brackets tor the expansion
O3+ 08y - 4o

=20 + oy~ dwy = 20— (1507 - 12x0 4 Say — 4y)

Distributive l an

=2¢
=ll’3—3.r_\'—7\ I‘n -t»?\\ +4\-

(Him[)lll\ o get pegative OF expression
= 20~ 1507 = 3xv + 7w — 207 + 4 (grodp like torms)
= —13x7 + dxy + 2y

ONFORD
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" PRACTISE NOW 5 F

Expand and simplify the expression 2x(3x - 4y) - (v - v)ix + 3v).

- @ Thinking
;}/ Time

What do we get when we expand (a + b)(¢ + d + ¢)?

From the thinking time, we have:

7Y

o "3

_— T
¥ 7 \V Y 7 }
(u+bc+d+e)=alc+d+ery+blc+d+e)
=dac+ad+ae + be+ bd + be

Worked Expanding Algebraic Expressions of the Form

(i + Do+ o + ¢}

Example

Solution:

. ¥ YooY vyor oy
(@ Cr—»GCr+2v+ D=2xBv+2v+ D —vi3r+2v + |}

tmultiply the expression in the second bracket by cach

term in the first bracket)

=60 + day 4+ 2y — Iy = 20 = v (Distributive Law

=07 + 4yy - 3y + 2x = 2% — y (proup like terms

SO0 +av+ v -2 -y

S .
R ) v r v ¥
(b) 51-H2C+3r+ =512 + 3x+ ) — 427 + 3v + 2)

imuldtiply the expression in the second bracket by cach

term in the tirst bracket

= 100" + 1537 + 10y — 8 — 12y = 8 (Distributive Law

= 103"+ 1546° = 8* + 10x = 12 — B igroup like terms:

=100+ T - 2v -8

PRACTISE NOW &

Expand each of the following expressions,
@ (v-3Svix+h-1) (b} (x+3)*-Tx-2)

OXFORD

Expand each of the following expressions.
@ Cv-v@e+2v+ 1) (b Gr=42v+ 3 +2)

I SiMLAR  F
QUESTIONS &

Exercise 4A Questions Sial-ih

13ai-1b

SIMILAR
QUESTIONS

Exercise 4A Questions 10y,

14ia

o)
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‘-t Factorisation of Algebraic Expressions Using
a Multiplication Frame

in Chapter 3, we have learnt how to use a multiplication frame to factorise
quadratic expressions. Worked Example 7 ilustrates how we are able to use the
multiplication frame to factorise other algebraic expressions.

Worked
Example

Factorise each of the following expressions completely.
(@) A7+ vy — ¥y (b) 2* — Tay + 637

Solution:
(a) Y=xyxyx
—By? =y x (=RBy) or (-=v) x By
=2v x{—4v)or(-2v) x4y
x o 4y
X day
=2y | “2uy -y
(~203) + 4y = 2y

SO 2 = Bt = (- 29 + 4y)

(h) 2v' =2y xx
63 = v % 6y Or (-v) X (=6¥)
=2vx3vor(=2v) x (=3)
x | ¥ -2y
AN 24° —dxy
3y vy | 6y
(=3xvi+ (—dvy) = Ty

20 =Ty 6y = (20 = 3v)iv - 2y)

i 8 | SIMILAR
| PRACTIS NOW 7 |

1. Factorise each of the following expressions completely. E:erc-ss 4A Questions 111al-{f
y B " ; 151ak-idp
(a) A =2y — 15y? (b) 6x° + Iy + 5 “

2. Factorise the expression 31y — ldxv + 16 completely.

OXFORD
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BASIC LEVEL

Find each of the following products.

() 14y x l_\'

(@) 6x % (-2y) 5

Expand each of the following expressions.

(@ Bv(v-1 (b) -9x(3v - 22)

(©) 3a(2¢+7V) (d) 3vix=11v)

(e} —3a(2u+3h) ) —de(2c - 5d)

(g) ~6N(Tk - 3h) h) -8m(-12m-Tm)
i) 2pQGp+g+7r) () ~Ts(s — 41 - 3u)

Expand and simplify each of the following
expressions.

(@) 7a(3bh - dc) + da(3e - 2b)

(b) 4d(d - 50) + 23d + 7)

Expand each of the following expressions.
(@) (x+vHy+6v) (b) (" + 23+ 5)

Find each of the following products.

3 14

(a) —%-\' Xy () 9’y x 3y

() 2x'y x{—13x%)

Expand each of the following expressions.
(@) -3y -2v) (b} 9x(=3.x*v — Tx7)
() ~13%i3x—v)

Expand and simplify each of the following
expressions,

@ al5h+c)=2a(3c - b)

(b) —2d(df = 5h)y — 3 + 1)

(€} dk(3k + m) = 3k(2k - 5m)

() 2n(p - 2n) — dn(n - 2p)

Expand each of the following expressions.
@ (a+3b¥a-5) (b)Y e+ Td¥(c - 2d)
(€) (3k—=3m(-h-"7k )y (Fm* + D(m - 4)

OXFORD

RITE PR

(d) (xvz) x (<2

(d} —5x(=6x — 4’y — 3v)

10.

Expand and simplify each of the following
expressions.

(@) 3x(x —6v) + (v + 3v)(3x - 4v)

(b) (Tx = 3¥)(x ~ 4y} + (5x = 9vHy — 2)

Expand cach of the following expressions.
(@) (v+9v)x+3v+ 1)
h) v+ 2 +x+ 1)

Factorise each of the following expressions
completely.

(@) a’ + 3ab - 4b*

(c) 20 + Thk — 15k
(@) 3 + 15pg + 184°

(b} & —ded — 21
(d)y 3m* = 16mn - 124°
(N 271 = Yrst + 1057

ADVANCED LEVEL

12,

13.

14.

15.

Find the product of %.\-‘_\- and lg vk
Expand and simplify each of the following
expressions.

(@) (v —v)(v+3v) = (dv+ )9y - 2v)

() (10x + ¥)(3x + 2v) - (Sx — 4v)(=x - 6v)

Expand each of the following expressions.
(@ (2 -3 +3v-2) () (v+H-5c+T)
(€ (v~ D+ 2x- 1) (d) G -3v+Hi3-0)

Factorisc each of the following expressions
completely.

(@) A+ 20 - 15 (b) 12xv — 1 Tay = 40

(0) dxviz = 22w+ 240 (d) 20 + %_n' =2




Expansion Using
() Special Algebraic
—i)e)dsn) ldentities

In this section, we shall learn how to expand certain algebraic expressions using three
special algebraic identities.

Special Algebraic Identities

Copy and complete each of the lollowing.
T. (a+ by =+ bia+h)
=ala + b))+ bla + )

=u'+ab+ab+ b

2, (a-b=(a-Mu-
= dla — by — Pia — )

3. (g + bWa—-D=ala— )+ ba -

4. Verify your answers for Questions 1, 2 and 3 with vour classmate.

From the class discussion, we have:

(e + by =a +2ub+ W

(0=b)=a -2ab+ b

(a+bia—-M=a’ -

These algebraic identities are useful for expanding algebraic expressions which are
of similar forms. (¢ + b)) and (« - )" are known as perfect squares while (@ + h)(a - b)
is called the difference of two squares.

OXFORD
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Worked Expandimg Algebrae Ixpressions of th

Expand each of the following expressions,

Example (@ (v+3) (by (Zv+7)

Solution:

@ (x+3Y=v+2WA) + 3 @pph e+ b =a + 2ab+ 1 wherea=vand b= 3

= +00+9

(b) Qv+ 7y = () + 22U + T Lappiy {a + bY =a + 2ab + b where ¢ = 2y and

=T
=4 + 28y + 49

PRACTISE NOW 8

1. Expand each of the following expressions.

@ (v+2) (b) (5x+ 3y
2. Expand the expression (%\ + ?; .
Worked -
E 1 Expand cach of the tollowing expressions.
LIRS @ (61 (b) (4 - 3y’

Solution:

@ (6-xY=6"=2(6)x)+ " (applv (v - by =" — 2ub + . wherca=6.and b= v

=36 12¢v+ 7

) (4 =3v) = @) = 24030 + By Gpply ta - by =« - 2ab + . where a = Jy

and b = 3v)
= 1607 - 2dxy + 9y

B h
| PRACTISE NOW 9 |

1. Expand each of the following expressions.
(@ (1 -3 (h)y (2v -3y

2. Expand the expression (-\'- ;\J .

OXFORD

LHEVE R Y rRE

X

(20 = 2ix

= dy
(o) # 2y

SIMILAR
QUESTIONS

Exercise 48 Questions Tiak-id),

Hlarin

.

s L) = dexda

= -
[EAYEEE KN

= (3v) = 3y x Ay

=Yy
(37 = 3y

SIMILAR |
QUESTIONS

Exercise 4B Questions 2ia0- il

Bla)-th)
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Worked
Expand each of the following expressions.
Example

@ v+ -2 (b) (3x+ 2¥)(3x - 2y}
Solution:
(@ (v+ D=2 =2 (applvia+ e - by=u b’ wherca=xand h=2)
=y -4
(b) (3x +2)Gx=2v) =3 - vy (apph (a + D) - Y=« b wherea = 3
and b= 2y)
=0y = 4y
PRACTISE NOW 10
1. Expand each of the following expressions. fxercise 48 Questions 3lal-id),
(@ (5x+8)5x-8) () (—2v + Ty)(-2x — Ty} Mkl 106 12

2. Expand the expression (; + \)(; - \').

Example 1 1

Solution:
{a) 1027 = (100 + 2)
100° + 2(100)2) + 22 (apph{a + by =o'+ 2ab + I where a = 100 and b =2}
= 10000 + 400 + 4
- 10 404
(500 = 3
= 5007 - 2(500)3) + 3 tappl\ (= by = = Jub + I, whereca =500 and b= 3)
=250 000 - 3000 + 9
=247 009
(€) 201 = 199 = {200 + 1)(200 - 1}
=200° — 1P {apph (a0 + DWa = M =a” = b, where a =200 and b=
=40 000 - 1
= 39 999

Without using a calculator, evaluate each of the
following.
(@ 102 b} 497° {cy 201 =199

I

(h) 497°

i
§ PRACTISE NOWV 1 P T

Without using a calculator, evaluate each of the following. Exercise 48 Questions 4ak-(ch,
(@ 1001° (b 797° (€) 305 x295 e

@ OXNFORD




Worked !
If (x + ¥) = 361 and xv = -120, find the value of A* + v*.
Example

Solution:
{(v+ v) =361
V4 2w+ =361 (applv (@ + b)Y = a7+ 2ab + b, where a = xvand h=y)

Since xy = -120,
X+ 2(=1200 + v = 361
X =240 + v* =361

ST+ v =601
| PRACTISE NOW 12
If {v — v}’ =441 and xv = 46, find the value of v* + 3. Exercise 4B Questions 5-ix, 11-12

BASIC LEVEL

1. Expand each of the following expressions. 7. Expand each of the following expressions.
@ (a+4y (b) (3b+2) (u )-’ b ( {2 )’
(© (c + 4y (d) (9% + 247 @ (593 W (5ead

8. Expand each of the following expressions.

2. Expand each of the following expressions. :
(b (—gm = 3::)

@a) (m-9y (b) (5n -4y (a) (%h _ 5]()
(c) (9 =35p) d) (3g—8ry -

4

9. Expand each of the following expressions.
3. Expand cach of the following expressions.

4
(@ (s—5)s +3) () 21+ 1)~ 11) @ (6p+35)5-6p) (b} (9" - -5-4)
(© (7T+2a)(7-20) () (w=1000x + 100) @ (; . ;)(; B ;) (0 D S0 )

=

9r + 3 q}

4. Without using a calculator, evaluate each of the
following.
(a) 1203 (b) 892°
(c) 1998 x 2002

10. Expand and simplify each of the following
expressions.
@ 4x+3V-3x+DHx-4)
(b) (5x ~ 7v)(Bx + Tv) = 2(x = 2v)

5. 1fa%+ 32 =80 and xv = 12, find the value of (x - v} . }" '

1
11. Ifx¥ +v = ld and xv =5, find the value of (%\ t5

. e+ y=105 N—=v=4 fi 1 A - : : -
5 fas and gy find the value of ey 12, If 2 = 2+ = 125 and x - v = 2.5, find the value of

v+ v

OXFORD @




ADVANCED LEVEL

13. Expand the expression 15. (i} Expand and simplify the expression
I B[] RTE] I w- (a4 a).
(E e+ S"__-J(E'H' 50 .':(I" §-")' (i} Hence, by substituting a suitable value of »
_ and of a, find the value of
14, (i) Expand and simplity the expression 169477 16 944 x 16 950,

(=20 — pip - 4q).
(if) Hence, by substituting a suitable value of p and
ol g, find the value of 33107 - 5330 x 5290,

Factorisation Using
sy Special Algebraic
D) Identities

)

In Section 4.2, we have learnt how to expand certain algebraic expressions using the
three special algebraic identities:

(u+byY=a +2ub+ ¥
la— by
{(a+bla-M)y=a" -

a = 2ab+ b

1]

Since factorisation is the reverse of expansion, we have:
a’ +2ab + b ={(u + by
@ =2ab+ b =(a-b)

‘ a’ = b= (a + bXa - b |

S|

We can fictorise an expression using these special algebraic identities if the expression
can he expressed in one of the forms on the leit-hand side of the equations.

Worked 1 3
Example Factorise each of the following expressions completely.

(a) v*+ 18x + 81 (h) 937+ 240+ 16
Solution: %

(@) 4 18y + 8l =+ 20009) + 9° ‘=0

=+ apph a + 2ab + b = (a+ b)), wherea=vand h =9) :fl
=9
(b) 9x' 4 24y + 16 = (3x)’ + 2(3x)(4) + 4° ¥=16

o 5 m25
=(Ae+dYappive + 2ab + b ={u+ b wherea =3vand b= 4) .

01,434,916, 25, . arir called
perfect squares.

OXFORD
@ Chapter 4 VALY £HL




f i i SIMILAR ¥
PRACI NOW 13§

1. Factorise cach of the following expressions completely. Frere |;(-94(‘ Quustions Hal-iel),
: 2 Hlal-d),
(@ x*+ 120+ 36 (h) 4* +20v + 25

. . 1 |
2. Factorise the expression 4™ + 2x + : completely.

Worked 1 . Lxpressions ot the Form
Example 4 o

actorise each of the following expressions completely.
(a) 49 — 84v + 361 (b) 9x° = 300y + 25+v°

Solution:
(@ 49 - 84y + 360" =77 = 2(N)(Ox) + (O
=(7 -6 (applv e’ - 2ab + I =ta - by, wherca =7 and b= 6

(b) 94 - 300y + 257 = (3x)° - 2(3x}(5y) + (5v)°
= (3 =5y tapphva - 2ab + b = tw — by, where a = 3y and

b= 5v)
PRACTISE NOW 14
1. Factorise each of the 1ollowing expressions completely. fxc‘)rci(?? 4C Questions 2ial-(d],
@ 4 361+ K1 (b) 25¢° — 10xy + o
2. Factorise the expression 36x" - d4xv + (]) v completely.
Worked thied i
E 1 Factorise each of the following expressions completely.
Xample (@) 4% = 2537 (b) 84— 18y
Solution:
(@) 4 = 25v7 = (20 — (5v)
= (v + 5320 = 3v) (apph @ — b = (a + b{a - ). where e = 2vand b = 3v)
(b} Hx' = 18y = 245 — h?) (entract the common tactor 2)
= 2[(2xvy - (3y)’]
= 220+ 302 = 3v) (applv e - D= (a + b)a - b), where o = 2y and
b =3
| PRACTISE NOW 15
_ W QUESTIONs
1. Factorise each of the following expressions completely. Exercise 4C Questions 3iai-id,
(@) 3637 — 121y (b) —4v* + 81 Zlab-td). Blak-Ah, 10(ai-idh

: . .9,
2. Factorise the expression 4.x - 58V completely.

3. Factorise the expression d(x + 1)° - 49 completely.

OXFORD
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Worked
Example

16

Solution:
1037 —9 = 103" - 3°

=103+ 3)103 = 3) tupphv e’ - b =1la+ bila
= 106 x 100
= 10600

PRACTISE NOW 16

Without using a calculator, evaluate 256° — 156°.

BASIC LEVEL

1.

Factorise cach of the following expressions
completely.

(@) a + 1da +49
(€) " +2cd +d”

by 46"+ 4b + |
(d) 4/ + 200k + 25k°

Factorise cach of the iollowing expressions
completely.

(@ m— 10m+25
(€) 81 - 180y + 100p°

(b) 169n" - 52n + 4
(d) 49¢° - 424r + 9

Factorise each of the following expressions
completely.
(@ s"— 144
(€) 225 - 49’

(h) 361 - 25
(d) 49w - 81a°

Without using a calculator, evaluate each of the
following.
(@) 39 -41°

(b) 7.7°-2.3"

Factorise each of the following expressions

completely. |
@ 3¢+ 12a+ 12 (b) 256 + 5he + Zc';
© BByl dyoh ks k
49 35 25 -
Chapter 4

e

Without using a calculator, evaluate 103° - 9.

), where a = 103 and £

| SIMLAR |
| QUESTIONS

Exercise 4C Questions 4ial-(b)

Factorise cach of the following expressions
completely.

{1 - 2 |
(a) 36m* —4%mn + 160 (b) 3P =3Pt 39

i + gt (@) 25 101 + 1

(c) 16 n

Factorise each of the iollowing expressions
completely,

(@) 324° — 9B b o - "1(13
9h° " 3 .
ic) 100 " 164 (d) m - 6dn

Factorise cach of the following expressions

completely.
@ (@+3)y-9 (b) 16-25(b + 3)
(C) ¢ —(d+2) ) 2h - 1y — 48

(e) 25m° —(n— 1y N 1y —(p-1)
The suriace area of each face of a cube is
(v + 4y + 4y cem’. Find

(i) the length,

@) the volume,

of the cube.

OXFORD




ADVANCED LEVEL

10. Factorise cach of the following expressions

completely,
(@ 4 =107 =81+ 1Y () 1687+ 8u+ | =9y
(c) 4’ —vi+dv—4 (d) 13¢ 42600+ 13-~ 13

Factorisation by
Grouping

~le)— N/

i Factorisation of Algebraic Expressions of the
Form ax + ay

In Book 1, we have learnt that to factorise algebraic expressions of the iorm
ax + ay, we will need to identify the common factors, i.e. common numbers or

common variables of the terms. For example, to factorise 4ay - 2da: completely,
we extract the common factors 4 and « to get da(y - 6:).

Worked Factorising Algebraic Expressions of the Formyay + o
Example Factorise each of the following expressions completely.

(@) 3x° + 9xy by 2m + 27l

(c) a'h— 't d) d'+c'd -
Solution: %
(@) 3x7 4 9y =3x(r + 3y)
(b] 2t + 2nwrh = 2J’U'(I‘ + h) XS A constant,

(€) &*b—a'b>=a*h(1 - b)
d) c'd" + P - = d + ¢ - 1)

SIMILAR

| QUESTIONS |

| PRACTISE NOW 17 |

Factorise each of the following expressions completely. Exercise 4D Questions 1(al-d),
(a) Bx’y + dx (by 7 + i 7
(€) —a'by + 'y (d) 3c7d + 6¢°d + 3¢

OXFORD
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‘i Factorisation of Algebraic Expressions of the
Form ax + bx + kay + kby

It we are given the expression ax — by + 2ay - 2bv, how do we factorise it
completely? We shall now learn how to factorise algebraic expressions of
the form ax + by + kav + kbv.

Sometimes, it is possible to identify the common factors by grouping the
terms of an algebraic expression.

For example, av - ay + bx - by = (ax — av) + (by — by)
=a(v-v)+hlv—v)
= (v — W@+ by textract the common tactor (x- vk

It may be necessary to regroup the terms of an algehraic expression before
we are able to identify the common factors.

For example, cv+ dv + dy + ov = (v + ov) + (dv + dy)
=c{v+ V) +dlv+v)
= (v + v){¢ + d).

Alternatively, cv + dv + dv + cv = (ex + dy) + (ev + dv)
=xc+dy+vic+d)
=(v+ Ve +d).

We may need to change the sign of the factor in a group before we can
factorise an algebraic expression.

For example, fiv - v) + kiy - x) = x - ) = k(x —¥) Y v= =)
Factorise each of the following expressions completely.

={x - v)(h k).
Worked 1 8
Example
(@ a2y + 31+ 203+ 20 (b) 2b(5x+2) -~ (5xv+ 1)

(€) 3c(x = v) = 3d(x ~ v) () M-+ 4k(2-1)
Solution: %

@ a2x+D+20+20=2x+3)a+2) elnfa) 2e+3=3+ 2
. . . = in(h), (50 4+ 2) = (- IU5c + 21
(b) 26(5v+ ) = (5x+2) =G+ 22h- 1) ol 1 P e
(€) 3c(x = v)—Flv— ¥) = 3le(x = ) = d(x - ¥}
=3(x = ¥} —d)
() x—2)+ k(2 —x) = flv=2) = k(x - 2)

=(v=2)h-k)
f | SMILAR 1
| PRACTISE NOW 18 E et
Factorise each of the following expressions completely. Excrcise 4D Questions 2al-tdl
@ 20x+ D +a(l +x) (b) 9(x+2)—hix+2) S, oLkl
(€} 3ci2v—3)—6d(2v = ) ) Thid -x1-(x—4)

OXFORD
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Worked 1 9
4
Exam ple Factorise cach of the following expressions completely.

(@) ax—fv+2av =20y (b) Gax + 12bv + 9by + Bay
() 4y =3y -3y (d) 6xy — 13y + 10 - 4y

Solution:

(@) av = bx+ 2ay - 2by = (ax — bx) + (2Zay - 2bv) larrange the terms into hwo groups

Xa — b) + 2v(a — bY factonse cach group
= (¢ — D)(v + 2v) {faciorise the two groups)

() 6ax + 12by + 9hx + 8av = (6ux + 95x) + (12by + 8av)
rearrange the terms into hwo groups)
= 3x(2a + 36) + 4v(3h + 2a) (factorise cach group!
= (2a + 36)(3x + 4y) (factorise the two £roups)

(€} X'+ oy = 3= 3y =0+ 00) - Bu+ 3 (arrange the terms into two growps)
= A(x + ¥) = 3(v + v) (factorise cach group)
= (x + ¥)(x = 3) ifactorise the two groups)

(d) 6xv— 15y + 10 = dx = (6xy = 153) + (10 — 4v) farrange the terms into two groups
= 3v(2v — 3) + 2(5 - 2x) Hactorise cach group

3(2v=-5)-2(2x - 5)

ichange the sign of the factor in the second group)

1]

= (2xv - 5)(3y = 2) lfactorise the hwo groups

PRACTISE NOW 19§

Factorise each of the following expressions completely. Exercise 40 Questions Hal-il),
(@) av+ 4y +3v+ 12 (b) 3by + dav + [2ay + by HthB
€ v'=x -1+ (d) Gy —dv—2:24 3y

N @Thinking
q/ Time

How are we able to apply the concept of factorisation by grouping in factorising a
quadratic expression such as 5v* — 12y —9?

OXFORD
A s Chapter 4 @




Equivalent Expressions
Work in pairs.

Some algebraic expressions, which consist of a few sets of equivalent expressions,
are given in Table 4.1. An example of a set of equivalent expressions is day - 24az
and da(v - 62) as day — 2daz = Ja(v - 6z). Match and justify each set of equivalent
expressions. If your classmate does not obtain the correct answer, explain to him
what he has done wrong.

A

F

K

2w

B C
(¥ - ¥y (v VN + V) oy
G H
o — 0wy + 3uy -z v+ vy (2w + 1)z - 3w

L M
2y —(x=HBr-6) N
Table 4.1

(x+ v =-1y)

2uy 4y

~ Exercise

4D

BASIC LEVEL

1:

Factorise each of the following expressions
completely.

(Aa) 4507 - 8lay (b) 39vv - 15x7;

(C) wvz® =%yt () —15nx'y — 10my?

Factorise cach of the following expressions
completely.

@) balv = 2v)+ 5(x -2y}

(b) 2b(v + 3v) — (v +.x)

(€) 3d(3x—v)—4fi5v-v)

(d) 5hCx+ 3v) + 10k(x + 3)

Factorise each of the following expressions
completely.

(a) av-5a+4v-20
(€) ¥4+ 20+ 2y

(b) ax+by+ay+Dby
(d) =31+ 200 -6y

D E
Cw=-0(z-3) S +Me-M4
| J

(r=v)(x—1v) -
N O

B -2+ 24 x4 v+

4, Factorise cach of the following expressions

completely.

@y v+ a+b) -+ Na+ )
() (¢ + 2dV = (e + 2d) 3¢ = Td)
(€) X(2h = &) + 3vik —201)

(d) 6x(dmt — 1) = 2v(n = 4m)

5. Factorise each of the following expressions

completely.

(@) 3ax+ 286y + dav +21by
(b) 12¢v+20c ~ 15 -9y

(€) dv+fv—f-—d:

(d) 3x" 4 6y — dyz — Hy:

(@) 2xy —Bv+ 12 -3y

() Srv - 23074+ 300 - 10y
(@ vy =37y = St 4yt
(h) kv + by =iy —ky

OXFORD
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ADVANCED LEVEL

6.

Factorise each of the following expressions completely.

(@) 144p(y = 337 — 121037 - 2v)
(b) 2(5.x + 102y ~ 4)7 — 4(6y + 30)(x - 2y)

(i) Factorise the expression %pzq + ‘,: p'r completely.

(i) Henee, by substituting suitable values of p, ¢ and r, find the value of ; x12% % 36+ i x 1.2° % 16.

(i) Factorise the expression v + 3x — " - 3 completely.

(i) Hence, express (v = 3)' = (2 — %) 4 3" - 3) in the form (* + Av + B)(x + C), where A, B and C are integers.

Summary

Expansion of Algebraic Expressions:

Y L 1 L v ‘l' L)
(a+bc+d+ey=alc+d+e)+ble+d+e)
=dac+ad+ae + be + bd + be

Special Algebraic ldentities:

(a+ by =a +2ab+ b
(a=bY =a" = 2ab+ 1

la+ba-M=a -1

These algebraic identities are useful for expanding algebraic expressions which
are of similar forms. (¢ + b)* and (¢ — b)* are known as perfect squares while
{a + b)a — b) is called the difference of two squares.

Since factorisation is the reverse of expansion, we have:

a’+ 2ab + b= (a + b)Y
w = 2ab+ P =(a - by

a’ = b =(a+ b)a - bl

Factorisation by Grouping:
ax + by + kav + kbv=x(a + D) + kvia + b)
= (a + HY( v+ ky)

OXFORD
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t{a+hbywa + b
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%( Exercise

1. Expand each of the following expressions.
(@ ~2a(a—5h+7) (b) (2¢ + 33 + )
() (k+3M(5h -4k (d)y (2m+ D+ 3m-1)

2, Expand and simplify each of the following expressions.
@ 2p(3p - 5¢) - g(2q - 3Ip) (h) —4s(3y + 4r) - 2r(2r — 59)
() (8r—w)r+9) —1(2u—T0 () (2w 4 300w — 30 — (3 + 200w - Ta)

3. Factorise each of the following expressions completely.
(@) v+ 2oy - 63y (b) 24"+ 50+ 3y

(€) 6y — Syv 4 (dy 3: - 8vvo+ v

4. Expand cach of the following expressions.

(@) (—v+5v) () (" + v - )
4y (1 1 ¥
(c) (h+5‘} {d) {.—41—(;_\.'
7 31 M3
(e} (5.\—4\)(‘31+—\) (f) (4.1\+3.,)(‘—1-.1_\ —3\_)
5. Factorise each of the following expressions completely.
ta) 1 - 120y (b) x + fxy +
(€} 25¢ = 1000y + 1004 () 36V = 49(x + )

6. Factorise each of the following expressions completely.

(@) —ldxy - 21y {b) 9u- - 364y

(€) 2x-3WMa+D)+(x—v)b+a)  (d) 3(x-2v)—(xr=2y)
{8) v+ 3xv+2v+ 0y 0 3 -2 +3v-2

(8) dex — 6oy — Bdv + 12dy (h) Sav =103 — 12y + 6y

7. Factorise the expression x' + 4% — 4y — 4 completely.

8. Without using a calculator, evaluate each of the iollowing.
(a) 899° (b) 639°-341°

9. M 2(v-yy=116and vy =24, iind the value of * + 17,

OXFORD
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10. () Expand and simplify the expression (f + 3).
(i) Hence, expand and simplify the expression [(2h + k) + 3]

Challenge
Yourself

1. fta+ by =a* + b is true for some real numbers « and b, find the value of Jab .

2. fW+ & -m=n=15and (0 + P + (m° + 5% = 2405, find the value of
A e

OXFORD
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e . .
E dmRewsmn Exercise

1. The variables x and v are connected by the equation v = & i =3, where &
is a constant. Some values of x and the corresponding values of ¥ are given in
the table.

X 39 67 7
y P 2 2.75

Find the values of &, p and ¢.

2, The resistance, R ohms (Q) of a copper wire of fixed length is inversely
proportional to the square of its diameter, d mm. Given that the resistance
of a wire 2.5 mm in diameter is 20 Q, find the diameter of a wire with a
resistance of 31.25 Q.

3. Solve the simultaneous equations
Buv+ 3y =14,

e+ y=4.

4. Two iron atoms and three oxygen atoms contain 76 protons. One iron atom and

one oxygen atom contain 34 protons. How many protons are there in each atom?

5. Expand and simplify each of the following expressions.

h

{a) 2a+5byY —{a+3b)a - 6b) b) (dc+dide~di- (2('— %n’)h

6. Factorise each of the following expressions completely.
(@ 4/ -10f+6 (b) 1 - 124k + 361K’
() 3nrn— 15mn’=25mn {d) 2px + 3gv - 2pv— 3y

7. The figure shows a trapezium ABCD where AB = 3x cm and DC = (5x + 6) cm.
Given that the perpendicular distance between AB and DC, AH = (4x - 3) c¢m,
show that the area of the trapezium can be expressed as (164" - 9) em?.

3xem
A i B

f”ﬂ._ (4x-3)cm e g RS

D >
H (5x +6)cm
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m Revision Exercise

1.

The energy stored in a spring is directly proportional to the square
of its extension. When a spring is stretched by o cm, the energy stored in
itis £ joules (3). If the extension of the spring is decreased by 25%, find the
percentage decrease in the encergy stored.

If v is inversely proportional to 2¢* + 5 and v =7 when v =2,
(i) find an equation connecting v and v,

@) find the value of y when v = 8,

(ifi) calculate the values of x when v =5.2.

The coordinates of the point of intersection of the lines px + v = 3 and x + 2y = 4
are (2, =3} Find the value of p and of ¢.

There are v chickens and v rabbits on a farm. Given that the animals have
a total of 70 heads and 196 legs, formulate a pair of simultancous equations
involving x and y. By solving the simultaneous equations, find the number of
chickens and rabbits on the farm.

Expand and simplify each of the following expressions.

@ (@ =Ta+6)3a-2y~a2¢*=T) (b) (h: + %)(h + l?](b = l?)
Factorise each of the following expressions completely.

(@ 2¢°dF + 5¢d - 12 (b) 251°K7 + 10M1k + |

(© 16— d(m+2)° (d) 3pr — ps + 6gr - 2¢x

Without using a calculator, evaluate cach of the following.

{a) 805° {b} 903 - 97"

&
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Quadratic Equations
and Graphs

Many real-life problems can be modelled by
guadratic functions and related problems can then
bhe solved using guadratic equations. For example,
in physics, guadratic models are used to solve
problems involving the maotion of objects such as a
ball or a rocket that are projected directly upwards.
In finance. the {ormulation of quadratic equations
to solve prablems involving maximisaticn of profit
and minimisation of cost helps businessmen make
informed decisions.

LA

¥

L o r———— e R s s e el

- & -

:
3
o)
N
\
5

=
g

¢
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Solving Quadratic
Equations by
Factorisation

In arithmetic, we have learnt that the procuct of any number and zero is equal
to zero. Forexample, 2x0=0,0x8=0.-6x0=0,0x(-7) =0, etc.

Similarly, in algebra, if two factors P and Q are such that P x Q0 =0, then either
P=0or Q=0 orboth P and Q are equal to 0. We shall use this principle
to solve quadratic equations of the form ax* + by + ¢ =0, where a, b and ¢ are
constants and « # 0.

Worked
Example

Solve each of the following equations.
@ x(x-NH=0 (b) Za(x+ 1)=0

(© (v-2(x+3)=0 () (2 -3NBx+5)=0
Solution:
(@ x(x—1r=0
=0 or X=1=0
=) or v=1
() 2xx+ D=0
2v=0 or v+ 1=0
et =) or ==
) (x=v+3H=0
r=2=( or v+ 3=
e =2 or v=-3
(d) (2v-3)Gx+5=0
2v=3=0 or v+ 5 =0 ,
x:-l2 or .1‘=-]-;;
l" +
8 PRACTISE NOW 1
Solve each of the following equations.
@ xx+2)=0 (b 3x(x-DH=0
() (v+5x-71=0 ) Crv+2dy-51=0

©

It o tactors £ and @ are such tha
Px Q=R where K20, we cannot
conclude that either £ = R or
(= R or both P and @ are equal
to B

i SIMLAR
| auEsTIONS &

Exercise 3A Questions Halk-if,
HarAhi
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Worked
Example

Solve each of the following equations.
(@ 2v+60=0 (by 9 -4=0
(€©) ¥ - 3v-28=0 (dy 2v¥+5¢-12=0

Solution:
@) 2v+o6r=0
2e(x + 3) =0 dactorise by extracting the common 1actor 2x

2v=10 or r+3=0
=0 or r==3
{h) Qv d =0
(Avy —-2°=0
Qv+ 2)(3v = 2) =0 (actorise by using a — h* = (a + DY - )
3x+2=0 or v-2=0
2 2
L= - or =3

€} ¥—-3x-28=0
(x + 4)x — 7y = 0 (lactorise by using the multiplication trame)
x+4 =10 or x=-7=0
Sox =4 or x=7

dy 23 +5:v-12=0
(2v - 3)(x + H) =0 (factorise by using the multiplication trame)
2v-3=10 or v+4=0

r=1 or v = -4

| —

1 §
PRACTISE NOW 2 |
1. Solve each of the iollowing equations,
(@ 3¢ = 15x=0

(€) ¥+5v+4=0

) C+8v+16=0
d) 3v°-17x+10=0

2. () Solve the equation 337 - 10x + 8 = 0.
(i) Hence, solve the equation 3(v + 1)° = 10(y + 1) + 8 =0,

3. @ Wa=-2isasolution of the equation x* + px + 8 = 0, find the value of p.
(i) Hence, find the other solution of the equation.

OXFORD

| _SIMLAR £
{ QUESTIONS §

Fxercise 3A Questions 3(a)-{f},

Jiai-i1h, 5¢a)-(h), 6, 7(a)-(d),
Biai-ihy, 10, Fl{a-th), 12, 14
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Worked

Solve each of the following equations.
Example

(@) x(x +06)=-5 ) 2v(By+3) =1
Solution: %

{a) V(v +0)=-5 My +6p=-5
Vo 6r=-5 sea=-Sora+h=-5%
M+ +5=0
(v + D{x+ 3) =0 {factorise by using the multiplication freme
x+1=0 or t+5=0
Lx==] or r==5
(b 2By +3)=1
16y + Oy = |
16y +6v—-1=0
vy — D2y + 1) =0 vactorise by using the multiplication trame
By—1=0 o v+ 1=0
1 1
V= E or y= "E
' : [ SMLAR |
i PRACTISE NOW 3 |
Solve each of the following equations. Exercise 3A Questions Nai-(h), 13
@ xx+ D=6 (b) Ov(l —v)=2

2 Thinking
@ Time

Assume x =y,

Multiply by x on both sides; x* = vy
Subtract ¥? from both sides: x* — y? = vy —y?
Factorise hoth sides: (x + ¥)(x — v) = y(x — v}
Divide by x -y on both sicles: v + vy =¥
Since x =y, then 2y = y.

Divide by v on both sicles: 2 = |

Since 2 # 1, what went wrong in the steps above?

OX F(_)l_{l)
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~ Exercise

SA

BASIC LEVEL

1. Solve each of the following equations.
@aia -N=0 Mbb+ 7 =0
() Sc(c+1)=0 (d) 2d(d - 6)=0

(e -f3y-7=0 (N ‘%h(2h+3) =)

2. Solve each ot the following equations.
QG -DHA-9=0 th)yim-3Hm+5H=0
(D (n+Adn-11)=0 @p+1)p+2)=0
(e) (T - O)dg -5y =0 (N Gr-5)2r+1)=0
(8 Ss+3)2-5=0 () (-2r-58r-5=0

3. Solve each of the following equations.
(@ u +9u=0 (hybh —T7H=0
{(C)5¢"+25¢=0 ()3’ —ded =0
(e) 381/ =0 () -4 - 164 =0

4. Solve each of the following equations.
@Ak + 12k+36=0 (bym’ — 16m + 64 =0
(Qn' —16=0 (d)25p" + T0p + 49 =0
(e)dg’ - 12¢+9=0 () 4 - 100=0

5. Solve cach of the following equations.
(@s + 10s+21 =0 (b)r — 16 +63=0
(Qu +6n-27=0 () -5 -24=0
(@) I + 49w + 60 =0 (f) 6:°=29r +20=0
(@3 + Ty -6=0 (h)222 -3 14=0

6. Solve the equation 7o' + 21 = 0.

7. Solve cach of the following equations.
() 121 -’ =0 (b) 128 — 24°=0
4

535 =0

> 1
(€) ¢ =5 =0 {d)

8. Solve cach of the tollowing equations.
@77+ =60 (by 15 =8 -2

OXFORD

9. Solve each of the following equations.
(@) k(2k+5) =3 {b)2mtm - 5)=5m— 18
() (n-2n+4)=27 (dy(p-Dp-6y=126
e 2y -3Ng -4 =18 ) 37 -5+ 1)=7r+58
@G+ Ds-=-56-1) (M +2G-3)=1+2

10. (i) Solve the equation 63" —x - 15 =0,
{ii) Henee, solve the equation
Gy —3rF—(r=31-15=0.

ADVANCED LEVEL

11. Solve cach of the following equations.
1 - 11 5

@ 5 v+ =0 {b)2 - 3.5¢

s 9,75y =
gV g vy 0,75y =0

12. Solve the equation 937y = [2xy + 4 = 0, expressing
in terms of x.

13. Solve the equation v - (2v = 3)" = -6(x" + 1 - 2).
14, (i) If v = 5 is a solution of the equation

v —gu+ 10 =0, find the value of ¢.
(ii) Hence, find the other solution of the equation.




pplications of
—J Quadratlc Equationsin g
"[).) p <4 Real World Contexts

In this section, we will take a look at how mathematical and real-life problems can
be solved using quadratic equations,

Worked
Example

Two consecutive positive odd numbers are such that
the sum of their squares is 130. Find the two numbers.

Solution:
Let the smaller number be .
Then the next consecutive odd number is v + 2.
LA+ 2P =130
P ede+4d =130
2¢ + 4y = 126=0
M+ 2x-63=10
(x—THrv+9 =0
x=7=0 or r+9=0
=7 or x=-9 (rejected since x > 0)
Whenx =7,
Y+2=7+2
=9
The two consecutive positive odd numbers are 7 and 9.

| PRACTISE NOW &4 § | s |
| . B QUESTIONS

1. Two consecutive positive even numbers are such that the sum of their squares  Fxercise 5B Questions 125,13
is 164, Find the two numbers.

2. The difference hetween two positive numbers is 5 and the square of their sum
is 169. Find the two numbers.

OXFORD
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Worked
Example

The perimeter of a rectangular garden is 50 m and its arca is
150 m®. Calculate the length and the breadth of the garden.

Solution:
Let the length of the rectangular garden be v m.

(5() = 2._\) m=(25-1)m.

Then the breadth of the rectangular garden is
SLx(25-x0) =150
2By - =150
F=25r+150=0

(x=10Wx-15)=0

x=10=0 or r=15=0
Sa=10 or x=15
When x = 10,
Breadth of garden =25 - 10
=I5m
When x =15,
Breadth of garden =25 - 15
=[0m

since the length of a rectangle usually refers to the longer side,
Length of garden = 15 m
Breadth of garden = 10 m

PRACTISE NOW 5 § T

The perimeter of a rectangle is 20 em and its area is 24 ¢cm?. Find the length and  Exercise 5B Questions 611
the breadth of the rectangle.

Worked p
Example

The height, y metres, of an object projected directly upwards

from the ground can be modelled by v =451 - 5, where ;

is the time in seconds after it leaves the ground.

(i) Calculate the height of the object § seconds after
it leaves the ground.

(i) Atwhat time will the object strike the ground again?
Solution: %

(i) When:=5, The height, v metres, of the object
= _ 3 can hbe modelled by v = 450 - 57
y =43(5) - 5(59 only when vy =0
=100

. Height of object 5 seconds after it leaves the ground = 100 m

(i) Lety =0.

45: -5/ =0

9 -0=0
5t=0 or 9-r=0
st =0 or t=9

= The object will strike the ground again 9 seconds after it leaves the ground,

Chapter 5 @




PRACTISE NOW b §

1. The height, ¥ metres, of a model rocket launched directly upwards from the erovncl

can be maodelled by v =961
ground

SIMLAR |
1 QUESTIONS |

Faercise S5H Questions 12, 14 215

a1, where 1 s the time in seconds after it leaves the

(i) Finc the height of the rocket 12 seconds atter it leaves the ground.

(i) At what time will the rocket strike the ground again?

A ball is thrown vertically upwards from the top of a school building. Its height,
i metres, above the ground, can be modelled by =18 + 61— 4 where 1 is the time

in seconds after it leaves the top of the building.
(i) How tall is the school building?
(i) Atwhat time will the ball strike the grounc?

BASIC LEVEL

1.

The sum of a whole number and twice the square
of the number is 10. Find the number.

If four times a whole number is subtracted from
three times the square of the number, the result 15
is abtained. Find the number.

Two consecutive positive numbers are such that
the sum of their squares is 113, Find the two numbers.

The difference between two positive numbers is
7 and the square of their sum is 289. Find the
two numbers.

The difference hetween two numbers is 9 and
the product of the numbers is 162, Find the
two numbers,

The perimeter of a rectangular campsite is 64
and its area is 207 m’. Find the length and the
hreadth of the campsite.

A rectangular field, 70 m long and 50 m wide,
is surrouncled by a concrete path of uniform wiclth.
Given that the area of the path is 1024 w0, find the
width of the path.

10.

The length of a sice and the corresponding height
of atriangle are (v + 3) emand (2v-5)em respectively.
Given that the area of the triangle is 20 ey, find
the value of x.

A picce of wire 44 cm long is cut into two parts.
Each part is bent to form a square. Given that the
total area of the two squares is 65 eny’, find the
perimeter of cach square.

The figure shows an ancient coin which was
once used in China. The coin is in the shape ot
a circle of radius 3 ¢m with a square of sides
x em removed from its centre. The area of each
face of the coin is 7Twem:,

(i) Form an equation in vand show that it reduces

to2x - =0,

(i) Solve the equation 2 —x* = 0.
(i) Find the perimeter of the square.

xem
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11. Amirah walks at an average speed ot (v + 1) km/h

tor & hours and cycles at an average speed o

(2a + 5) knvh for (v — 13 hours. She covers a total

distance of 90 km.

(i) Form an equation in x and show that it
reduces to 3 +4v-95 =0,

(ii) Solve the equation 3 + dv - 93 = ().

(iii} Find the time taken for her entire journey.

12. A hawk drops its prey from a certain height above

the ground. The height, I metres, of the prev can

he modelled by i=4 + 111 =3¢, where 1 is the time

in seconds after it is dropped by the hawk.

(i) At what height above the ground doces the
hawk drop its prey?

(i) Atwhat time will the prey fall onto the ground?

OXFORD
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13.

14.

15.

When (v + 1) s divided by v — 2, the quotient is
16 and the remainder is v — 3. Find the values of a.
The height, » metres, of an object projected directly
upwards from the ground can he modelled by

v =171 =57, where 1 is the time in secondls after it

leaves the ground.

(1 Find the height of the object 2.5 seconds after
it leaves the ground.

(i) At what time will the object strike the
ground again?

(iii) 1.5 seconds after the object has been projected,
a second object is also projected directly
upwards from the ground. Given that the
equations of motion of the two objects are
the same, what is the distance between the
two objects one second after the second
object has heen projected?

The height, & metres, of a hall projected directly

upwards from the ground can be modelled by

I =561 = 7, where 1 is the time in seconds after it

leaves the ground.

(i) Find the height of the ball 3.5 seconds arter
it leaves the groundl.

(i) At what time will the ball strike the ground
again?

(i) When will the ball be 49 m above the ground?
Briefly explain why there are two possible
answers.
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cy) Graphs of Quadratic 4 )\ {
D) Functions

5.3

;¢ Quadratic Functions

(F/‘”‘\
\ ﬂ

Investigation

Relationship Between the Area of a Square and the Length of its Side
Go to http:/iwww.shinglee.com.sg/StudentResources/ and open the geometry
software template ‘Area of Square”.

T
T
T
1
Lok
4
'
N e s 5
i
.
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3 -
mrh et e b )
]
1 sz e - )
H——t —s—a b b - - ¥ L T [T S —— )
] 1-\ & & ® [ (L
. .
»i——.—
*
1
+
+
EEEEEN = ST
.
Fig. 5.1

In the template, the v-coordinate of the point P represents the length, v units, of a
square while the v-coordinate of P represents its area, A units’. Hence, # will trace
out the graph of A = ¥°,

Click on each of the buttons ‘Set v = (¥, ‘Set v = 1”, etc, to obtain the graph of A = ©°
and answer the following questions.

1. For each value of x, how many corresponding values of A are there? Is A =
the equation of a function?

2. What do vou notice about the shape of the graph? 1s it linear or non-lincar?
Explain your answer,

()Xk_(_)[{l)
@ Chapter 5 PR




Recall from Book 1 that a function is a relationship between two variables v and
¥ such that every input x produces cxact/y one output y. In the investigation,
since for cach value of x, there is exactly one corresponding value of A, then
A = ¥ is the equation of a function.

Recall also from Book 1 and Chapter 2 that the graphs of linear functions are straight
lines. Since the graph of A = 4% is not a straight line, then the graph of the function
A=x"is non-linear, i.e. A= x* is the equation of a non-lincar function. In fact, A = x*
is the equation of a quadratic function.

In this section, we shall take a look at the graphs of quadratic functions. Unlike linear
graphs which are straight lines, quadratic graphs are a family of curves called parabolas.

‘i Graphs of y = ax* + bx + ¢ (a # 0)

Investigation

Graphs of y = X and y = -»?
1. Using a graphing software, draw each of the following graphs.
(@ y=.° (b) v=-¥
2. Study the graphs and answer each of the following questions.
(@) Both graphs pass through a particular point on the coordinate axes.
What are the coordinates of this point?
(b) State the lowest or highest point of each graph.
(c) Both graphs are symmetrical about one of the axes. Name the axis.
Hence, state the equation of the line of symmetry of the graphs.

¥ ¥
_ line of symmetry St aximum parnt
el i e > v
| y=x Pl
W ./__. I' | =
=, o >\ ' ¥y ==\
‘.H . - . = gt___. .
~ minimum point ~line of symmetry
[T
(@) Fig. 5.2 (b)

From the investigation, we can conclude that:

* The graphs of y = x* and y =~ pass through the origin.

* The graph of v = x* opens upivards indefinitely and has a fowest point known
as the minimum point (see Fig. 5.2(a)).
The graph of y = =v* opens downvards indefinitely and has a highest point known
as the n aximum point (see Fig. 5.2(hb)).

*» The graphs of v = v" and y = —x* are symmetrical about the v-axis, i.e. the equation
of the line of symmetry of the graphs is v = 0.

OXFORD
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-
Search on the Internet for examples

ol the applications of parabolas in
real life and in the sciences.
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The general form of the equation of a quadratic tunction is given hy:

v=av+ v+,

where a, b and ¢ are constants and a 2 0.
When a= 1, b=0and ¢ =0, we have a quadratic function w hich has an equation y =",

When a = -1, b =0 and ¢ = 0, we have a quadratic function which has an equation

¥o= =2

Do all graphs of quadratic functions have the same shapes and properties as the graphs
of v = % and v = ~x*? We shall now take a look at the graphs of other quadratic functions.

@

Investigation

Graphs of y = ax? + bx + ¢, wherea # 0
Go to http:/www.shinglec.com.sg/StudentResources/ and open the geometry software
template ‘Graphs of Quadratic Functions’.

Grapissd Eale e« faos ¢

TR

Fig. 5.3

Part I: Effect of Value of «

For this part of the investigation, adljust the value of b and of ¢ 10 0.

1. Increase the value of a. What do you notice about the shape of the graph?

2. Decrease the value of « but ensure that it is positive. What do you notice
about the shape of the graph?

3. Decrease the value of « until it hecomes negative. What do you notice about
the shape of the graph?

4. How does the value of a aifect the shape of the graph? What happens when «
is positive and when « is negative?

Part lI: Effect of Value of ¢

For this part of the investigation, adjust the value of « and of b to 1.

5. Increase the value of . What do you natice about the position of the graph?
6. Decrease the value of ¢. What do you notice about the position of the graph?
7. How does the value of ¢ affect the position of the graph?

OXFORD
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Part 11: Eficct of Value of b

8. Adjust the value of a to 1, b 1o =2 and ¢ to 0 hefore increasing the value of b.

What do vou notice about the shape and the position of the graph?

9. Adjust the value of « to -1, b to -2 and ¢ to 0 hefore increasing the value ot b.

What do you notice about the shape and the position of the graph?
10. How does the value of b affect the graph?

Part IV: Quadratic Graphs

11. Change the values of ¢, b and ¢ to obtain each of the quadratic graphs in

Table 5.1. Complete the table. The first one has been done for you.

Coordinates | .
Coefficient L Equation
Quadratic Graph upwards / : of line of x-intercept(s) y-intercept
of x* / maximum
downwards . symmetry
| [ . _point
y=a—4v+3 | Opens @2, -1) v=2 1,3
upwards
y=-x*-20+3
yv=a-4u+d
v+ 1209
v= 24 2+ |
v=-3¢+x-d
Table 5.1

Note: An x-intercept refers to the x-coordinate of a point of intersection of a
graph with the v-axis.

v ¥

4 f,line of symmetry vintercept 4 _-maximum point
; °f o

| - j¥= ax’ + by + ¢, S
| | where a >0
I

y=av + by + ¢,
where a <0

, .
\ x-intefcepts x-inter

Pts
\ f_,.-’f-ﬂ\x I :
— I' & LY v Pl § Y
: - |
\'-lnter('e{ ¥ minimum point Seline of symmetry
(a) (h)

Fip. 5.4
From the investigation, for the graph of y = ax? + bx + ¢, where a, b and ¢ are constants
anc a =0, we can conclude that:

e For ¢ > 0, the graph opens upwards indefinitely and has a minimum point
isee Fig. 5.4(@)).

For a < 0, the graph opens downwards indefinitely and has a maximum point
(see Fig. 5.4(b)).

o The smaller the absolute value ot g, the wider the graph opens.
+ The line of symmetry of the graph passes through its minimum / maximum point.
¢ The graph may have 0, | or 2 x-intercept(s) but it has only [ v-intercept.
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Worked
Example

In the figure, the curve y = & + 3v — 10 cuts the v-axis
at tlwo points A and B, and the v-axis at the point €.
Calculate the coordinates of A, B and C.

v

y=x+ 3y - 00

Solution:
Let y =0,
43— 10=0
x=2)x+5=0
r-2=0 or x+5=0

Lx=2  or x=-5
= The coordinates of A and B are (=5, ) and (2, 0) respectively.
When x =0,
y=0243(0)- 10

==10
= The coordinates of C are (0, - 10).

SIMILAR '

¥ QUESTIO

F 3
In the figure, the curve y = 2x" — v - 6 cuts =2y 6 Exercise 5C Question 3
the x-axis at two points A and B, and the YA
y-axis at the point C. Find the coordinates of
A, Band C.

10 B > X
el

OXFORD
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Worked
Example

The variables x and y are connected by the equation
y=x"+2x+2. Some values of x and the corresponding
values of y are given in the table,

lxj3l=2]afe] i {273
ylp |21 2 05 1017

(a) Calculate the value of p.

(b) On a sheet of graph paper, using a scale of 2 cm
to represent 1 unit on the x-axis and 1 ¢m to
represent 2 units on the y-axis, draw the graph of
y=2+2c+2for-3=sx <3,

(c) Use your graph in (b) to find
(i thevalue of y when x=23,

(i) the values of x when y =3,
(i) the minimum value of y and the value of x
at which this occurs.

Solution:
(a) When x=-3,
y=(3)74+2(-3)+2
=5
Lp=5
(b) y

Scale: x-axis: 2cm to 1 unit
y-axis: | cm to 2 units

a

y=xi+2r+2
F A

LAaw

| ! [ 2 4
()i |_{agil) | (@)
> |

e —
3 2 g ¢ | b 3

b
w
-
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(© () Whenuv=23,

v= |2
(i) Wheny =3,
yr=-240r04

(iii) Minimum value of v = 1
Minimum value of v occurs when v= -1

PRACTISE NOW 8
QUESTIONS

The variables v and v are connected by the equation y = 2 = 8v+ [1. Some values of - bxercise 5C Questions 1,7

vand the corresponding values of y are given in the table.

- . . 2 -

x 1] o1 [2]3[als]

4 | | | { | 1
oy | 21 TS | ¥ g 111 [ 21

(a) Find the value of ¢.

(b) On a sheet of graph paper, using a scale of 2 cm to represent | unit on the
x-axis and 1 cm to represent 1 unit on the y-axis, draw the graph of
y=22 8o+ for-1 S v €5,

(c) Use your graph in (b) to find
() the value of v whenx=1.5,

(ii) the values of x when v =8,

(iii) the minimum value of v and the value of x at which this occurs.

wOrked Drawing the Graph ot v = v + 0y o owhere a <8
Example The variables v and y are connected by the equation

v=3+2x— " Some values of x and the corresponding
values of v are given in the table.

-

S G (T T T M I

"xt ¢
| yl-12| -5l 0| 31413 ]0]=5])-12

(@ On a sheet of graph paper, using a scale of
| cm to represent | unit on the v-axis and tem to
represent 2 units on the y-axis, draw the graph of
v=3+e-for-3sx=5.

(b) Use your graph in (@) to find
() the value of y when x=-19,

(ii) the maximum value of v.

(c) State the equation of the line of symmetry of

the graph.

OXFORD
@ Chapter 5 TR B




Solution:

(a) T ¥
1 Scale: x-axis: 1 gm to 1 unit
i FTERREEY Sy it = T yaxisiTem o Zunifs [ T 1
(b)GD) -
4 e ' T f T
g . |
i SRR |
!
(2] 3
ey ..!. = _;
| |
s ol B ] S )
| [
! . —
L N S S {
| I
[
(3 EMERE '
| SN | . i it S TN PR e | — o | 1
' 1 l
foz—t] P PR S| IS T . | ol ]
(b M Whenx=-19, %
y=-44
(i) Maximum value of y =4 The line of symmetry of the graph,

le.x = |, passes through the
midpoint of AR

PRACTISE NOW 9
QUES

The variables x and y are connected by the equation v =5 — +*. Some values of y and  Exercise 5C Questions 2, 4
the corresponding values of y are given in the table.

a2 [-1Jo 1 [2]3
. . 4 +_ - -+ . §
FICINEEREREERREY
(@) On a sheet of graph paper, using a scale of 2 cm to represent | unit on
each axis, draw the graph of y=5 —x? for -3 = x = 3,
(b) Use your graph in (a) to find
(i) the values of x when y =275,

(i) the maximum value of y.
(c) State the equation of the line of symmetry of the graph.

(¢} The equation of the line of symmetry of the graph is v = 1.

OXFORD
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.=z Applications of Graphs of Quadratic Functions
in Real-World Contexts

Now, we will take a look at mathematical and real-life problems that involve
the graphs of quadratic functions.

Worked
Example

Solution;
{a)

B o

(s}
<

b
Lh

S @

L

10

j=
e

~15 -+

é
=
!

Vishal kicks a soccer ball vertically upwards. The height,
h metres, of the ball can be modelled by h =27: - 617,
where ¢ is the time in seconds after it leaves the ground.
(@) On a sheet of graph paper, using a scale of
2 ¢m to represent 1 second on the t-axis and 1 cm
to represent 5 m on the h-axis, draw the graph
of h=27t-6rfor0=1=S5.
(b Use your graph in (a) to find
(i) the maximum beight of the ball above the
ground and the time at which this occurs,
(i) the time at which the ball will strike the
ground again.

-

o o5l 1 [2]3]a]5]

.

The height, A metres, of the ball
can be modelled by h = 271 - 61
only when 4 =0

o T12]21 3027 12 [-15]
Scale: r-axis: 2¢emto ts
h-axis: lcmto 5 m
{b)(i)
N S
- s
¥
" (b))
| ] | |
T ) 1 * i
2 3 4 s
\h=2T-68
B

@ Chapter 5 Quadratic Equations and Graphs

+/

||||||||||||||




(b} G) Maximum height of ball =30.5m
Time at which maximum height of ball occurs =225 ¢
(i) The ball will strike the ground again approximately 4.5 seconds after it leaves
the ground.

| PRACTISE NOW 10 |

1. A stone is thrown vertically upwards from the top of a cliff. Its height, i metres,

1 SIMILAR |
| QUESTIONS l

Exercise 5C Questions 5-6, 8§

above level ground, can be modelled by & = 28 + 42 - 1217, where 1 is the time in

seconds after the stone has been thrown.

(@) How high is the cliff?

(b) On a sheet of graph paper, using a scale of 2 ¢m to represent 1 second on
the r-axis and 1 cm to represent 5 m on the #-axis, draw the graph of
h=28+42r- 127 forQ0 =r=4.5,

(€) Use your graph in (b) to find
(® the maximum height of the stone above level ground and the time at

which this occurs,
(ii) the time at which the stone will strike level ground.

2. An object slides down from the top of a slope. Its distance travelled, s metres,
can be modelled by s = 41 + r*, where 1 is the time in seconds after it leaves the
top of the slope.

(@) On a sheet of graph paper, using a scale of 2 ¢m to represent | second on the
t-axis and 2 cm to represent 5 m on the s-axis, draw the graph of s = 41 + 7
for0=r=3.

(b) Use your graph in (a) to find
(i) the distance the object travels after 2.6 seconds,

(ii) the time taken by the object to travel 30 m.

af ~ Exercise

BASIC LEVEL

1. Thevariables x and y are connected by the equation

y=x'+2x - 8. Some values of x and the corresponding

values of y are given in the table.

[ x|-s[4l3[-2T-1T1[2]3

Eyiar 7-Joa | -5] 8491 b ]0] 7

(a) Find the value of a and of b.

(b) On a sheet of graph paper, using a scale of
2 cm to represent | unit on the x-axis and 1 ¢cm
to represent 1 unit on the y-axis, draw the
graphof y=x'+2x-8for 5=y = 3.

OXFORD
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(©) Use your graph in {b) to find
(i) the values of x when y =3,
(i) the minimum value of y.

(d) State the equation of the line of symmetry of
the graph.
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The variables x and y are connected by the equation
v=2-3v-2+ Some values of vand the corresponding
values of v are given in the table.

T

x J4]-3[2]-=1]0o 1 ]2

[y -8 plo 32412

(a) Find the value of p and of 4.

(b) On a sheet of graph paper, using a scale of
2 c¢m to represent 1 unit on the x-axis and
| cm to represent 1 unit on the v-axis, draw the
graph of y =2 - 3x -2 for -4 = v < 2.

(c) Use your graph in (b) to find
() the value of y when v=-335,

(i) the maximum value of v and the value
of x at which this occurs.

The figure shows the curve y = —x* - x + 20.

(i} The curve cuts the x-axis at lwo points A4 and
#, and the y-axis at the point C. Find the
coordinates of A, B and C.

(i) The point D)(3, &) lies on the curve. Find the

value of k.
y
F'y
C
D
y=ext-x+20
Al o 1B E
| I|

Chapter 5 (Quadratic Equations and Graphs

The variables v and v are connected by the equation

v=10-x-2" Some values of v and the corresponding

values of v are given in the table.

Exs[ 4 [a]=2]z1Jofif2F¥3

[y [=2[a[s]w[w]s]s]-2]

(a) On a sheet of graph paper, using a scale of
2 cm to represent | unit on the x-axis and
1 ¢m to represent 1 unit on the y-axis, draw the
graphof y=10-x—atfor -4 = x = 3.

{b) Use your graph in (a) to find
(iy the value of y when v =-1.35,
(iiy the maximum value of ¥ and the value

of x at which this occurs.

{c) By drawing an appropriate line in your graph

in {a), solve the equation 10 -x—x = 1.6,

If a store prices each book at Sx, (64 — 8x) books will

he sold.

i) The total amount of money earned from the
sale of the books is $y. Express y in terms of x.

{ii) On a sheet of graph paper, using a scale of
2 ¢ to represent $1 on the x-axis and 1 cm to
represent $10 on the y-axis, draw the graph
of yfor0=y¢=<38.

(iii) Use your graph in (ii) to find the amount at
which the store should price each book such
that the total amount earned is at a maximum.

The length of a side and the corresponding height

of atriangle are (x + 2) cm and (7 - x) cm respectively.

(i) Write down a formula for the area, A, of
the triangle in terms of x, and show that
A=7+2x—%f.

(ii)) On a sheet of graph paper, using a scale of
1 c¢m to represent 1 cm on the x-axis and | cm
to represent 1 cm? on the A-axis, draw the graph

0fA=7+%x-%x2 for0 = x=8.

(i) Use your graph in (ii) to find the length of
the side of the triangle and its corresponding
height that will result in its maximum area.

OXFORD
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ADVANCED LEVEL

7. The variables v and v are connected by the equation

v =27 = 2v. Some values of v andt the corresponding
values of v are given in the table.

-

[xl—2l-1To[1]213]4a]

yisl3slolalol3]s

(@) On a sheet of graph paper, using a scale of
2 em to represent 1 unit on each axis, draw the
graphof y=1-2vfor 2 =y =<4,

{(b) Use your graph in (a) to find
(i) the values of x when v=1,

{ii) the minimum value of y.

(c) State the equation of the line of symmetry of
the graph.

(d) By drawing an appropriate line in your graph
in (a), solve the equation x* - 2x =,

1.

The value of an asset can be modelled by

v =2v -4y + 7, where v is the value of the asset

in thousands of dollars and x is the time in years.

(i} On a sheet of graph paper, using a scale of
L emtorepresent | year on the v-axisand | emto
represent $1000 on the y-axis, draw the graph
of y=2v-dy+T7for0=x=3.

(ii) Use your graph in (i) to find the minimum
value of the asset and the time at which it occurs.

If two factors # and @ are such that P x Q = 0, then either P=00or @ =0 or

both P and @ are equal to 0. This principle can be used to solve quadratic
equations of the form ax* + hy + ¢ =0, where a, b and ¢ are constants and « # 0.

The general form of the equation of a quadratic function is y = ax® + bx + ¢,

where a, b and ¢ are constants and a % 0.

v-intercept
|

¥
A[ EM,,Iine of symmetry

i |
\ | :x-interdepts

AN
N
ol

y-intercept minimum point

a>0

maximum point

line of symmetry

a<0

For a >0, the graph opens upwards indefinitely and has a minimum point.

* Fora <0, the graph opens downwards indefinitely and has a maximum point.

e The line of symmetry of the graph passes through its minimum / maximum
point.

L ]

The graph may have 0, 1 or 2 x-intercept(s) but it has only I v-intercept.
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Review

% . Exercise

1.

(%11
®

Solve each of the following equations.
(@) —6u(-5-2a)=0

(b) 46+ 11)3b6-7)=0

(c) 4ct=Tc

(d) 9+6d+8L =0

(e) 49/ - 140+ 100=0

(O 147 -30"=0

Solve each of the following equations.
(a) 6K+ 11k-10=0

(b} 3m(8 -3m)=16

) Gn-1¥=12n+8

d) Gp+ Dip+4)=2(Tp+5)

1x-21=0.
(if) Hence, solve the equation
2 +2F — 1y +2)-21=0.

(i) Solve the equation 2x -

(i If x=73is a solution of the equation
2¢' = 5x + k=0, find the value of i.
{ii) Hence, find the other solution of the equation.

The difference between two numbers is 3. If the
sgquare of the smaller number is equal to four times
the larger number, find the two numbers.

Ethan’s father is +* years old while Ethan is x years

old. In 4x years’ time, Ethan’s father will be twice

as old as him.

(i} Form an equation in x and show that it
reduces to x* — 6x = 0.

(ii) Solve the equation x* - 6x=0.

(iii) Find the age of Ethan’s father when Ethan was
born.

@ Chapter 5

10,

The length and the breadth of a rectangle are

(2x + 5) cm and (2x - 1) cm respectively. The area

of the rectangle is three times the area of a square

of sides (x + 1) cm.

(i) Form an equation in x and show that it
reduces to x* + 2y - 8 =0.

{ii} Solve the equation ¥+ 2x -8 =0.

(iii) Find the perimeter of the rectangle.

If each student in a class sends a New Year greeting
card to each of his classmates, a total of 870 cards
will be sent. Find the number of students in the
class.

The height, y metres, of an object projected directly
upwards from the ground can be modelled by
y = 20¢ - 57, where ¢ 15 the time in seconds after it
feaves the ground.

(i) Find the height of the object 2 seconds after it

leaves the ground.

(i) When will the object be 15 m above the ground?
In the figure, the curve y = (1 ~ x){x + 5) cuts the
r-axis at two points A and B8, and the y-axis at the
point C. Find the coordinates of A, B and C.

¥

A

/’,”- ™
/ {
/
,
Al 0 "ﬂ o
y=(l-x)x+5)

..............
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1.

2

The variables x and y are connected by the equation
y=x2+3x—4. Some values of x and the corresponding
values of y are given in the table.

:x_ll_s_-4.-3._2‘ 1JoT1 ]2

vyl lplo|al-s6]-6]l-al0]l6]

(@) Find the value of p.

{b) On a sheet of graph paper, using a scale of
2 cmto represent ! unit on the x-axis and | cm to
represent | unit on the y-axis, draw the graph of
y=x+3x-4for-5=x=2.

(c) Use your graph in (b} to find
(i) the value of y when x=-2.7,

(i} the values of x when vy =35,
(iii} the minimum value of y.

(d) State the equation of the line of symmetry of

the graph.

Challenge
Yourself

12.

A golfer strikes a golf ball into the air from the ground.

The height, i metres, of the ball can be modelled

by h =321 47, where 1 is the time in seconds after

it leaves the ground.

(i) On a sheet of graph paper, using a scale of
2 cmto represent 1 unit on the r-axis and 1 cm to
represent 5 units on the A-axis, draw the graph
of hi=32r-4rfor0=r<38.

(it) Use your graph in (i) to find the maximum height
of the ball above the ground and the time at
which this occurs.

Given that the difference between the solutions of the equation 2¢* — 6x — k=0

is 5, find the value of k.

(i} If @ and B are the solutions of the quadratic equation ax® + bx + ¢ =0,

Cc

show that a + = —% and aff = .

(i) Hence, if p and g are the solutions of the equation 23* + 10x + 7 = 0,

where p > g, find the value of p - g.

OXFORD
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Algebralc F ractlons
and Forfnt tlae

Lenses are used in drgnal ameragto fows an image on the sensing
plate. In the constructlon?)-’ mera engineers make use of an

F "-1- r
|mportant lens formula .f, Mre S, u and v afe the focal
length, the t distance gndthe image distance fespectively.
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.)1J _Algebraic Fractions

Py A e b e e £ i e e b

e —

“ae8 Recap (Numerlcal Fractlons) |

In Book 1, we have learnt about numerical fractions of the form % , where ¢ and

b are integers, and b # 0. Examples of numerical fractions are 2 , % and -% g

. . 8 . . A
In this section, we will learn about algebraic fractions of the form 5 where A

and/or B are algebraic expressions, and B # 0. Examples of algebraic fractions

2
2a 16 Td and 35
5 dbvc’ 2d+1)3d-1) 1

are

The rules for performing operations on algebraic fractions are the same as those
for numerical fractions. One important rule is as follows:

The value of a fraction remains unchanged if both its numerator
and denominator are multiplied or divided by the same non-zero
number or expression,

o a_axec qa_a+e
o b bxe ® b bec'

where b, ¢ 20.

Worked
Simplify each of the following.

Example L .
X : 7Ob/e,
P @ 30 b 2BEEY

9ty 63xy’ (x + y)°
We obtain the results shown in
1 . Worked Example 1 by dividing the
S OIUtlon ° numerators and the denominators
e by their common factors. The final
i _‘ ____! Division of v* answers should be in the simplest
A : and ¥ by ¥ 498 4 32 1 forms, i.e. the numerators and the
(@) % = __'L-.' | e L (b) AX 1(x o i 24,\‘ 2 denominators have no common
9’-5 Yy 3 ?% xy (x+yy 9 (x+y) factors except 1.
A A I ]
Division of x
———— L and x* by x
}>DIVISIOH of 3 | neroyy |
and 9 by 3
x x 1
In al, o orwrx l:if_l-'= ¥
PRACTISENOW 1
Simplify each of the following. EX;IC:;@ 6A Questions 1al-(fj,
(a) 8xﬁy (h) 9,1‘4 (,?’ - )!)L
12x'y? 27.\’2)’3(x -y

Q_XFORD
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Worked
Example

Simplify each of the following.

a’ + dab’ 3t X - 3x
@ ———— (b) ——— (©) —
3ab P T x-9
Solution: ,
@) a’ + dab’ fi’(“ + 4’7") (extract the common factor ¢ from the numerator and
a = s !
3ab 3ab divide the numerator and the denominator by «)
a+4b°
- 3b Divisions are usually carried out
after both the numerators and
3t 3 (extract the common factor r irom the depominator and the denominators have been
(b

completely factorised. D¢ not
divide individual terms of the

' -2r AU-2) divide the numerator and the denominator by 1)

= i numerators and the denominators
-2 by their common factors,
© ¥ =3x x(x~3) (extract the common factor v from the numerator and e"‘ample"
Ir-9  3(x-3) the common factor 3 from the denominator, and divide 5, e % 1s wrong,
=X the numerator and the denominator by (v - 33
3
E PRACTISENOW?2 [ SMILAR
- = I QUESTIONS
Simplify each of the following. Exercise 6A Questions 2(a)-(f)
h + Thk 15p 2 idg

A — 57— by ——— o] P
@ — (®) 10p* = 5p ) 4:-16
Worked

~ Simplify each of the following.

<xample ) ) :

2m” - 4m X' —3ay-4y
@ ——— b) —————
m* -4 3x7 - 12xy
a® - ac+ab - be
{c) :
2ab+ ac-2bc -7
Solution:
2
(a) 2""2 = 4m - 2m(m=2)  (extract the common factor 2m from the
mt =4 (m+2Am=2) oymerator and factorise the denominator by
2m y .
= using ¢” — h* = (a + Mla — b))
m+2

1 . .
by xf = 3xy -4y’ (x--dy)(a+y) (factorise the numerator by using the

2 = —d B .
3at = 12xy 3x(x-4y) multiplication frame and extract the common
I 3"' Y factor 3x from the denominator)
X

A
a’ —ac+ab-bc _ alu-c)+bla-c) (factorise each group in the numerator

(c) 2 =
2ab+ac-2bc-c*  ab+c)=c(2b+¢) and the denominator respectively)

_ ta-c)a+b) (factorise the two groups in the numerator
(26 + cfa-~¢)  and the denominator respectively]

_a+h

T 2b+c

O_XFQRD
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. PRACTISENOW3 =8

1. Simplify each of the following.

3v¥ -9y P Tpg+ 124
@) \’ v (b) P ’pq+ 4
v -9 Spt=-20py
Kl 2
2. Simplify 22"+
n -9

Fractions

Multiplication and
Division of Al

SIMILAR
' QUESTIONS |

Exercise 6A Questions 3al-{f},
Sfel-(me, 7
v o= 3xv+ 2xz = 6yz

(c)

Xy = 2%z = 3y 4 6z

gebraic Eg

The procedure for the multiplication and division of algebraic fractions is similar to

that of the multiplication and division of numerical fractions, except that now we

have to consider the variables.

Ix3

3—
T2x5°

-
g 2

275

o
b we have:

In primary school, we have leamt that

In general, when we multiply :—! by

a ¢ daxc
ar_dre
b

ac

=

. 2 4 2 5 2x5 Dwviding one fraction by another
In primary school, we have learnt that ST R fraction is the samie as multiplying
R ’ the first fraction by the reciprocal
. od ¢
In general, when we divide - by —, we have: of the second fraction. The
b d reciprocal of a traction is obtained
by interchanging the numerator
£+£=£x£=mzﬂ and the denominator of the
bod b o bxe be fraction, e.g. the reciprocal of ';

@ Chapter 6
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WOkad Muitiplication and Division ot Algebraic |rau b

Simplify each of the following.
Example i iy
P @ Lx 2 by £ Br B
o 6ah 9 ¢
4x-16 8 h -1
© x+v  Sya Sy ) W ahel 2h+1
Solution:
(a) 4}’1 14£ = _g_

¢ gaty  Bdac

2 2 2 5
() 2u 2L P P PF 2
4 g 2q iq

)

4x-16 8 _ﬂ(.r—4}x5(,ufj‘)

© 4y T 5y T %,
_ S(x-4)
2
1 % B _
(d) J " G- 1) = h " (=17 actorise - 2+ | by using
z
h*=2h+) 20+l (=17 2R+ o i (a— by
_hth-1)
T 2h+ !
PRACTISE NOW 4
QUESTINS
1. Simplify each of the following. Exercise 6A Questions 4a)-(d),
2a°  15¢ 3[,2 "35qr: 5, 6la)-()
(a)_{x_.d (b) 1)(- + 1 *
5¢”  8a 15¢° 12pr  6p'y’
2x-6 3 B -6h+9 h-2

(© (d)

» X o—
Sy+5y - Ty+e Ty h™ =20 h—3

2. Simplify gm -n . 2n - 6m

n+m m+n

OXFORD
' Chapter 6 @




BASIC LEVEL

1. Simplify each of the following.

4x°

& 121.-5)'

23q r
69gr's

(c)

(e) lSu_c_"
754%b*c

16a°4*

b Sl
L 24a°b?

) 3mn_ p
18m°* np®

16
64x7y

2] \N

2. Simplify each of the following.

xy + 3y
4x+12

(@)

(© 6a

(e)

a® +2ab

(m= n_i

4
m- = mimi

8a+ 4b
(b) be + 2adc

7

() = o —cd
Spq
® 15p - 10pg

3. Simplify each of the following.

2a+b
PYE bl
3a-6

(a)

a+ad-6

k-9
k> =Tk+12

(e)

¢+ 2¢d - 15d°

b) 4c¢* + 20cd
a6y
(d) 2 =
=y
mk + 8k

m’+4m-32

4, Simplify each of the following.

@) 15a°

a=2b

() =

@ Chapter 6

U
Bab'c

3(c +.d)...26 2d
(b) d “Bcr8d

(d)

8., _2¢°
6(c+d) 3c+3d

5. Simplify each of the following.

Ox(a —:’7)2
27x%(a—bY
Bab’(2a + 3bY
O 32ab(3b+ 2a)
Wa2yals
Y3y =10

942 _),2
¥ - 2xy— 3x’

(a)

(e)

®

b - &P
2a® +ab - 36°
3x - 3}
ax—ay—x+y

(W)
(k)

2
a” +am—an —mn
(m) 227 =7

d 4+am+an+ mu

Ta'(a-3b)
21a’b(a - 3bY
Ban’(b + ¢)
96(12I1(C +b)
8-2m-m’
2m? -3m-2

(b)

(d)

) 3x% 50y —2y°

457+ Txy=2y"

L ¥ -6v-T7

v 2y7 —17v+21

M @' —ab-ac+be
a* +ab -ac-be

6. Simplify each of the following,.

Saac® ¢

9~ 2b gpt
LAy o

©2yr 35" 100x"y*

3w-7 21-9w
+
5u’ 27w
W -h-6 0
Z LS
h -9 h+2h

{a)

(e)

(®

M m’ -4 LM

6df 3f 8d3 8d°f°
9f° l6d2 27d
3ps 3pq 145°
3 k3
dpgr 12 pg  Tar
6x’y 12x - 24y
l6y 8x 4xy2

(d)

(M

2 g2
(h) . L — d . e I :
¢ =2ed+d” cd+d”

m*=3m+2 m-1

o .2 3':-._72
H ——+5——
I -4 £-57+46
) ¥ —4\+4 2yv+4

&) [a" _4b3)+az +2ab

ab
ADVANCED LEVEL

7. Slmplliy

!. +1| - +2M

3 -2t -y

276y 3y -2

OXFORD
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Addition and
2 W ) Subtractlon of

S| Recap (Simplification of Linear Expressions
with Fractlonal Coefficients)

In Book 1, we have learnt how to simplify linear expressions with fractional
coefficients. For example,

X 2x=5 _ 7x 3(2x=5) (convert to like fractions:
= R 21 21 Lowest Common Multiple
(ILCM) of 3 and 7 is 21)

e 3;?"' =3) (combineintoa single fraction)
= 15:—-%1:—]2 (Distributive Law)

_13x-15

TR

In this section, we will learn how to add and subtract algebraic fractions.

1 Addition and Subtraction of Algebraic Fractions

W()rked Addition and Subtraction of Atgebraic
Example Express each of the following as a fraction in its

simplest form.

2 3 3 2
| =t o T Y T 7
2h 3k
S TR T
Solution:
{a] 3 =y 10 —_— ! {convert to like fractions: LCM of 34 and 5a is 134}
Su 15¢ 15a
= l(l)i+09 (combine into a single fraction}
_19
" 15a
3 2 3 2
(b) 5 ast e~ 200 - 26) 3 =30 (factorise the denominators)
B 9 . 4 iconvert to like fractions: LCM of 2(h - 2¢)
6(b-2c) 6(b-2¢c) and 3(h—-2c)is 6(bh = 2}
_ 9+4 bine into dinele fracti
=86 -20) lcombine into a single fraction
13
T 6(b-2¢)

OXFORD
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L2k 3%k 2 3k
© 53k 3% -h T h-2k —(hi-26)
2k 3k

S w2k Tho
2+ 3k

= combine into a single fraction)
n—2k | & A S

SIMILAR
| PRACTISENOWS | | QUESTIONS |

Exercise 6B Questions 1{a)-{f},

A s
Ch=34k}" b=

1. Express each of the following as a fraction in its simplest form. Ia)-{h}
6 3 4 7 # 3h
(@ 54" Ba (b) 2b+ 3¢ 6h+9¢ (© 23k 3k=2

2. Express each of the following as a fraction in its simplest form.

2m+3n m-n Ip S5p-2¢ Sa Ty
@ == (b) dp-4q 3Ip-3q 28 s e
Worked (Addition and Subtraction of Algebraic Fractions with No

Commaon Factors in the Denominators
Express each of the following as a fraction in its simplest

Example

form.
3 [ Sy 2
@ 5t 3 (b) Ty w2
Solution:
@) & K 1 3(x-3) . x+5 iconvert to like fractions: | (M of
A+5 a3 (x45)(x=3) (x+5)(x-3) vesandv- 3is (v + S 3

Ar=-3)+x+5 L ) .
= SCE R {comhine into a single fraction)

(x+5)x-3)
Av=-9%+x4+5 L
= m ([)lstrlhutl\"(, i‘a\‘\.’)
_ 4y -4
T (x+ S5 -3)
(b S5v 2 5v 2 (factorise the denominator v - 4 by using
w-d y-2 0 (+2)y-2) y-2 A obi=(a+b)a- )
N Sy __2(y+2)  (convertto like fractions: ECM of
(3+2X¥-2) (+D-2) v+ -2 and v - 2is (v + 24y -2}
S5v-2(y+2) . . .
= | ) as sle fre 3
0T )0-2) {combine into a single fraction)
S5y-2v-4 Bl .
= 0o (Distributive Law)
3v-4

T2 -2)

ACTISE NOW SIMILAR
AL e QUESTIONS

Express each of the following as a fraction in its simplest form. Exercise 68 Questions 2ial-ihi,
2 3 2 v ] 1 2= Aiaj-ify, Slak-idy, 6
= Ee i e 2 s : =, + —

@ 73773 (b) Vg v-3 © 557 3

OXFORD
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BASIC LEVEL

1.

Express each of the following as a fraction in its
simplest form.

7 4 3 ! 5
@ &5 b 5+ %

1 i f-4h 2f-5h
©5-34 @ -~

4a 3a p+3 p—-1 2p+t
(e) ,1‘-3y+3.r—9y (ﬂ 2 + (%4 B 3z

Express each of the following as a fraction in its
simplest form,

(@) %"534 ) 'élb'bi"é

© (1:15*'2%(_3 @ fiS-T‘?—_l
(e) %’43_2—5,1 (f k23 1+k_%1'
® 4—'"53-_—1-5"!5? (h) Tf—2+(7_3—2)7

Express each of the following as a fraction in its
simplest form.

(@) 2(a5— ot 3(; g ® ’3%'17%
(© lO_:de * 6f2_d3d () :;:¢+ ]3 = :i;
DRt R z_ti;*s%
2
® 6:f6y_3yzfz3x () 4y3j22-a‘32y+3zf6y

Express each of the following as a fraction in its
simplest form,

3a 4q 5 2
@ st ® 2541 26+ 1)

h+5 3 ] 2 3
€) —— = d) — ——
()hz_éh h-6 ()m+m-4+m—3
(e) x+y+x2—4y2_x-3y

x=y x-yt x+y

| 2 18
® 2z-3 3-2z 9-4g
OXFORD

5.

6. Express i

Express each of the following as a fraction in its
simplest form.
2 3
@ ——+ =
a+3 gl 4 4a+3
S LA
b*-5h-6 b-6
1 2p
3 +
2p* -8p-10 p-=5
(d) X . - 4 _— Ix
X+y  xf e 3xy+2y’ x+ly

(b)

()

ADVANCED LEVEL

12
+ 1

as a fraction in its simplest form.
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Manipulation of A
.&,9bl:fai€_ﬁformulae )

*:-¢ Changing the Subject of a Formula

In Book 1, we have learnt that in general, a formula expresses a rule in algebraic
terms by making use of variables to write instructions for performing a calculation.
For example, the perimeter P of a rectangle is given by P =2/ + 2b, where { and
b represent the length and the breadth of the rectangle respectively. Are we able
to find an expression for the length, 1, of the rectangle in terms of # and »?

Worked

(i) Make I the subject of the formula P =2/ + 2b.

Example (i) Hence, calculate the value of { when P =132 and
b =30,

Solution:
0] P =21+2b

P —2b =20+ 2b - 2b {subtract 2h from both sides)

P-20=2

>
d 2"b = 22{ (divide by 2 on both sides)
w [ e P =2bh
2

{ii) When P =132, b =30,

) 132-2030)
- 2
_ 132-60
2
_ 7
T2
=36
| PRACTISENOW7 |
1. (i) Make « the subject of the formula v=u +ar. Exerc:e 6C Questions 1{a)-d),
Tlai-idi

(ii) Hence, find the value of « when 1 = 4, 1 = 10 and v = 50.

2. The simple interest S/ payable on an investment is given by 7 = ‘ng , where $£

is the principal, R% is the interest rate on the investment per annum and 7'is

the number of years that the investment is held.

(i) Make T the subject of the formula 7 = Fl’gg

(i) Hence, find the number of years that an initial investment of $50 000 must
be held in a bank that pays simple interest at a rate of 2% per annum to
earn an interest of $4000.

OXFORD
@ Chapter 6 ki




wiging the Subject of a Formuia

Worked
Example

(i) Make x the subject of the formula v = :

(i) Hence, calculate the value of v when y = =2.

Solution:
(i) ¥ = 220
ST 34+ 2x )
Iy v = . et 1 ’ ’ 2 1clost
B+2)xy=0G+20)x 3~ (multiply by 3 + 2x on both sides
W3+2)=2-x

3y + 2xy = 2 - x (Distributive Law)
3y + 2uv + x = 2 — x + x (add x 1o both sides)
Iy+ 2y +x=2
3y - 3y + 2y + x = 2 - 3y (subtract 3y from both sides
oy +x=2-3y
x(2v+ 1y=2-3y
X(2y+1) _ 2-3y
7

divide by 2v + 1 on hoth sides)

2v+l  2v+
23y
T 2+l
{ii) When y=-2,
2-3(=2)
YE2(-)+1
_2+6
T4+
_ 8
)
2
= --23

PRACTISE NOW 8

1. (i) Make x the subject of the formula y = if : 3

(iiy Hence, find the value of x when y = -3.

3

2. () Make k the subject of the formulap=a + %
(i) Hence, find the value of k whenu=1,bh=-2, p=3andx=9.

Worked
Example

(i) Make x the subject of the formula {ax+b=+#.
k=-1.
Solution:

i1 Jax+b =k
ax + b = & (take the cube on both sides)
ax + B = b = = b (subtract » from hoth sides}

avr=k-b
3
-b . .
LN S (divide by « on both sides)
a {1
3
Y = k-6

a

i—.
3+¢2x

(iiy Hence, calculate the value of x when e =4, =3 and

7

To change the subject of a formula
involving algebraic fractions, we
carry out the steps as follows:

Step 1:

Step 2:

Step 3:

Step 4:

Eliminate the fractions.

Manipulate the equation
such that all the terms
with the unknown which
we need to express as
the subject are on the
left-hand side (LHS) of the
equation.

Factorise the expression on
the LHS of the equation,
if necessary.

Divide both sides of the
equation such that only
the subject of the formula
remains on the LHS.

SIMILAR
QUESTIONS
Exercise 6C Questions 2{a)-(d).
8ialidy. 10, 15

Chapter 6 @




(i) Whena=4, b=3, L=-1,
_=D'-3
A= 4

-1-3

k SIMILAR

PRACTISENOWS | =

1. (i) Make x the subject of the formula 3y = /b* - dax . gmfc";e ?]C ?:C?';O;; Slak-id),
lal-al, . 1B i

(i) Hence, find the value of x whena = -5, b =4 and v= 2.
2. (i) Make x the subject of the formula p=a+ "’;1 :

(ii) Hence, find the value of x whena =1, =2, k= | and P =75
.-t Finding the Value of an Unknown in a Formula

Class
Discussion

Finding the Value of an Unknown in a Formula
In solving problems, we often need to change the subject of a formula to make it
easier to find the vafue of an unknown.
For example, if the volume V of a cylinder is 780 cm® and its height  is 10 cm, how
can we find the base radius r of the cylinder?
We first make r the subject of the formula V = m-h before substituting in the values
of Vand k.
1. Can we substitute the values of V and # into the formula V = w2k before solving

the equation to find the value of r?
2. Are the values of r obtained the same? Explain your answer.
From the class discussion, we observe that to find the value of an unknown, we are
able to substitute the given values into a formula without changing the subject of the
formula.

OXFORD
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inci Walue UV | B Hane: e
Worked 1 O linding the Vatue of an Unknown ina Formula \Without Changing

E 1 the Subject of the Formula)
xamp c | 7
Given that v = Ty calculate

(a) the value of y when x =1,
{(b) the value of x when v = 2.

Solution:

(a) When x =1,

= \i'f]6
=4

(b) When v=2,

64
2= 4341
4= o= itake the square on both sides)
4(3x+ 1) =064
3v+1 =16
Je=15
SLkiEm

PRACTISE NOW 10 SIMILAR
QUESTIONS

x+7 txercise 6C Questions 4-5,
1. Giventhaty= 5, find 12-13,19

(a) the value of y when x =35,
(b) the value of x when y =4,

3
I5b+16
2. Given thata = J 2 97 find the value of b when ¢ = 3.

3
3. Given that ”:—+)‘ =z, find the value of x when y=4 and : = 3.

OXFORD
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‘-t Equations involving Algebraic Fractions

We shall learn how to solve equations involving algebraic fractions using the
method of changing the subject of a formula.

Worked
Solve each of the following equations.
a4 =

Example o
;=
6 4
. m)2b~5"bn3'0
Solution:
@) ."_2...“"1.:[

5 3

3(a=2)+5(a - 1)=15 imultiply by the LCM oi 5 and 3, i.e. 15}
3a-6+35a-5=15

S8a~11=15
8u =26
La=3l
..(1—34
6 4
® 55530

6(h - 31 -4(2b -~ 5) =0 imultiply by the LCM of 2b -5 and b -3
e, (20 = 3)(b - 3))

6b - 18 -8b+20=0
-2b+2=0
=-2h==2

2b=2

b=

| PRACTISENOW 11 | SMILAR |
QUESTIONS

Solve each of the following equations. Exercise 6C Questions 6(al-(gl,

3 ] . . 14(ak-le}, 18
a d
T b -2 =0

(@) 26 +3  3—4

OXF_QRD
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~- Exercise

6C

BASIC LEVEL

1.

In each of the following cases, make the letter in
the brackets the subject of the formula.

@ av+byv=k Ry
(b) PV = nRT [#]
() 3h = 2d =3¢ (]
(d) R=mia+g) la]

In each of the following cases, make the letter in
the brackets the subject of the formula.

@ L=p+c lee]
m i

b) 54 r=—;— Ip]

(© k;—”=3k 13

(d) A= ;(a+b)h 5]

In each of the following cases, make the letter in
the brackets the subject of the formula.

(@ Yh-k=m (]

(b) b= D+ dac (D
© P=t (V]
) A==" xnr 0

=350 <™ 121

Given that \Jax’ b = ¢, find the values of x when
a=2,b=Tand c=5.

} b+
Given thata = | =, find

(@) the value of a when b =7 and ¢ = 2,
(b} the value of c whena=4and =9,

Solve each of the following equations.

a 3 e o2
@ a+2 5 ®) b=2" b=l
4 3 5 2
© =35-72=0 @ Z7-75=0
6 10 5 6 9
____=2 o Sy I
© 735 & T T

3 1
® 75 e

OXFORD

7.

10.

11.

12,

In each of the following cases, make the letter in
the brackets the subject of the formula.

@ F=2C+32

: (o
(by A =27+ urf i
(c) s=ur+ %m? |l
() s= '—2’12a+ (n-1)d| [

In each of the following cases, make the letter in
the brackets the subject of the formula.

@ —+2=k [

by 2= 22 121

(€} ‘r;—'t=p+q (1
11

) 4= (]

In each of the following cases, make the letter in
the brackets the subject of the formula.

@ V=3 ir]

(b} v’ =1’ + 2as {n]

(€ v={r-p)y+yq [x]
_ | 4z

) = m-3 (2l

Civen that V=mr'h + gnr‘,

(i) make i the subject of the formula,
(ii) find the value of h when V=245 and r=7.

. b+
Civen that 0=J b --E,
_("

(i) make b the subject of the formula,
(ii) find the value of b when ¢ =2 and ¢ = 5.

Given that Lf(.'.t.fp ).~ 3 find

(@) the value of p when m=5, n=7, v=4 and
y=-2,

(b) the value of n whenm =14, p=9, v=2 and
y=3,

(c} the values of y whenm=35,n=4, p=15 and

x=42,
Chapter 6 @




13. Given that A =‘l,‘ woh %m' ' find ADVANCED LEVEL

(a) the value of Awhent=3.142, h=15and r=7, :

(b) the value of #when 7 =3.142, A = 15 400 and ) - \ 1 .
18. Given that —5—= 3 find the value of =

r=14, B
X
14. Solve each of the following equations, 19. Given that v = 3v + Ja+ b7, find
(@ 2 - 2 5 =1 3 (@) the value of vwhena=13, b=15and vy = 3.8,
S (b) the value of « when b = 13, y=8.5 and v =35,
Tr—4 x=1 3v-1 T+u (c) the values of h when a =23, v =15.6 and v = 56.
® 3 35 00
x4+ I 1 20. The resistance of a wire, R ohms (Q), is directly

© 5. 1 20-50"4 proportional to its length, { m, and inversely
proportional to the square of its radius, r m.

(@) Express R in terms of 4, r and a constant k.

(b) Make r the subject of the formula in (a).

4 (c) (i} Given that a wire with a length of 2 m and
a radius of 0.5 cm has a resistance of 40 €,
use your answer in (a) to find the value of £,

5 4 3,
M 7" Tx-2 63

3 5 ]
() 5 +.4 =

2|

-2x x

15. In optics, the focal length, fem, of a lens, can be

' R (i) Hence, use your answer in (b) to find the
calculated using the formula i L wherenem radius of a wire with a length of 4 m and a
and v ¢m are the object distance and the image resistance of 60 C2.

distance from the centre of the lens respectively.
| _ | + !
o v
(ii) Hence, find the image distance when the
focal length of the lens is 20 ¢cm and the
object distance is 30 em.

(1) Make v the subject of the formula

16. The time taken, 7T seconds, for a pendulum to
complete one oscillation is given by the formula

e f .
7= ZHJ; ., where 1 m is the length of the pendulum

and g is taken to be 10 m s~ B
I
|

Ve
(ii) Hence, find the length of the pendulum if it
takes 12 seconds to complete 20 oscillations.

(i) Make ! the subject of the formula 7 =2=n

17. The amount of energy, £ joules {1}, stored in an
object with a mass of m kg is given by the formula
I-.'_-.mgh+%m\~", where 1 m is the height of the
object above the ground, v m s is the velocity

of the object and g is taken to be 10 m s~
(i) Given that v 2 0, make v the subject of the

formula K =mgh+ %mr: .

(ii) Hence, find the velocity of an object with a
mass of 0.5 kg, if it is 2 m above the ground and
has 100 J of energy.

OXFORD
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[Summary]

1. The value ol a fraction remains unchanged if both its numerator and denominator
are multiplied or divided by the same non-zero number or expression,

a axo a a4+
3 d =

e b bxc b heo!

where b, ¢ 2 0.

2. When we multiply ; by ;: , we have:

ﬂ' (' ax ¢ ac

hEd hwd hd’

where b, d 2 0.

When we divide ¢ hy 5 we have:

a ¢ o« % d axd ad
= e — = — = = =
b o b ¢ bwxc be!

where b, ¢, d #0.

R@wn@w

Exercise
56

1. Simplify each of the following,

24x%y° e = d)e + 3d)
@ =5, m ———
6x'y Sx(c=d)
3f+4d
© _Sa+10b (d) S +4d 3
10ac + 20bc (6f+ 84}
!’2-41""4 3r-gs+ 3s - gr
€) — f —
po=2p 9+ g4 —0g
In’ + 8w+ 4 T+ 6
® 3nt -12 by 32 49:4 6
OXFORD
UNIVERARIY FRLSY Chapter 6 @




Simplify each of the following.

b ¢ 27 6
@ @ L d-3f " 9f-3d
10k 3k% - 15k 4x-1 |
C d
© TS a (@ dr—4y 9x -9y
) wn—dm+2n® ~8n d-n @) Hp - Cf)2 y 2[}‘([2
m+2n T Pd (p-q°
3x 2 1 v~ 16 2
IS h ‘,' -
® vo-2v+ o xlx-1) i 2v° —12y+16 ¥-2

Express each of the following as a fraction in its simplest form.

5 3 5b b
@ 4 3a ® st heee
9 7 h h
) aar*¥r—ad @ 25*%
3 2 m 4
© k-1 4k+35 (M 2m-5+8+3m
3n 5 1 |

® o Fa-

In each of the following cases, make the letter in the brackets the subject of the formula.

b ——— -
®) p+3p-4 p+4

a b - r .

@ 5-+7=2 lal (b) A '(“W) [l
| -

() "=T'+_: [7] (d) k=h+i5'k (Al

(e) .f3a-2=\/(5T 5]

N xed’+z=k Iyl

5. Given that a\/b* —¢ = 5k, find
(a) the value of k when ¢ =3, b=6and ¢ = 20,
(b) the value of c when e =4, b=7and k=11,

6. Giventhat ¢+ «'h =320, find
(a) the value of b when « = 8,

(b) the values of ¢ when b =2 —;—

7. Given that V= i + %m", find
(a) the value of Vwhen i=3.142, R=12, h=14and r=9,
(h) the value of h when n=3.142, R=8, V=3800 and r =6,
(¢) the values of R when m=3.142, V=3300, # = 17 and r= 8.5,
(d) the value of r when t=3.142, R = 11, V=4600 and h = 6.9.

8. Solve each of the following equations.

(@) £+!=7
5q g

5 B 7 . 10
y-3 3y-9 6-2v

OXI-'ORD_
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9. Inan electrical circuit, when two resistors are connected in parallel, the effective resistance, R ohms (Q), of

. . !
the two resistors is given by the formula

1 i . ST,
R =R * R where R and R, are the resistances of the individual
1 2 ¥

resistors in ohms.

. , . T
(i) Make R the subject of the formula R=R, + R, -

(i) Hence, find the effective resistance of the two resistors if R =2 and R, = 3.

10. The equation of a circle is given by the formula (x - @) + (v — b)* = r*, where (a, b} are the coordinates of the
centre of the circle and r is the radius.
(i Make v the subject of the formula (x - a)* + (y - b)* = r~.
(i) Hence, find the y-coordinate(s) of the point(s) on the circle when« =2, b=3, r=5and x=5.

Challenge
Yourself

(@+b)”  (a+b)""
be’ abc
Hint: You need to apply one of the laws of indices.

1. Simplify

JERE BV 3

1
¥
2. Given that s =)T, find the value of n and of k.

Hint: You need to apply one of the laws of indices.

X

a+b-¢c a-b+c -a+hsc
3. If ¢, b and ¢ are non-zero constants such that P 3

(a-b)

3 .
C

_ {a-bXb-c)c-a)

n
2udpe abc

, show thatp =

OXFORD
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Relations and
Functions

Everytime we put an crange into a blender, orange juice
is produced. If we put starfruit into it, we get starfruit
juice. Under no circumstance will we get crange juice
by putting n some other types of fruits.

In Mathematics, we can define an operation on a set
of numbers s0 that every time we apply the operations
on a given number x, say we will always get a result y.
Such an eperation is known as a functiors.

OXFORD
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Seven

LEARNING CBJECTIVES

At the end of this chapter, you should be able to:

* define a function,

= verify if a given relation is a function,

* solve problems on functions involving linear expressions.

OXFORD
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_ dz gll Relations

We have come across many relations between two sets in everyday life. Examples of such relations include “is the

father of”, “is the brother of”, “is the wife of”, “is the uncle of” and others.

Similarly, many relations exist in Mathematics such as “is less than”, “is perpendicular to”, “is higher than” and
“is equal to”. In fact, some mathematicians have described Mathematics as the study of relations.

Let us consider the following common examples of relations between two sets.

Domain A Codomain B

The arrow 15 always from the
domain to the codomain,

“is the husband of”

Fig. 7.1

In Fig. 7.1, the members in Set A represent the husbands and the members in Set B represent the wives. We observe
the relation that each man in Set A is the husband of a woman in Set B i.e. Ahmad is the hushand of Fatimah,
Kumar is the husband of Devi, Minggiang is the husband of Shuhui and David is the husband of Jane.

We can also see that a relation has sense, that is, a direction in which it goes. This is conveniently indicated hy
the arrowheads. Thus, such diagrams are sometimes known as arrow diagrams

In any relation, we will have a domain and a codomain. In Fig. 7.1, Set A is the domain while Set B is the codomain
of the relation. The member that is heing matched to in the codomain is referred to as the image of the relation.
Therefore, Devi is the image of Kumar and Jane is the image of David.

Domain A Codomgin B

/ \ Carol\-\‘

/ Al Peter |
| Aravin g Amilah |
| John »Maria |
' T

Siuping |
Shanti |
Ahmad

Joanne
Elvin

“is the friend of”

Fig. 7.2

In Fig. 7.2, we can see the relation that each person in Set A is the friend of another person in Set B.

From the arrow diagram, we observe that Aravin is the friend of Carol and Amilah and Joanne is the friend of Amilah
and Siuping. The above relation shows that a member in a domain may he related to more than one member in
the codomain. In other words, a member in @ domain may have more than one image. For example, Carol and
Amilah are the images of Aravin, while Amilah and Siuping are the images of Joanne.

@ Chapter 7 OX}ORD
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__ *7/012 Functions ; .T.

™ s - L.
-

Fig. 7.3 shows the arrow diagram of a relation.

Fig. 7.3

We notice that only one arrow leaves each element in the domain. Thus every element
in the domain of the relation has a unigue (exactly one) image in the codomain.

The relations, whose arrow diagrams are shown in Fig. 7.4 and Fig. 7.5, also satisfy
the property that every element in the domain has a unique image in the codomain.

Sons Father Bovs Marks

Ay
Relations in Fig. 7.3, Fig. 7.4 and Fig. 7.5 are examples of a special kind of relation

that we call functions. In particular, Fig. 7.3 is a one-to-one correspondence which  Afunciion is also called a mapping,
we call a one-to-one function.

A function is a relation in which every element in the domain has a
unique image in the codomain.

In this book, we will learn to solve problems on functions involving only
linear expressions.

2 g l % )'Ihinking
Time

What are the differences among the relations shown in Fig. 7.3, Fig. 7.4 and Fig. 7.5?
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Worked
D 1 State, with reason, whether each of the following arrow diagrams defines a function.

Hockey —— Math

| - Science

History
N Geography

Soccer

Tennis

Solution:
(a) The relation is a function since cvery element in the domain A has a unique image in the codomain 8.

(b) The relation is not a function since the element « in the domain A has three images, Math, Science and
Geography, in the codomain B.

i SIMLAR §
PRACTISE NOWV 1 :

State, with reason, whether each of the following arrow diagrams defines a function.  Exercise 7A Question |

@) Students Scores ®) A B

Raj
Ethan

Ann
Michael

.t Notation of a Function
Consider the function f whose arrow diagram is displayed in Fig. 7.6.
The domatin of the function s the set X = {1, 2, 3, 4} and its codomain is the set
¥=1{1,23,4,5, 6,7, 8}

f

X —» Y

Fig. 7.6

@ Chapter 7 OXFORD




We often use a lower case letter such as f to name a function. The notationf: X = Y
is used to indicate that the function f has domain X and codomain Y. We read this

as “a function f from X to Y. We can also write X < ¥ as illustrated in Fig. 7.7.

| v,

Fig. 7.7

Far a function f: X — ¥, each element x in the domain X has a unique image

y in the codomain Y. We often say y is a function of x and write it as y = flx).

The function may be written as { : x = f(x), linking an element of the domain %
to its image f(x) in the codomain. Note that the vertical stroke on the arrow

distinguishes it from f : X — VY. fix] is also called the value of the function fatx. ) is read as “f of x.
Consider the example in Fig. 7.3. Suppose f represents the function, then

f(1y=»5, f(2)y=c and f(3) = a.

In Fig. 7.4, if g represents the function, then

g(Peter) = g()im) = g{John) = A, giAdam) = giTom) = B and g(Thomas) = C.

In Fig. 7.5, if h represents the function, then

h(A) = 40, hiB) = 70, hiC) = 50 and h(D) = 60.

For the function f in Fig. 7.6, we have

fill=4=1+3,f2)=5=2+3,f})=6=3+3andfi4/=7=4+3

Thus, in general,
flx)=x+3

i.e. to each x in the domain, the function f assigns the image f(x} by adding 3 to x.
The function f can be completely described as follows:

frxmmx+3,x=1,2,30rdorxeli, 2, 3, 4}

.*i Range of a Function

Let f: X — ¥ be a function. The set of values of f(x) is called the range of f.
The range of the function f in Fig. 7.6 is {4, 5, 6, 7}. The range may or may not
consist of all of the elements of the codomain. The range {4, 5, 6, 7} consists
of only some of the elements of ¥ = {1, 2, 3, 4, 5, 6, 7, 8.

Very often, we are interested in the range and not the codomain of a function.
Hence it is often inadequate to define a function f by stating its domain and
the rule which determines the unique image f{x) of each x in the domain.
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Worked
Example

Solution:

Given the functions £: v — 3v + 2 and g : v — 5y - 4, find the value of each of

the following,.

M Q) (i) f(=3) (i) f|l.!;||
(V) 23) V) 2g(7) v g
(vii) (1) + g(2) (viii) x for which f{v) = g(x) (ix) +forwhichfvyy =17

fiv—3v+2, e f(x)=3v+2

gy S5v-4, e gv) =5y -4
{i) f(2y=3(2)+2 (i) ((=5)=3-5)+2
=8 ==13
(i) t(-;—) = ?(%] +2 (iv) 2(3)=53)r-4
S8) =11
V) 2u(7)y=2(5(7) - 4| (vi) e(g) =5(2) 4
= 2(31) =1
=62
(wii) [+ a(2)=3(1+ 2] +[5(2)- 41
=5+0
=] |
(viii) When f(1) = g(x), we have v+ 2 =51 -4
=06
r=3
(ix) When{(x)=17, we have3a +2=17
Jr=15
v=35

| PRACTISE NOW 2

Given the functions f: v 10x + 4 and g : ¥ — 4x - 6, find the value of each of

the following.

(i f(d)

o)
(i) t‘(—ﬁ)
(v) 2u(6)

£
(vii) ;(-') + o)

(ix) v forwhich f(x) = 34

@ Chapter 7
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4 QUESTIONS &

Exurcise 7A Questions 27,
Hiel-nil

{ii)
(iv) 2(2)
(vi)

(viii) x1or which fiv) = giv)
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Worked

If f() = 7v — 4 and Fla) = 6x + 3, express

Example 0 ), G Fla+2),
) in terms of «.
Solution:

iy flay=Ta-4
(i) Fla+2)=6a+2)+5
=6a+ 1245
=b6a+ 17
(i) f3a) + Fa+ 1)=73a) -4+ 6(2u+ 1)+ 5
=2la-4+12a+6+5
=33a+7

i PRACTISE NOW 3 E

I f(x) = 2v = 5 and F(x) = Tx + 12, express
() f(h), (i) F(h-1),

in terms of h.

- Exercise

7A

BASIC LEVEL

1. Each of the following relations has the set of integers
{2, 4, 6, 8] as its domain. State whether each of the
following arrow diagrams defines a function. If the
answer is no, state the reason.

(a)

(b}

()

(d)

AT

(iii) f(2h) + F(2b - 5),

(i) (3a) + FQ2a + 1),

SIMILAR |
| QUESTIONS |

Exercise 7A Questions 8livi-ivil

(e) ]‘\.

(f)

AN
=

. A function f is defined by f : x +— 6x - 4 for all real

. | |
values of x. What are the images of 2, -4, = and—;
uncler £

. Given the function f; x — 5 — 2w, evaluate each of

the following,.
i 1
(iii) f(0)

(i) f(-2)
(iv) f(3) + f(=3)

Chapter 7




. Given the function g(x) = Ty + 4, find the value of

each of the following.

® 8@

ik 4
an) ,,(7)

o )

i) g(-3)
(tv) g(0) + g(-1)

x=2,

L]

. Given the functions f(x) = ';-+ Jand g(x) =
(a) find the values of -
@) fQ)+22) Gy f(=1)-g-1)
(i) 2(4) - 3g(6) (iv) 5f(=2) - 7g(—4)
(b) What are the values of x for which {(x) = g(x) and
flvi=17?

. Given the functions f: x = Sx -9 and g : v — 2 - 6y,
find the value of x for which

i =16 (i) glx)y=14

(i) gl =x (iv) f(x)=2x

W) f(x)=g) (vi) 2f(x) = 3g(x)

.

ADVANCED LEVEL

7. Given the function f(x) = 4v + 9, evaluate f(1), £(2)

and f{3). s it true that

M fl+f2)=1f1+2)
(iiy f(3) - () =13-2)
i) (1) x f(2) = f(1 x 2)2
Giv) f(2) = f(H =12 +1)

. Given the functions f(x) = T ,]) and

2 1, evaluate f(2), f(—zl) 2(3) and

P
gly) l4 3

g(-6).

(i) Isittrue that f(2) + f(3) = f(2 + 3)?

(i) Is it true that g(4) ~ g(2) = g(4 — 2)?

(i) Find the value of x for which f(x) = g(x).

(iv) Find the value of f(a), {(2a) and of g(3a).

(v) Find the value of « for which f(a + 1) + g(a) = 5.
(vi) Find the value of a for which f(2a) = g(6a).

A relation connects elements in set A {domain) to elements in set 8 (codomain} according to the definition of

the relation.

A function is a relation in which every element in the domain has a unique image in the codomain.

The range of a function f is the set of values of f(x) (images under f) for the given domain.

@ Chapter 7  Relations and Functions
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Review

_é;%”‘ Eﬁ;cme

1. Each of the following relations has the set of integers
{1, 2, 3, 4} as its domain. State whether each of the
following arrow diagrams defines a function. if the
answer is no, state the reason.

@)

X

(b)

e

()

WELL

1
2. Afunction f is defined by f: x— 5 x+2 for all real

2
values of x. What are the images of -20, 6, % and
—:;- under 2

Challenge
Yourself

A function f is defined such that f(1) = -;- and fla + b) =

natural numbers.

. fla+l) fla) _ 9
(1) Show that —a—:‘é-"- = m = Z 5

(i) Hence find the value of f(2).

OXFORD

a+b+1
a+l

. Given the function f; x — 12 — 5x, evaluate each of

the following.
iy @ @iy f(-3)
(iiy O (iv) f(3) +f(=5)

. Given the function g(x) = 5x — 9, evaluate each of

the following,.
i 2@ @) g(-5)

(e ;,(;) (V) 2(0) + g(-3)

o ooy

X

N
. Given the functions f(x) = i 5and g(x) = g x-1,

(@ evaluate
M f&)+g(5 (i) f(-1)-g(-10)
(i) 26(3) - 3g(5) (V) 4f(=3) - 7g(0)

(b)  What are the values of x for which f(x)=g(x) and
f(x) = 67

. Given the functions f: x— 4x-3 and g : x— 8 - 3x,

find the value of x ior which

i flo=13 (i} gx)=20
(i) gly)=x (iv) f(x) =-2x
w) f(x)=glx)

. f(x)=10x -3 and F(x) = %x + 2, express

(iy fla) (i) FBa+ D),
Giiy f| ; a\:E +FQa-4),

in terms of a.

)f(a) + (%) f(h) + a + 2, where a and b are
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‘the phctograph shows shophouses winch have the saime shape
and size. This s anfexampie of congruence. Yvhat are some
other examples of congruence that you can find around you?




|

At the end of this chfaplenz you shouldibe
able to:

examne whethertwo figures are congrdent
o similar, |

state the properties of similar triangles

and polygons;

make simpleseale drawings with
apprepriate seales,

nterprel scal@slon maps,

solve simple'problens involving cangrlignce
and sinylanty |

LOXFORD

et _:l"* VRIVELMITY PSS




@ .
e ‘li _Congruent Figures

Investigation

Properties of Congruent Figures

Fig. 8.1 shows five pairs of scissors.

S

(a) (b} (c) (d) (e)
Fig. 8.1

1. What can we say about the shape, size, orientation and position of the pairs of scissors?
2. If we cut out the pairs of scissors and stack them up, what will we observe?

3. The pair of scissors in (@) can be moved to look like the pair of scissors in (b) by a translation from
A, = A, and arotation of 90° about A,
How can we move the pair of scissors in (a) to look like the pairs of scissors in (¢), (d) and (e)?

From the investigation, we observe that:

* Two figures are congruent if they have exactly the same shape and size.
* They can be mapped onto each other under translation, rotation and reflection.

You can also investigate the effect of translation, rotation and reflection on a
triangle/quadrilateral using the geometry software template ‘Congruence’ at
http://www.shinglee.com.sg/StudentResources/

OXFORD
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a/ Time

Fig. 8.2 shows two pairs of scissors of different colours.

> b

Fig. 8.2

Are they congruent? Explain your answer.

Congruence is a property of geometrical figures. The two pairs of scissors in Fig. 8.2
are congruent because they have exactly the same shape and size.

Fig. 8.3 shows some patterns that are formed by congruent figures. These are known
as tessellations, which can be found in many real-life objects.

Fig. 8.3

Another real-life application of congruence is photocopying as the photocopied
document is of the same shape and size as the original document. The concept of
congruence also plays an important role in the manufacturing sector. The congruence
of pen refills allows us to refill our pens when they run dry.

OXFORD
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Class

Discussion
Congruence in the Real World Internet
. —Resources
1. Look around your classroom or school. Find at least 3 different sets of congruent 22

objects. l
5 . Z . . Scarch on the Internet for
2. Tessellations, like those shown in Fig. 8:3, can be found on floor tiles. Whatare ;G- 16 make e
some other objects that exhibit tessellations? own tessellations,

3. Discuss with your classmates other real-life applications of congruence.

Worked
Example

Which shapes are congruent?

i 1 1 ) -
' F
A | B C D
4 e +

Solution:

A, B, C and D are congruent rectangles.

F, H and I are congruent triangles.

OXFORD
@ Chapter 8
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{  PRACTISENOW1 |
Which shapes are congruent?

r e ey
A B ' D A
F /

\T A {7 - > l / E

= / _J ,

£l 8N S 1

Fig. 8.4 shows two congruent quadrilaterals ABCL and A'B'C'D’. The vertex A
corresponds to the vertex A” because they have the sanme angle. Similarly, the vertices
that correspond to 8, C and D are B, C’ and 1’ respectively.

Saenl? D’

A \ AF\

|

J

|

|

1

r

|

C B c

i

Fig. 8.4

The symbol ‘=" means ‘is congruent to’. Thus for the two quadrilaterals in Fig. 8.4,
we have ABCD = A'B'C'IY.

Notice that the order in which the vertices of A’B'C’D’ are written must correspond
to the order in which the vertices of ABCD are written.

We can also write BCDA = B'C'D'A” because the corresponding vertices match.
Can we write CDAB = CD'A'B or DABC = D'A'B'C¢

In Fig. 8.4, the side AD corresponds to the sice A’D'. Similarly, the sides that
correspond to AB, BC and CD are A'B’, B'C' and C'D' respectively.

Hence,

|-

the corresponding angles and the corresponding sides of congruent figures are equal.

OXFORD

PHINEEAITY FREAS

SIMILAR |
QUESTIONS

Exercise 8A Queshion |
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Worked

Example A__ 2cm LW

ASO' / 60° '.
B c YA !

Given that ABCD = WXYZ, copy and complete each of
the following.

(i) ZLABC=.LWXY-

Gin = LXYZ=
(ii) AD = = cm

(iv) = WX = cm

Solution:
Since ABCD = WXYZ, then the corresponding vertices match:

AW
B X
C&eY
D Z

(i) ZABC=/WXY=280"

(i) LXYZ=2LBCD=60"(X<>B Y& C, Z<> D)
(i) AD=WZ=2cm((A> W D> 7)

(iv) WX=AB=4cm (Wé> A X5 B)

. PRACTISENOW2 | PO ; gﬁé@%‘&R -
——— | IONS ¢

Exercise 8A Questions 2-3

2em D
AT
\\._6 cm o
“‘.'\ ‘\\\\
5cm’, ~ R
A c
b—""53cm
B
Given that ABCD = PORS, copy and complete each of the following.
(i) PO=AB= cm
() SR=_____ =6cm
(i) PS= = cm
(iv) QR = = cm
) LPQR = = ?
OXFORD
@ Chapter 8 Congruence and Similarity WREFAES S




Worked
Example Are the following pairs of triangles congruent? If so, explain
your answer and write down the statement of congruence.
If not, explain your answer.

{a)

3cm

B
(b} D S
h
Illl‘\
LN
\\
Scm Scm ‘I*. ’\
|I \l‘\
& v
E F T

Solution:

(@) Step 1: Identify the corresponding vertices by comparing the size of the angles.
A€ P(since LA= LP=60")
B> Q (since £B=£Q=70")
C &2 R(since £LC= LR =509

Step 2: Write proper statements using the corresponding vertices identified
in Step 1.

LBAC = LOPR = 60" (notice that the corresponding vertices match)
LABC = LPQR =70

LACB = LPRQ = 50°

AB = PQ = 3 cm (notice that the corresponding vertices match)
BC=0QR=339cm

AC=PR=368cm

. The two triangles have the same shape and size and so AABC = APQR.

(b} In ASTU,
LT = LU = 80" (base £s of isos. ASTU)
£S5 =180" - 80" - 80" (£ sum of ASTL)
=20"
. ASTU does not have any right angle that corresponds to that in ADEF.

- ASTU does not have the same shape as ADEF and so it is not congruent to
ADEF.

OXFORD
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i I SIMILAR
| PRACTISE NOW 3 - | QUESTIONS '

Are the following pairs of triangles congruent? If so, explain your answer and write  Exercise 8A Questions 3al-ic]
down the statement of congruence. If not, explain your answer.

12.2 cm
(a) R — Q
]
10.8 cm //8 cm
(b r
6.13 cm
§ —— - U
:‘ 40
4 cm\ 539 ¢m
T
(c) L X
f,-’60"
Scem / Ko 40° 7
70°
¥
Worked Problem involving Congraent Triangles

In the figure, AABC = ACED.
(@) Giventhat ZBAC =20°, £CDE=60", AB=88 cm
and CD = 10 ¢m, calculate
() LECD,
(i) LICB,
(iil) LARC,
(iv) the length of AC,
(v) the length of AE.
(b) What can we say about the lines AB and DC?

Example

D
60'?\“‘“*%%‘ 10em
l.II HH\M
|I1 : (_'
AT :
D
e

OXFORD
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Solution:
Since AABC = ACED, then the corresponding vertices match:

A C
Bk
CoD

@) ZECD=LBAC(E B C¢2A DEO)
= 20“
() LECB = LACB (from the figure, Z£CB belongs to AABC)
=LODEASSOC, CEo D B3 1)

= 60"
{iii) ZLABC = 180" - 20" - 60°(Z sum of AABC)
= 100°
{iv) Length of AC = length of CD) (4 <= C, C &5 D)
= i0cm
(v) Length of EC = length of BA (1 €= 8.C <> A)
=8Kcm
- Length of AE = length of AC - length of EC
=10-838
=12cm

(b} Since LBAC = £ECD (=207, then AB // DC {converse of alt. £s).

PRACTISE NOW 4

In the figure, AABC = ACDE.

. Iy
{a) Given that ZABRC =38", ZDCE=114°, AC=18cm A
and DE =27 cm, find [\
(i) LCDE, ' ¥
(i) £CED, [\
(iiiy LACH, . \27cm
: QLAY
(iv) the length of BC,
(v) the length of BE. "-\ S %
(b) What can we say about the lines AC and ED? "'\ \*\ A
18 cm\&_
\
L
Y
A '\\.

OXFORD
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I)
[ b
A t H
IS d
c ; a b
/
i
Q

When two lines AR and CD are cut

by a transversal PQ, and

s il La=2b, then AR CD
{converse of corr, £s);

v if La= Lo, then AB 1 CD
{converse of alt. Zs);

w if Le + Ld= 180", then AB VI CD
{converse of int. Zs).

| SIMILAR
: QUESTIONS

Exercise 8A Questions 5-7

Chapter 8 @




BASIC LEVEL

1. Which pairs of shapes are congruent?

TN -8

i o -
. L
- N
p.
L v Z
~2.1em \
35¢cm S g
|
2cm
~ 35em 4 A

Given that PQRST = VWXYZ, copy and complete
each of the following.

@ PO=VW=___  cm

w) PT=___ =2cm

(i) QR = = cm
(i\’) TS= — cm
{(v) SR= = cm
{vi) £ POR = = :

@ Chapter 8 Congruence and Similarity

Given that EFGH = LMNO, write down all the missing
measurements.

Buvl 3cm N M
_f T H 175"
120 I:?\\"'Il'll 2 4 cm II'-II III.-'III#:; '4 cm
T, 'I I'a.____ . 1009 II.-'
5cm

Are the following pairs of triangles congruent? If so,
explain your answer and write down the statement
of congruence. If not, explain your answer.

(@

A
N, 36.9°
" 0 4 em P
.\ o
8 i 36.9°.
\\5 cm
4cm H 3cm
“\ 5cm
'\\. /
B 3cm C R
(b) b
S
18.8cm | \19.7cm I
f \ .I 10 em 80 K!?HS cm
5 Wa [ 307
E i0em F u 19.7 cm T
(c) 14

4 em /C\x

L \
R p Y5.13cm
65 X %’5 \
“a-..___\___%-\-.-- .""'
709 --..-"--\.\_:\;
Z— N Z

M 4 cm

OXFORD




5.

In the figure, AABK = AACK. Given that ZAKB =90’

LACK =62°, AB=17 cm and BK =8 cm, find

(i) £BAC,
(ii) the length of BC.

17 cm

.

In the figure, AABC = ADEC. Given that ZACB=71"
LCDE =34, AC=69 cm and BC =4 ¢cm, find

(iy LABC,
(i) the length of BD.

62°

C

OXFOR

USIVENAIEY PR

ADVANCED LEVEL

7. In the figure, AABC is an isosceles triangle where
AB = AC, BC = 12 cm and ZABK = 58", Given that
AABK = AACH and ZAKC =90°, find
(i} the length of CH,

(i) LBAH.
A
H
58° 5
B K c

Congruence and Simiiarity Chapter 8 @




Fig. 8.5(a)

Fig. 8.5(b) shows the projection of a photograph on a screen using a visualiser.

Fig. 8.5(h)

Two figures are similar if they have exactly the same shape but not necessarily
the same size.

If two similar figures also have exactly the same size, then they are congruent.
In other words, congruence is a special case of similarity.

Class

Discussion

Similarity in the Real World

1. Look around your classroom, science laboratory or school. Find at least
3 different sets of similar objects.

2. Discuss with your classmates other real-life examples of similarity.

OXFORD
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Investigation

Properties of Similar Polygons

The hexagon ABCDEF is increased in size without changing its shape to become the
hexagon A'B'C'D'E'F",

Cl
BI
B C
D
A 5 R R— R
E .
F E
Fig. 8.6 F
1. Measure each of the following pairs of angles.
(@ LA, LA (b) 4B, LB (©) £C, £C
d) 4D, LD (@) LE, LE () LF, LF

What do you notice about the size of each of the above pairs of angles?

2. (a) Measure the lengths of each of the following pairs of sides.
(i) AB A'B (i) BC B'C iy CD, C'Y
(iv) DE, D'F’ v) EF, E'F i) FA, FFA’

(b) Hence, find the value of each of the following ratios.

. AP .. BC o C'D
T W e W en
sy E E'F' o FA
" e v W Fa

What do you notice about the values of the ratios?

From the investigation, we observe that if two hexagons are similar, then

= all the corresponding angles are equal,
e LA= LA, LB=4B, LC=LC, LD=LD, LE=LE, LF=LF,and

= the length of each side of a hexagon is increased by the same factor,

AB _BC _CD _DE _ EF _ FA _t where k is a constant
AB - BC ~ CD ~ DE ~ EF T FA " ‘ o

ie.

In general, we have:

If two polygons are simifar, then

« all the corresponding angles are equal, and
* all the ratios of the corresponding sides are equal.

Chapter 8 @




2 Thinking
@ Time

1.

Fig. 8.7 shows two rectangles.

Ag—————08 A b

ph 1¢c Do : J("
Fig. 8.7

(i) Are all the corresponding angles equal?
(i) Are all the ratios of the corresponding sides equal?
(i) Are the two rectangles similar?

Fig. 8.8 shows a square and a rhombus.

g * o
Po—+—0 / /
S‘L _,,_ER s H R

Fig. 8.8

() Measure the length of the square and the length of the rhombus.
Are all the ratios of the corresponding sides equal?

(i) Are all the corresponding angles equal?

(iii) Are the two quadrilaterals similar?

Fig. 8.9 shows two triangles.

y
¥ /\
XA[ X z

Fig. 8.9

(1 Measure all the angles. Are all the corresponding angles equal?

(i) Measure the lengths of all the sides. Are all the ratios of the corresponding
sides equal?

(i) Are the two triangles similar?

(iv) Arewe able to find two triangles which have equal corresponding angles but
are not similar?

(v) Are we able to find two triangles where the ratios of the corresponding sides
are equal but are not similar?

OXFORD
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From the Thinking Time, we can conclude that:

1. If two triangles have equal corresponding angles or the ratios of the
corresponding sides are equal, then they are similar.

2. If two polygons with four or more sides have equal corresponding angles or the
ratios of the corresponding sides are equal, they may not be similar.
For polygons with four or more sides, the following conditions must hold true
before we can conclude that they are similar.

+ all the corresponding angles are equal, and/
* all the ratios of the corresponding sides are equal.

Identifying Similar Triangles

1. Photocopy the following triangles and cut them out.
2. Which triangles are similar? Explain your answer.

3. (@) Are all right-angled triangles similar? Explain your answer.
(b) Are all isosceles triangles similar? Explain your answer.
(c) Are alt equilateral triangles simifar? Explain your answer.

OXFORD
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Worked
Example

(a) Is AABC similar to APQR? Explain your answer.

L

A -
/ For /
4
£
fo f’
Bt 4V 70°
c
Q

(b) Is ADEF similar to ASTU? Explain your answer.

-

JN

I 8 cm E i

Solution:
{a) ZA=180"-70"-49" (£ sum of AABC)
=§1"
LR =180~ 61"~ 70" (£ sum of APQK)
= 49°
LA=LP =6]"
LB=/40=T70"
LC=LR =49

Since all the corresponding angles are equal, AABC is similar to APQR.

ST 12
b) pp=7g =13

TU 9

EFT 657

St/ 7

Since not all the ratios of the corresponding sides are equal, then ADEF is not
similar to ASTU.

@ Chapter 8

There is no standard notation for
similanity. Do not use the symbol
g for similarity because some
countries use this symbol dor
congruence, Thus we write "AABC
is similar to APQR’".

-
Sop, oy
o,

¥ ADEF is simmilar to ASTU, then
the longest side of ADEF will
correspond [0 the longest side
of ASTU, the second longest side
of ADEF will correspond to the
second longest side of ASTU, and
the shortest side of ADEF will
correspond 1o the shortest side
of ASTU.

Thus we need to compare the
longest side of ADEF with the
longest side of ASTU, the second
longest side of ADEF with the
second longest side of ASTU, and
the shortest side of ADEF with the
shortest side of ASTU.

OXFORIY
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| PRACTISENOWS |

L SIMILAR |
| QUESTIONS |

Exercise 88 Questions 2(a)-(b)

(@) Is AABC similar to APQOR?
Explain your answer.

(b) Is ADEF similar to ASTL?
Explain your answer.

E

WOl'ked Problem involving Similar Figures
Given that AABC is similar to APQR, calculate the values
Example

of the unknowns in the triangles.

Cc
yem
25°
2 7.5 cm Z
Solution:
Since AABC is similar to APQR, then the corresponding vertices match:
AP
B&>Q
C<&R

Since AABC is similar to APQR, then all the corresponding angles are equal.

L X =LQPR
=LBAC(Q> B P A R C)
=25

Jix =25

Since AABC is similar to APQR, then all the ratios of the corresponding sides are equal.

B
.'.—Q-%=2—S(B(—9Q,CHR,A<—->P)

y _75
325

73 32

5
=43

Congruence and Similarity Chapter 8 @




PRACTISE NOW 6 SIMILAR
== = B QUESTICNS

Exercise 8B Questions 1iak-id),
1. Giventhat AABC is similar to 3(ai-b}, 4-5
APROQ, find the values of the

unknowns in the triangles. A

2. Given that the quadrilateral A
ABCD is similar to the
quadrilateral PORS, find the
values of the unknowns in
the quadrilaterals.

6cm

Worked (Similar Triangles in Real-World Context
E 1 Nora stands at point £, 2.0 m in front of a spotlight at point
xamP € A. She is 1.6 m tall and is facing the wall of a building

which is 10.5 m away from her. How tall is her shadow
on the wall of the building?

C
F X-m
1.6 m
A 20m D 10.5m B

Solution:
Let the height of her shadow be x m.

We observe that the AABC and AADE are right-angled triangles with one common
angle A. Hence the two triangles are similar.

Since AABC and AADE are similar, then all the ratios of the corresponding sides are
equal.

AD _ ED
AB ~ CB
2 _16
2+105 ~
2y =1.6(2+10.5)
2x=1.6(12.5)
sx=10m

The height of her shadow on the wall is 10 m.

OXFORD
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PRACTISE NOW 7 SIMILAR
QUESTIONS

Ethan stands 256 cm at point C from a lamp post AB. B Fxercise 8B Questions 6.9

He is 180 c¢m tall and his shadow from the lamp is
144 cm long. Find the height AB, in metres, of the
lamp post.
180 cm
ALl D
256cm C l4d4cm
Worked (Problem involving Similar Triangles)

Given that AXYZ is similar to AXPQ, calculate the values
of the unknowns in the figure.

Example

Solution:
Since AXYZ is similar to AXPQ, then the corresponding vertices match:
X=X
Y= P
Z&5Q
Since AXYZ is similar to AXPQ, then all the corresponding angles are equal.
coa'= LXPQ
=LXYZ(X X, PEY, Q¢ 7)
=70
soa =70

Since AXYZ is similar to AXPQ, then all the ratios of the corresponding sides are equal.

X XP
.‘.—‘X%=W(XHX,Q(—~>Z,P<“') Y)

OXFORD
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@ Chapter 8 Congruence and Similarity

PRACTISE NOW 8
| _QUESTIONS

1.

Given that AXYZ is similar to AXRS, find the 4 X s Exercise 8B Questions 7-8
} . cm . 5cm
values of the unknowns in the figure. v..l 30 7
. m
R kg
Given that AABC is similar to ADEC, find the 7.3cm

values of the unknowns in the figure.

Exercise

BASIC LEVEL

1.

Given that AABC is similar to APQR, find the values G} .
of the unknowns in each of the following pairs of = R

triangles. A 7em  yem Nﬂ
(a) 12cm -.."'_B / . P

2. (a) Is AABC similar to APQR? Explain your answer.

C P
(b) ¢
A ) il 50"
‘?N \E‘a_ AL'.A.--(‘QT"' =20 R
«.\_\_\_\_\H— 1_1 H."""‘-\-\
i B
2B AL
B € 0 R (b) Is ADEF similar to ASTU? Explain your answer.

3.3cm 24cms

(e B / 54cm

IVW P AL Rlens 3.6cm
6cm:\Q,f;cm 5?cm “H‘

OXFORD




3. Given that the quadrilateral ABCD is similar to the ADVANCED LEVEL

quadrilateral PQRS, find the values of the unknowns

in each of the following pairs of quadrilaterals. 7. Given that AABC is similar to AADE, find the values
(a) of the unknowns in the figure.
B 12 cm c
105° / &
Bem
Sﬂ
A ’ 108° zem
D
B. Given that APQR is similar to ABAR, find the values
(b) c of the unknowns in the figure.
% 12
B 0 cm
12cm  9c¢cm Y
100
A . e
14 cm D A 14 cm
4. Two similar water bottles are as shown. Find the RN
values of the unknowns. yom
3cm
) ‘
¥ cm 2 9cm .
e
I e 9. Two ladders AB and PQ are resting against opposite
10 cm walls of an alley. The ladders AB and PQ are 2 m
and 6 m above the ground respectively and T is the
l point where the 2 ladders meet.
N () Given that ATBP is similar to ATAQ, find an
i > B .
Sem Scm expression, in terms of y, for the length of PA.
_ (i) Given that APTM is similar to APQA, find the
5. Twosimilartoy houses are as shown. Find the values length of TM.
of the unknowns.
-""\ r Q
6m
x s
Nm‘T
-
ﬂ Y[y m : xm——>
180 cm 120 |
80 cm cm / O
P M A

6. A pole of height 3m s placed in front of a standing
lamp 10 m away. The length of the shadow of the
pole that is cast as a result of the light from the lamp
is 6 m. Find the height of the lamp.

OXFORD
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L L4
LIl ]

La 1l
[ L BN ]

Similarity,
Enlarg ement and

Similarity and Enlargement
In the previous section, we have learnt that two figures are similar if they have

exactly the same shape but not necessarily the same size. Their dimensions are
in proportion.

Look at Fig. 8.10(a). A letter 'S’ may appear small on a book. If a person uses a
hand lens and enlarges the letter for a clearer view (see Fig. 8.10(b)), the letter
would appear larger.

0.75 cm
R -+ Lt
0.5cm
Scale factor
12¢m _ 075
0.8 cm 0.5
=1.5
L
The letter as it The letter as seen through
appears on a book a hand lens
(a) (b)
Fig. 8.10

{Diagram not drawn to scale)

The larger letter is an enlargement of the original letter ‘S’. We say that the two
letters are similar to each other. The corresponding lengths of the letters are in
proportion. The ratio of length of the enlarged letter to the corresponding length
of the original letter is known as the scale factor.

Another example is the enlargement of a photograph on a screen using a visualiser
(see Fig. 8.5(b) on page 203). The photograph and its projected image are similar.

In Fig. 8.11, AABC is similar to AA’B'C’. We say that AA'B'C” is an enlargement
AB _AC_BC

of AABC with a scale factor of k =

AB ~ AC = BC
Cl
C
B
B
A A’
Fig. 8.11

Chapter 8 Congruence and Simifarity

Draw a triangle ABC where
AB = 8 cm, BC = 6 ¢cm and
AC =4 cm. By using the concept
of enlargement, construct a square
PQRS inside the triangle such that
PQison AB, Ryson BC and S 15
on AC,

C

#y
#O,q‘m o

An enlargement with a scale factor
between 0 and 1 will produce a
smaller image, but it is still called
an enlargement in mathematics,

OXFORD
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WOl’de Problem involving Enlargement of Figures
In the figure, AA’B’'C’ is an enlargement of AABC with a

Example scale factor of 2. Given that AB = 4 cm and AC = 5 cm,
find the length of A’B” and of A’C".

B’
B
A Sem C
A oy

Solution:

AABC is similar to AA’B'C’ under enlargement.
CAB _AC
Y T 2 (scale factor)

. A'B AC _
i.e. T-2and “ =2

LA'R =8cmand A'C' = 10cm

RACTISE NCV SIMILAR
HRAS SE_OW QUESTIONS

1. Inthe figure, AA'B'C’ is an enlargement of AABC with a scale factor of 3. Given  Exercise 8C Questions 1-2,8-9
that AB = 6 cm and AC = 10 cm, find the length of A'B" and of A'C".

B’

6cm

A 10ecm €

A’ &

2. Inthe figure, AXY'Z' is an enlargement of AXYZ with a scale factor of 1.5. Given
that XY =5 cm and Y'Z’ = 12 cm, find the length of XY and of YZ.

y’
Y
/ 12 ¢m
Scm
X z Z

3. A photograph shows Mr Goh, who is 180 cm tall, standing in front of his terrace
house. In the photograph, the height of Mr Goh is 9 cm and that of his house is
22.5 cm. Find the actual height of the house, giving your answer in metres.

OXFORD
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:i+¢ Similarity and Scale Drawings

In our daily activities, we sometimes need to enlarge or reduce pictures or
drawings of actual objects. For example, if we wish to draw a plan of a badminton
court in order to explain the rules of the game, we need to make a much smaller
drawing on paper or on a whiteboard. If we wish to show a diagram of the
apparatus used for the distillation of water, we can enlarge the diagram on a

screen using a visualiser.

Fig. 8.12 shows the floor plan of a house. It is similar to the actual floor of the

house.
2 em 75 ¢m L |
B BEDROOM 1 | BEDROOM 2 KITCHEN
.5 em LIVING ROOM DINING N |
ROOM | BATH-
ROOM

I5cm 1.5 em

Fig. 8.12

The dimensions of the plan are proportional to the actual dimensions of the house.
Fig. 8.12 has been drawn to a scale of 1 emto 2m, i.e. | cm on the plan represents

2 m on actual ground. From Fig. 8.12, we have:
(i) Length of the living room = (3.5 x2) m
=7m
Width of the living room =(1.5x2)m
=3m

(i) Area of Bedroom 1 on the plan=2em x 1.5 cm

Actual area of Bedroom 1= (2x2)mx (1.5x2) m

=12 m?

(iii) Area of the living room = (3.5 x2) m x (1.5 x 2) m

=2 m?

(iv) Total area of the house =(7.5x2)mx(3x 2} m
=90 m?

@ Chapter 8 Congruence and Simifarity

I em

| SIMILAR
QUESTIONS

Exercise 8C Question 10

OXFORD
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.=t Scale Drawings

Let us see one example of how scale drawings can help us to find the information

of the actual object it represents and another example on how we can use graph
paper to draw a scale diagram.

Worked
Example

)

10

iFinding the Scale of a Drawing by Measurements
The diagram shows a scale drawing of an apartment.

() By measuring the scale drawing, find its scale.
(ii) Find the actual length L, in metres, of the apartment.

&

| J

BEDROOM 1 BEDROOM 2

an

/

LIVING ROOM

DINING ROOM

KITCHEN

-\

BATHROOM

BEDROOM 3

96{(0 mm

Solution:
0]

{ii) Plan
I mm

Actual

represents 160 mm
160 mm  represents

=25 600 mm
=256m

(160 x 160) mm

= The actual length L of the apartment is 25.6 m.

OXFORD

By measuring the vertical width, which represents 9600 mm, we get 60 mm
So, the scale is 60 : 9600, which is | : 160.

Congruence and Similarity Chapter 8 @




PRACTISE NOW 10

SIMILAR
' QUES

The diagram shows a scale drawing of another apartment. Exercise 8C Question 3

(i) By measuring the scale drawing, find its scale.

(i) Find the actual length L, in metres, of the apartment.

BATH-
BEDROOM 1 | ROOM

/]
750 em C
NU AN

BEDROOM 2 KITCHEN

\J]

LIVING ROOM

DINING
ROOM

Y

Worked Diaer,
Using graph paper, draw a scale diagram of the figure

Example

shown with a scale o

fi:2.

@ Chapter 8 Congruence and Similarity
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Solution:

Since the scale is | : 2, we use the grid and enlarge each part of the figure by multiplying
the length by 2. For example, the length of the larger rectangle changes from 4 cm to
8 cm. The scale drawing is shown below.

T ™ | I
t 1
T 1 1 1 I 1
i i .
| H 1 |
e A | I—
| i | | ; !
. |
i ' . SO S —1 |
| | : {
| |
" - —.——.—.—.—.—1—- _— ,: ‘ = nciaid
E i .I i ;
! 1 | !
| ! | | |
-
i 1 |
L —_—t ;
] | i
——— g __.+_ ___+ il _T_ __t o T o [ ..I
i
-.-"_FT““" -..,.Eém \.—.—..‘L-___-;-_LLMJ-. .

PRACTISE NOW 11

Using graph paper, draw a scale diagram of the figure shown with a scale of 1 : 2.5.

" I

OXFORD

VRITEELITY FALA

s AL,

SIMILAR
QUESTIONS

Exercise 8C Questions 4{a)-(b}
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In Book 1, we have learnt geometrical constructions. We shall now use scale drawings
to construct quadrilaterals and solve related problems.

Worked 1 2 Using Scale Drawings to Construct Quadrilaterals

B nnle The scale drawing in the space below shows the

p positions of the towns A, B and C. A is due North of

B and C is due East of B.

(i) Given that LBAD = 80" and £BCD =65, find and
label the position of the town D.

(i) A pole P is to be erected equidistant from towns
A Band C.
By constructing perpendicular bisectors, find and
label the position of the pole P.

(iii) The actual distance of AB = 60 km. By measuring
the scale drawing, find its scale.

(W) Hence, find the actual distance from D to the pole
F.

@ Chapter 8 Congruence and Similarity
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Solution:

(i) & (i)

(iii) By measurement, AB = 6 cm on the scale drawing.
Hence the scale is 6cm : 60 km, i.e. 1 cmto 10 km,

(iv})  From part (ii), the distance of D to the pole P=4.3 cm .
The actual distance from D to the pole P=43 x 10 X
=43 km.

I

©  PRACTISE NOW 12 [ SEALSR
4 2 | QUESTIONS

The scale drawing in the space below shows the positions of the towns A, Band C.  Exercise 8C Question 5
A is due North of B and C is due West of 8.

(i) Given that ZBCD =80° and £BAD = 110°, find and label the position of the
town D.

(i) A mast M is to be erected equidistant from towns A, B and C.
By constructing perpendicular bisectors, find and label the position of the mast

M.
(iii) The actual distance of AB is 48 km. By measuring the scale drawing, find its
scale. 4
{iv) Hence, find the actual distance from D to the mast M.
|
|
e B

Congruence and Similarity Chapter 8 @




Worked
Example The scale of a building plan is I cm to 50 cm. Calculate

(i} the actual length of a bedroom if it is represented
by a length of 9.2 cm on the plan,

(ii} the {ength on the plan that represents an actual
length of 28 m.

Solution:

(i) Plan Actual
lecm  represents 50 cm (scale)
92cm  represents (92 x50)cm

=460 cm
=46m
.. The actual length of the bedroom is 4.6 m. h
(ii) Actual Plan
50 cm is represented by 1 em (scale) We should always write what we
1 m (100 cm) s represented by % x 00 cm=2cm ::a:::)lotf::geoz'vraﬁ':ltga;::; '::fe
28m is represented by (28 x 2) em :;: f,t,:?i;::iglr?;'s:;iwr“e hiar:

=56 cm

. The length on the plan is 56 cm.

PRACTISE NOW 13 | SMILAR |
| ' QUESTIONS |

1. The scale of the floor plan of a house is | em to 2.5 m. Find Exercise 8C Questions 11-12, 21

(i) the actual length of the dining room if it is represented by a length of
1.25 cm on the plan,

(ii} the length on the plan that represents the width of a bedroom if its actual
width is 3.4 m.

2. A model of a cruise liner is made to a scale of | cm to 4 m. The length of the
model cruise liner is 67 ¢cm. Find

(i) the actual length of the cruise liner,

{ii) the length of the model cruise liner if it is made to a scale of 1 cm to 10 m.

3. Arectangular school hall is 50 m long and 30 m wide.
(i) Using a scale of | cm to 5 m, make a scale drawing of the school hall.

(ii) From your scale drawing, find the actual distance between the opposite
corners of the school hall.

OXFORD
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-3 Map Scales

Maps are scale drawings of actual land. The linear scale of a map is usually given ata
corner of the map. There are several ways to represent the scale of 2 map. For example,
on a map of Singapore, the scale as shown in Fig. 8.13 may be given.

km

I N N N A I B

0 10 20 30 40 5 6 70 8 90 100
Scale I : 1 000 000 Fig. 8.13

There are two ways to read the scale. If we use a ruler to measure the length from
0 to 10 km, we will find that it is 1 cm. Thus | cm represents 10 km. This is the same
as the scale 1 : 1 000 000. When a scale is given in this form, it means that we have
to use the same units on both sides, i.e. I m: 1 000000 m, 1 km : | 000 000 km or
1 cm: 1000000 cm = 10 km, so | cm represents 10 km.

The scale of 1: 1000 000 can also be represented as a representative fraction (R.F.)

1 1
of 1000 600 - For example, if the R.F. is 555 , the scale is 1 : 200. When we use R.F.,

the numerator must always be 1.

Worked (Problem involving Map Scale
A map has a scale of 1 ¢cm to 3 km.

P*xample (i) Ifaroad has a length of 3 cm on the map, calculate
its actual length.
(i) If the distance between two stadiums is 7.5 km,
find the corresponding distance on the map.
(iiii) Express the scale of the map in the form :I , where
. n is an integer.
Solution:
(i} Map Actual

lem  represents 3 km (scale)

3cm represents (3 x 3) km
=9km %
. The actual length of the road is 9 km.

. We should always wnte what we
{ii) Actual Map want 1o find on the right-hand side.

3km isrepresented by 1cm (scale) Aot O
1 length on the map, we write ‘Map’

L km isrepresented by 5 cm R

7.5km is represented by (7.5 x %)cm

=25cm

. The distance between the two stadiums on the map is 2.5 cm.

(i) 3 km = 300000 cm
1
i.e. the scale of the map is 355600 -
OXFORD
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PRACTISE NOW 14

1. A maphasascaleof | cmto 5 km.
(i) If aroad has a length of 6.5 cm on the map, find its actual length.
(i) If the distance between two towns is 25 km, calculate the corresponding
distance on the map.

(iii) Express the scale of the map in the form ’I—I . where n is an integer.

2. A mapisdrawn to a scale of 1 : 50 000.
(i) Find the actual length that is represented by 2 cm on the map, giving your
answer in kilometres.
(i) Calculate the length on the map that represents an actual length of 14.5 km.

Using the scale of a map, we can also find the actual area of a site from its area on
the map. For example, if the scale of a map is | cm to 2 km, then I cm? on the map
represents an actual area of (2km)* =4 km’ (see Fig. 8.14). Therefore, the area scale
of the map is 1 cm? to 4 km?,

2 km
B -
_,1 il 2km| 4km?
lcm |1l em?
N ) ]

Fig. 8.14

Worked Problem involving Map Drawing
Exam le A scale of 1 cm to 0.5 km is used for a map.
P (i} If a plot of land has an area of 8 cm® on the map,
calculate its actual area.

(ii) If the actual area of a pond is 50 000 m?, find its
area on the map.

Solution:
(i) Map Actual
lem  represents 0.5 km = % km (scale)
e 1 i - ! e
em represents (5 km) =3 km
8cm’  represents 8x %) km?

. The actual area of the plot of land is 2 km®.

@ Chapter 8

SIMILAR
QUESTIONS ¢

Exercise 8C Questions 5-6,13-14

19

-t

For Question 2, "1 . 50 000" is the

same as ‘| em : 30 000 cm’.

OXFORD
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(i) Actual Map

0.5km isrepresented by 1 em _n.
L

i.c. S00m is represented by 1 em

In (ii}, since the actual area of the

I m is I’CprCSCF‘Ith by L cm pond is given in m?, it will be easier
500 to convert the linear scale from km
[ 2 | oy m before finding the arca scale
1m’  isrepresented by |——=cm| =———cm®
P Y500 350000

< 3 ! 2
50 000 m* is represented by (50000 ® 250000) cm

=0.2cem?

.~ The area of the pond on the map is 0.2 em®.

PRACTISE NOW 1 SIMILAR
QUESTIONS

Exercise 8C Questions 7, 1517,
20

1. Ascale of | emto 2 km is used for a map.
(i) 1f a plot of land has an area of 3 cm? on the map, find its actual area.

(ii) If the actual area of a lake is 18 000 000 m’, calculate its area on the map.

2. A triangular plot of land ABC is drawn to a scale of 1 ¢cm to 3 km. Given that
BC =7 cm and AK =4 cm, find its actual area.

A

4 cm

t— Iem——>

Fels

©|| Performance Task

Work in groups to make a scale drawing of an existing or a dream classroom or
bedroom. Present your drawing to the class, explaining the choice of scale used.

OXFORD
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BASIC LEVEL

1. In the figure, AX'Y'Z' is an enlargement of AXYZ 4. Using graph paper, draw a scale diagram for each of

with a scale factor of 2.5. Given that XY =4 cm and the following figures shown with their scales given.
Y'Z =8.75 cm, find the lengths of X'Y" and YZ. &) B2
ZI
. II:. ‘“H‘875 cm | /\
[ T 71N
X 4 cm s Y - ’—-7-"
I'I e o /1,.'/-'_-"" '\-\,\.‘
:;_F_,.--" ol R TN Y
X } ~
..--'" T

2. In the figure, PPQ'R'S’ is an enlargement of PQRS
with a scale factor of &.
(i) Given that PQ =8 ¢cm and P'Q’ = 16 ¢m, find
the value of k.
(i) Giventhat QR =4 cm and SR’ = 14 ¢cm,
calculate the length of ¢'R" and of SR.

th)y 1:05

. B
14 (,7_11_____1\k )
SF_F_ e 'x\ ‘S.‘-- i
/ i _\‘.4 om
|II \ III ;
P’ 16 cm

3. The figure shows a map of Singapore. The actual
length of Singapore from the North to the South is —_—

28 km.

(i) By taking measurements, find the scale of the
map.

(i) What is the actual distance between the East
and West of Singapore which is represented
by x ¢m on the map?

xem

5. The diagram shows a scale drawing of a field
ABCD. itis drawn to a scale of 1 cm to 25 m.

Aer o - D

28 km

@ Chapter 8 Congruence and Similarity




10.

(@) On the diagram, construct

(i) the angle bisector of 2C,

(ii) the perpendicular bisector of CD.
(b) A treasure is hidden in the field.

(i) Itis equidistant from the points Cand D and
is equidistant from the lines BC and CD.
Mark and label the point X, the position
where the treasure is hidden.

(ii} Find the actual shortest distance of the

treasure from the corner A. Give your answer
in metres.

A map of Singapore has a scale of 1 cm to 250 m.

(i) Given that the Tuas Second Link has a length
of 7.68 cm on the map, find its actual length.

(i) Given that the actual width of the Tuas Second
Link is 25 m, calculate the corresponding width
on the map.

: !
(iii) Express the scale of the map in the form -,
where n is an integer.

A map is drawn to a scale of 1 : 20 000.
(i) Find the actual length that is represented by

| . .
Sicm on the map, giving your answer in
kilometres.

(iy Calculate the length on the map that represents
an actual length of 100 m.

A scale of | cm to 8 km is used for a map.

(i) If a forest has an area of 5 ¢cm® on the map, find
its actual area.

(ii) If the actual area of a park is 128 km’, calculate
its area on the map.

In the figure, AAB'C’ is an enlargement of AABC
with a scale factor of 3. Given that BC" = 12 cm and
BB’ =6 cm, find the length of BC and of A8’

B'

.
Al \\“\ cm
i &

i}
\\
S -t
(& o

A

In a television commercial, a toddler of height
75 cm is standing next to a tin of milk of height 24 cm.
If the height of the toddler is 25 cm on a television
screen, find the height of the tin of milk on the screen.

OXFORD

11. The figure shows the floor plan of an apartment
which has been drawn to a scale of 1 cmto 1.5 m.
Find
(i) the actual dimensions of Bedroom 1,

(i} the actual area of the kitchen,
(ii) the actual total area of the apartment.

2.5cm 1.3cm

\J

LIVING ROOM

BATH-
BEDROOM 1 | rooM

C

| J[\d
] cm DINING
BEDROOM 2 KITCHEN ROOM
1em 1 |':l.."|'IL X5¢cm I

12. On the floor plan of an apartment, the length of a
bedroom is 12 cm. The actual length of the bedroom
is3m.

(i) What is the scale used?
(i) Find the width of the living room on the floor
plan if its actual width is 425 cm.

13. A model of the Marina Bay Sands Tower 1 is made
to a scale of 1 cm to 15 m. The height of the model
tower is 42.4 cm. Find
(i) the actual height of the tower,

(i) the height of the model tower if it is made to a
scale of 1 em to 12 m.

14. A map of Singapore has a scale of 4 cm to 5 km.
The distance between Paragon Shopping Centre and
Plaza Singapura on the map is 1.12 em. Find
(i} the actual distance between the two shopping
centres,

(i) the distance between the two shopping centres
on another map of Singapore that is drawn to a
scale of 1 : 175 000.

Chapter 8 @




15. The figure shows a map of the Tampines Mountain
Biking Trail. The scale is given in the form of a bar
at the hottom of the map, showing 0 m to 300 m.

= X
(""i \h—’,(\\
\ s
3 et
- ~
" Tampines Mountain®
~_ Biking Trail .
_——— x.—.
c— T
N =1 R
s Id [ Bt rd
et o T
o 1
- BN
\__. \
T R
TAMPINESAVE /1 | nglg
~
Vol
v F
Y [ /9
]
rl} I PD_’ N
[ =
)
0 100m  200m  300m -

(i) Express the scale of the map in the form 1 : x,

where n is an integer.

(i) Estimate the actual distance XY of the biking

trail.
(iii}Khairul cycles from X to ¥, but he discovers
that the actual distance XY is about 350 m.

Suggest a reason why the actual distance XY

is different from your estimate in (ii}.

16. A map has a scale of 1 ¢cm to 500 m.

(i) Express the scale of the map in the form 1 : n,

where n is an integer.

(ii) If the distance between two districts is 28 km,
find the corresponding distance on the map.

(il If a jungle has an area of 12 ¢m® on the map,
calculate its actual area in square kilometres.

17. A map is drawn to a scale of 1 : 240 000.

(i) If a scawater lake has an arca of 3.8 em”on the
map, find its actual area in square kilometres.
(i) If the actual area of a plot of land is

2 908 800 m’, calculate its area on the map.

@ Chapter 8

18. The Old Trafforel soccer field in Manchester, England,
is drawn to a scale of | em to 5 m. Given that the
length and the breadth of the soccer field on the
scale drawing are 21 em and 13.6 cm respectively,
findl its actual area in square metres.

21 cm

Y

13.6 ¢m

ADVANCED LEVEL

19. Use the map of South Malaysia to answer the
following questions. You may use a ruler to measure
the approximate distances between any two places
before finding the actual distances from the given
scale.

4
f

|
Kuantan® '\I

|
\1 *Kuala Lumpur II'I

|
¢

; Segamat
Port Dickson =C8

Melaka =

Batu Pahat

'\ngér Bahru
(A

Singapore

km

[ | |

0 60 120 180 240 300 360

(i) Express the scale of the map in the form :
where n is an integer.

(ii) Find the actual distance between Singapore and
Kuantan.

(i) How much woulcl it cost to hire a taxi to travel
from Melaka to Kuala Lumpur if the taxi fare is
60 cents per kilometre?

¢

OXFORD
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(iv) Calculate the time taken for a carto travel from 21, A triangular field ABC is such that AB = 90 m,

Batu Pahat to Port Dickson if its average speed BC=70m and AC=85m.
is 60 km/h, giving your answer in hours and (&) Using a scale of 1 cm to 10 m, make a scale
minutes, drawing of the field.

(v) A train takes 4 hours to travel from Johor Bahru (i) From your scale drawing, find the actual distance
to Segamat. Find its average speed, giving your from B to the point K, where K is equidistant from
answer in km/h. A, Band C.

Hint: Points on the perpendicular bisector of AB
20. On a map drawn to a scale of 1 ¢m to 500 m, a are equidistant from A and B.

rectangular plot of land has a breadth of 8 cm and a
length that is 175% of its breadth. Find its actual area
in hectares. (1 hectare = 10 000 m?)

1. Two figures are congruent if they have exactly the same shape and size.
They can be mapped onto each other under translation, rotation and reflection.

2. Afigure and its image under a translation, a rotation or a reflection are congruent i.c. all corresponding angles
and corresponding sides are equal.

3. Two figures are similar if they have exactly the same shape but not necessarily the same size.
If two similar figures also have exactly the same size, then they are congruent. In other words, congruence is
a special case of similarity.

4. If two polygons are simifar,
* all the corresponding angles are equal, and
* all the ratios of the corresponding sides are equal.

A figure and its image under an enfargement are similar.

Wl

¢ An enlargement with a scale factor greater than I produces an enlarged image.
+ An enlargement with a scale factor between 0 and 1 produces a diminished image.
* An enlargement with a scale factor of / produces a congruent image.

6. If the linear scale of a map is 1 : x, it means that | cm on the map represents x cm on the actual piece of land,
and the area scale of the map is 1 : ",

OX_}-'_OI_{I
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Review.

@y& Exercise

1. Are the following pairs of triangles congruent? If so, explain your answer and write down the statement of
congruence. If not, explain your answer.

{a) (b}

S

1

6.4 cm {

~ |
- 5¢m

3 , |

67 Ja). 8

6em 7,
B 12 cm c

2. ltis given that the quadrilateral ABCD is congruent to the quadrilateral PORS, £A = 100°, £B =70,
£C=95"and PQ =6cm.
(i) Write down the length of AB.
(i) Find £5.

3. Inthe figure, AABC = AAKH. Given that LBAC =52,
LAHK =36, AB=6cm and AH =102 c¢m, find
(i) LAKH,
(i) the length of KC. 10.2 em
A

[
52°
fcm
B

36"
K

4. In the figure, AABC = AAHK. It is given that ZBAC = 53", C
LAHK =90, AH = 6 cm and the area of AABC is 24 cov’.
(i) Write down the size of LABC. ///
(i) Write down the length of AB. Hence, find the length of BC. H
iii) Calculate ZBXK. ’/\’}\
e 6¢m X
/? I\\\\\
530
"4 4 A L K

OXFORD
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(@) 1s AABC similar to APQR? Explain your answer.

\ /
H P

\QZ;{ f’:zé\%\_
0 A0 N .

(h) Is ADEF similar to ASTU? Explain your answer.

S4cm S

D
6.84 cm

3cm 6 cm

E
38cm F U

Given that ALMN is similar to AZXY, find the values of the unknowns in the triangles.

X
oo 9em TN
10 cm
- z < N \,
L <( e F 37\\
6cm M ) - Q}r

Given that the quadrilateral ABCD is similar to the quadrilateral PQRS, find the values of the unknowns in
the quadrilaterals.

A _8(:n1_1B

P 6 cm Q
12 cm
ycm
f[ x° 85°
1
0D C Ay ‘ R
OXFORD
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8. Itis given that AABC is similar to APQR, £A =60°, AB=6cm, AC =8 cm and PR = 10 cm.
(i) Write down the size of 2P,
(i) Find the length of PQ.

9, A model of an aircraft is made to a scale of 1 : 80,
(i) If the wingspan of the model aircraft is 25 cm, find the wingspan of the actual aircraft, giving your
answer in metres.
(i) If the length of the actual aircraft is 40 m, calculate the length of the model aircraft.

10. A model of a block of flats of The Pinnacle@Duxton housing project is made to a scale of 2 cmto 7.5 m. The
height of the model block of flats is 41.6 cm. Find
(i) the actual height of the block of flats,
(ii) the height of the model block of flats if it 1s made to a scale of 5cm to 12 m.

11. A map has a scale of 4 em to 1 km.

. . | . .
(i) Express the scale of the map in the form 5+ where n is an integer.

(i) If a river has a length of 3 cm on the map, find its actual length, giving your answer in kilometres.
(i) If the distance between two towns is 8 km, calculate the corresponding distance on the map.

12. A map of Singapore is drawn to a scale of 1 : 180 000.
(i} Given that the length of the Circle Mass Rapid Transit Line is 35.7 km, find the corresponding length on
the map, leaving your answer correct to 2 decimal places.
(i) Given that the distance between Sentosa and Changi Ferry Terminal is 13.5 cm on the map, calculate the
actual distance between Sentosa and Changi Ferry Terminal, giving your answer in kilometres.
(iii) The actual area of the Sentosa Island is 5 km?*. Find its area on the map, leaving your answer correct to
2 decimal places.

13. Amap has a scale of 2 ¢cm to 3 km.
(i) Express the scale of the map in the form t : n, where n is an integer.
(i) If the distance between two towns is 7 cm on the map, find the actual distance between the two towns,
giving your answer in kilometres.
(i) If the actual area of a lake is 81 km?, calculate its area on the map.

14. A map of a region of Singapore is drawn to a scale of 1 : 25 000.
(i) If two Town Councils are 3.5 km apart, find the corresponding distance on the map.
(i) A reservoir has an area of 16 cm® on the map. Calculate its actual area in square kilometres.

15. The floor plan of the basement of a shopping centre is drawn to a scale of 1 : 400.
(i) H a corridor has a length of 24.5 em on the plan, find its actual length, giving your answer in metres.
(i) A fast food restaurant occupies a floor area of 400 m*. Calculate its area on the plan.
(iti) If a supermarket has an area of 0.25 m* on the plan, find its actual area in hectares.
(1 hectare = 10 000 m?)
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Challenge
Yourselt

1. In the figure, APD and BPQ are straight lines. AB, PC and QD are perpendicular to BCD. It is given that
AR =4dcmand gD =6cm.
(i) Name three pairs of similar triang|es.
(ii) Find the ratio of the length of BC to the length of CD.

fBem

“p

2. The figure shows an equilateral triangle inscribed inside a circle, which is inscribed inside a bigger equilateral
triangle. Find the ratio of the area of the bigger triangle to that of the smaller triangle.

QuroRD
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Geometrical Transformation

The picture shows escalators in 2 buiiding for moving peeple from
one floor to another. Translation is illustrated by the motion of
escalators in shopping centres, the movement of lifts i high rise
buildings etc. What other examples can you think of?
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Fig. 9.1 shows the triangle ABC undergoing a reflection in the linex=3 to produce. the image A'B'C". |

¥
F 3
4——.
2*
B<_|
"\‘_\_‘\
"1!
—
0 [ 2

Fig. 9.1

A reflection is defined by its axis of reflection or the line of reflection or simply, the mirror line. In Fig. 9.1, this
mirror line is x = 3.

(1) In Fig. 9.1, AABC (read in anticlockwise direction), when undergone reflection, becomes AA'B'C’ (read in
clockwise direction), i.e. the sense is reversed. We say that reflection does not preserve oricntation,

{(2) Under reflection, the shape and size of an image is exactly the same as its original figure. We call this rigid
transformation an isometric transformation, In other words, AABC is congruent to AA'B'C’.

(3) The line of reflection is the perpendicular bisector of the line joining any point and its image (e.g. AA” and B8’
in Fig. 9.1}

(4) Any point on the mirror line undergoes no change. We say that these points are invariant, In the case of
Fig. 9.1, Cis the only invariant point, a point that does not undergo any change in a transformation.

From (3), we know that the line of reflection passes through the midpoints formed by the line segments AA” and
BE'. We can obtain the coordinates of the midpoints from observation, using geometrical construction to locate
the perpendicular bisector or by using a formula.

Given two points P(x, ¥ ) and Q(x,, ¥,) where PQ forms a straight line,

the coordinates of the midpoint of P and Q are (%%)

OXFORD
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¢ Equation of the Line of Reflection

Earlier in Chapter 2, we have learnt how to find the gradient and y-intercept of
a straight line and subsequently, obtain the equation of a straight line. In this
section, we shall take a look at how we can obtain the equation of the line of
reflection.

Fig. 9.2
Fig. 9.2 shows the line segment AB and its image A’B’, where A, B, A’ and B’
are the points (1, 3), (2, 6), (3, 1) and (6, 2) respectively.
We can obtain the line of reflection using observation, geometrical construction
or the formula for midpoint.

Using Geometrical Construction:
Join Ato A" or B to B and construct the perpendicular bisector { of AA’ or BB’

Using the Formula for Midpoint:

Midpoint of AA’, i.e. (1:—3 %): 2,2

2+6 6+2
2 ‘T)=(4'4)

We can obtain the line of reflection by joining the two coordinates i.e. (2, 2)
and (4, 4) using a ruler,

Midpoint of BH’, i.e. (

Recall that the equation of a straight line is in the form y = mx + ¢, where the
constant m is the gradient of the line and the constant ¢ is the y-intercept.

From Fig. 9.2,
Vertical change (or rise) =4 -2
=P
Horizontal change {or run} =4 -2
Gradient of I, m = ¢
run
_ 2
T2

=1
y-intercept, ¢ =0
Hence the equation of the line of reflection is v = x.

OXFORD
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Given that the line of reflection,
! bisects AA” and B, { will pass
through the midpoints of AA" and
BE'.
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i " SIMILAR  J
PRACTISENOW & . QUESTIONS

Excrcise YA Questions 67, 14

The figure below shows the line segment CD and its image C'D’, where €, D, 7
and D' are the points (2, 3), (3, 7), (3, 2) and (7, 3) respectively. Find the equation of

the line of reflection.

¥
A D
ol
.'l
4+ -,a"
f
C _fﬂ:*”ffﬂ
2 c
| 1 1 -
1 1 T P
0 2 4 6

- Thinking
@ Time

Fig. 9.3 shows a point A under reflection in two lines / and m. We represent the
reflectionin line /by M, and that in line mby M_. Hence M, M (A) represents a reflection
of point A in line [ followed by line m whereas MM (A) represents a reflection of

. - - . [AIP
point A in line m followed by line /. N
In most instances, we use symbuls
10 represent transformations in
order to simplify statements
For example, if we represent
the enlargement with centre
origin and scale factor 2 as E
and a reflection about the v-axis
as M, then ME represents the
da transformation of an enlargement
followed by a reflection and EM
represents a reflection followed
by an enlargement, MM {normally
written as M*] represents a reflection
f | iollowed by another reflection,
& M M (A) Evhiic EE {E°) is an enlargement
mE [ iollowed by another enlargement.

MM, (A)e

Fig. 9.3
What do you notice abhout the two points represented by M_M (A} and MM (A)?

From Fig. 9.3, we observe that the images of M, M(A) and MM _(A) are not the same.
Therefore, we can conclude that the combination of reflections is not commutative.

OXFORD
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Worked -
E 1 The coordinates of A and B are (-2, 2) anct (1, 4) respectively. The line joining A and
XamP € B is reflected in the x-axis to A’B’.
(i) Find the coordinates of A" andt B,
A'B" is then reflected in the line x =3 to give A”B".
(i9) Find the coordinates of A and B”.
Show your working on a sheet of graph paper.

Solution:
J From the graph, the coordinates of A" are (-2, -2) and those
. ',r——l_.—::; i r 1 - of B are (1, -4). A" is the point (8, -2) and B"" is the point
B, 4| | (5, 4.
4__4_?. A B, { L 1 red ]
7
. g .
A(-2,2) '
—— >
=2 4 6 8
| A4 2.1 S . ol
e
x\ e
TR Jl_..-d.—::"ﬂu._ 1. 7 !
|

PRACTISE NOW 1 Ql?liikg!f%?ls

The coordinates of A and B are (-3, 1) and (=1, 5) respectively. The line joining A Fxercise 9A Questions 1-5, 8-10,
and B is reflected in the x-axis to A'B’. R

(i) Find the coordinates of A" and B'.

A'B’ is then reflected in the line x = 2 to give A"B".

(ii} Find the coordinates of A" and B"".

Show your working on a sheet of graph paper.

OXFORD
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Worked
Example

Find the equation of the image of the line 2y = x + 4 under a reflection in the
(a) v-axis, (b} v-axis, (©) linex=1,

by showing your working on a graph paper.

Solution:

Let AB represent the line 2y = x + 4.
(@) Under reflection in the x-axis, the point A is mapped onto A'(0, -2) and the point B is invariant.

Gradient of A5 = %€ = _ |
run 2
y-intercept = -2
Hence, the equation of A'Bis v = — i x=2.

e 2v=-v—-4or2v+ry=-4

{b) Under reflection in the y-axis, the point A is invariant and the point B is mapped onto B"(4, 0).

Gradient of AR = ™€ = _ 1
run 2

y-intercept = 2
Hence, the equation of AR is y = - é r+2,ie2v+r=4

(¢) The images of A and B under reflection in the line v =1 are A”'(2, 2) and B"'(6, 0) respectively.

Gradient of 4B = ¢ —_—
run 2

y-intercept = 3

Hence, the equation of A"'B™ is v = —; v+3 e 2v+x=0.

: SIMILAR
PRACTISE NOW 2

Find the equation of the image of the line 3y = 4x + 12 under a reflection in the Exercise 9A Question 11
(a) x-axis, (b) v-axis, () linex=3,
by showing your working on a graph paper.

OXFORD
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" Exercise

9A

BASIC LEVEL

1.

Write down the coordinates of the reflection of each
of the following points in
(@) the x-axis, (b) the v-axis, and
(¢) theliney=nx.
() (3,4)
(iv) (=3, )

iy (3, 3)
vy (p, @)

(i) (-1, 3)
) (3,-2)

(a) State the coordinates of the final image when
the point A(-1, 3) is reflected in
(i) the x-axis and then in the line y = 4,
(i) the line y = 4 and then in the x-axis.

(b) Is the answer in (i) the same as that in (ji)?

State the coordinates of the reflection of the point
(3, 2) in the linex =2,

The reflection of the origin in the line v = v - 2 is
the point @'. On a sheet of graph paper,

(i) drawthe linev=1x-2,

(i) find the coordinates of O'.

The point P(2, 1) is transformed by M, a reflection
in the y-axis and then M., a reflection in the line x = 4.
Give the coordinates of

M M(P), (i) M,P),

(i) M M,(P), (iv) MM (P).

Under a reflection, the point (3, 5) is mapped onto

(5, 3).

() Find the equation of the line of reflection,

The point (5, 3) is then reflected and the coordinates

of the final image is (-5, 3).

(i) Find the equation of the line of the second
reflection.

The point A and its image A’ under a reflection
are given below. Plot the points A and A’ on a sheet
of graph paper, construct the line of reflection and
find its equation in each case.

@ A(1, ), A'(3, 1) (b)Y A(1, -1), A'(1, 9)

(0 A2, 1), A'(0, 3) (d) A0, 1), A'(1, 2)

(e) AQ, 1), A2, 1) (A1 1), A3, -

10.

11.

The point A(3, 4) is reflected in the line x = 2 and

then reflected in the line y = 1.

(i) Find the coordinates of the image of A under
these two reflections.

(i) State the coordinates of the point which remains
invariant under these two reflections.

Find the coordinates of the image of the point
A(2, 3) under a reflection in the line x = 6 followed
by a reflection in the line v = x by showing your
working on a graph paper.

The image of the origin under a reflection in the
line ¥ =x+2 is point A. On a sheet of graph paper,
(i) drawtheliney=x+2,

(i) find the coordinates of A.

Find the equation of the line onto which the line
v =3x+ 2 is mapped under a reflection in the

(a) x-axis, (b) y-axis,

(€ linex=2,

by showing your working on a graph paper.

ADVANCED LEVEL

12,

13.

(@) State the coordinates of the final image when
() the point A(1, 4) is reflected in the line
y = x followed by another reiflection in
the line v+ y =6,
(i) the point A(l, 4) is reflected in the line
x+yv=06andthenin the line y = x.
(b) Is the answer in (i) the same as that in (ii)?
{c) State the coordinates of the invariant point
under these two reflections,

(@) State the coordinates of the final image when
(i) the point A(1, 2) is reflected in the line
x + v =6 followed by another reflection in
the line x =4,
(i) the point A(1, 2) is reflected in the line
x =4 and then in the line x + v = 6.
(b) Is the reflection commutative in this case?
(c) State the coordinates of the invariant point
under these two reflections.

Chapter 9 @
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Fig. 9.4

The kite PQRS in Fig. 9.5 is rotated through 180° about P(0, 2). The image is P’Q'R’S’. Notice that P is invariant

under the rotation.

¥
F
,a__-
5 )
g P_,_,x”" /\
R b3 /)R
—~ 1 3
[0 4 s
1 [ I ] [
T T 1 —
4 =2 0 2 4
Fig. 9.5
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Geometrical Transformation
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- @Tbinking
;}/ Time

Can the transformation in Fig. 9.5 also be a reflection? Explain your answer.

From the Fig. 9.4 and Fig. 9.5, we observe the following:

1. Rotation can either be clockwise ar anticlockwise. A 90° rotation represents an
anticlockwise rotation and a —90° rotation represents a clockwise rotation.
Hence, a 2707 rotation is equivalent to a =90° rotation.

y

E

I >
W/ o00

2. A 180° rotation is sometimes referred to as a half turn.

3. In a rotation, every point of the original figure is rotated through the same angle
about the centre of rotation. If the centre of rotation lies on the figure, then it is
the invariant point.

4. Rotation preserves orientation, size and shape and it is an isometric transformation.

5. We represent rotation with R. If R represents a rotation of 90°, then R? represents
a rotation in the same direction with twice the angle of rotation i.e. rotation of
180° and R™' represents a rotation in the opposite direction i.e. rotation of -90°,

OXFORD
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'+ Locating the Centre and Angle of Rotation

Fig. 9.6 shows the construction of the centre of rotation.

Fig. 9.6

Step 1: Join A to A" and construct the perpendicular bisector m .

Step 2: Join C to C’ and construct the perpendicular bisector m.. (You may join £ to 8 and do the same.)
Step 3: The point of intersection of m, and m,, R, is known as the centre of rotation.

Step 4: To find the angle of rotation, join AR and A'R. ARA' is the angle of rotation in the clockwise direction.

- Thinkin
@ Timg

Explain why the centre of rotation lies on the intersection of the perpendicular bisector of AA” and of CC".

OXFORD
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Worked Problem involving Rotation

Example

Using a scale of | cm to represent 1 unit on both axes, draw AABC and APQR with
vertices A(2, 2), B(3, 3), C(1, &), P4, 2), O(5, 1) and R(6, 3).

(@) AABC is mapped onto ALMN by a 90° clockwise rotation with centre of rotation at

(0, 3). Draw ALMN and label the vertices clearly.

(b) AABC isthe image of APQR under a rotation. Find the centre of rotation by construction

and state the angle of rotation.

Solution:
(a) The vertices of ALMN are Li—1, 1), M(0, 0) and N(I, 2).
¥
- | !
m, -
|
|
Lé
| Y
o MEEasea o AR TR A

(b) Linem isthe perpendicular bisector of AP while line mi. is the perpendicular bisector
of BQ. The point of intersection of these two perpendicular bisectors K(3, 1) gives
the centre of rotation. Join AK and PK. The angle of rotation is 90° anticlockwise,

PRACTISE NOW 3 £

Using a scale of | cm to represent | unit on both axes, draw AABC and APQR with
vertices A(1, 6), B(4, 5), C(1, 4), P(7, 6), Q(6, 3) and R(53, 6).

(@ AABC is mapped onto ALMN by a 90° anticlockwise rotation with centre of
rotation at (0, 5). Draw ALMN and label the vertices clearly.

(b) APQR is the image of AABC under a rotation. Find the centre of rotation by
construction and state the angle of rotation.

OXFORD

SIMILAR |
QUESTIONS |

Exercise 98 Questions 1-9
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~“Exercise

9B

BASIC LEVEL

1.

O

The vertices of AABC are A(3, 1), B(4, 1) and C(4, 5).
AABC is mapped onto APQR by a 90° clockwise
rotation about the point (2, I).

On a sheet of graph paper, draw and label APQR
on the same diagram.

Given that P is the point (2, 4), Q is the point (4, -1)

and R is the point (-1, ), find

(a) the image of P under a clockwise rotation of
90° about R,

(b) the image of Q under an anticlockwise rotation
of 90° about #,

(c) the image of R under a 1807 rotation about Q.

Find the coordinates of the image of the point
(1, 4) under a clockwise rotation of

{a) 907 about the centre (4, 2),

(b) 180° about the centre (4, 2).

If R represents an anticlockwise rotation of 240°
about the origin, describe R* and R*.

The coordinates of AABC are A{4, 1), B(6, ) and

C(4, 6) while the coordinates of its image AA'B'C’

under a rotation are A'(Q, ~1), B'(=2, -1} and

C'(0, -6). On a sheet of graph paper,

(i) draw AABC and AA'E'C,

(i) find the centre of rotation by construction and
state the angle of rotation.

Chapter 9

o
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0

(@) Triangle A can be mapped onto triangle B by
a rotation. Find
(i) the coordinates of the centre of rotation,
(i) the angle of rotation.

(b) Triangle C can be mapped onto triangle A by
a rotation. Find
(i) the coordinates of the centre of rotation,
(i) the angle of rotation.

(€) Triangle B is rotated through 90° clockwise about
the point (4, 6). Find the coordinates of the
vertices of the image of triangle 8.

ADVANCED LEVEL

7

Find the equation of the image of the line y =.x+2
under a clockwise rotation of 90° about the origin.

Under a rotation, the line P'Q" is the image of the
line PQ. Given that their coordinates are P(1, 1},
o1, 4, P'(3, Hand Q'(k, 1), where k>0, find

(1) the value of &,

1

(i) the image of the point :fl. 25

L1

(iii) the coordinates of the point whose image is

{1 3
fﬁ‘q'

OXFORD




9. The triangle A'B'C is the image of the triangle ABC under a clockwise rotation
of 25° about C. Calculate, giving your answer correct to the nearest 0.5°,
@ CAA’, (b) ACH'. A

60 mm

40 mm

Fig. 9.7
Fig. 9.7 shows AABC being translated to AA'B’C’. A translation is isometric and it preserves orientation.
We represent the translation, T, of point A to A’ by writing T(A).

- @Thinking
}/ Time

Can there be invariant points under a translation?

O;(}»‘(_)RD
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. a . .
A translation can be represented by a column vector ( b J where ¢ and b is the number of units moved along the

’ !
0 . e - o . o 1 A |
v- and v-axes respectively. In Fig. 9.7, the vector equation representing the translation is ( , ]= l + | ff |
i 3} L) b

i

a | - X . 1
where | i | is the translation vector and ( v ] is the image of( ; ]
v\ 7 &
For column vectors,
( P r p+r Iy r p=r
o= ~|and -1 1=
\ 4 B g+ ] s I

In this section, we will apply only the basics of vectors, specifically column vectors. Vectors, as a whole, will be

covered in Book 4.

Worked Problem Involving Translation
F 1 The vertices of a quadrilateral are A(t, 1), B(2, 6), C(6, 4) and 1)(5, 2). Find the coordinates
-Xample of the vertices of the image of the quadrilateral ABCD under a translation T, represented

oz A

by | _43 l Find the image of the new quadrilateral if it undergoes another translation
; .

T, represented by [ ; . Show your working on a sheet of graph paper.

!
4

Solution:
The image of the quadrilateral ABCD is obtained as shown below.

y' [ B "

i
e[ [
|

[FS I
—— T

6 4 10
TC) = -
(O=1{, J* -2) !
5 )
=3 )[4 )-( 5
: OXFORD
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Therefore, the coordinates of the vertices of the image are A’(5, -2), B'(6, 3), C'(10, 1) and D'(9, -1). The image
of the quadrilateral A’B'C’'D’ is plotted on the figure above. The image of the new quadrilateral A"B"C"D"
under T, is obtained similarly.

o= 3} )-(1)
e (1)
T:(C)= 110]"'[2

%

T(D)= _91 ]*( 6 ]z( ]51 )

The vertices of the image of the new quadrilateral, A"(7, 4), B"(8, 9), C"(12, 7) and D)"'(11, 5), are plotted on the
figure above.

| SIMILAR
PRACTISE NOW 4 [ QUESTIONS

The vertices of a quadrilateral are A(1, 1), B(2, 4), Ci4, 4) and X5, 1). Find the  Exercise 5C Questions 1-2
coordinates of the vertices of the image of the quadrilateral ABCD under a translation T,

represented by ( _32 ) . Find the image of the new quadrilateral if it undergoes another

translation T, represented by ( i ] . Show your working on a sheet of graph paper.

- @Thinking
a/ Time

(@) Would the resuit be the same if T, is performed first in Worked Example 4?

(b) Can you give a single vector that would produce the same result as the two successive transformations?

Journal
Writing

Find out about Escher’s tessellations and the transformations he used in his tessellations.

OXFORD
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Worked Prabiem involving Translation

. . 2 ) . . .
Example T is the translation ( ‘; ]and T, is a translation that will move the point (1, 2) to (=2, 5).

(i Find the image of the point A(7, 4) under T,.
(i) Find the translation vector represented by T,

(iii) What is the image of the point B(8, -4) under T 2

Solution:
@) A =T/A)

2y (7))
=z+i4|
: et
()
ﬂ?)

.. Image of A under T is (9. 7).

(i) Let the translation vector of T, be L ;" ]
=2 _ [ a N |
s 17 La 2
a -2 B |
b 5 2

-3

=1 | \

|
.. The translation vector of T, is 5 I
B Y.

e

(i) ' = T(8)

(1)

.. The image of B under T, is (5, -1).

o : T SIMILAR

(1

T isthetranslation[ i
| 5 ]

: . . . Excrcise 9C Questions 3-4, S{al-ic)
and T, is a translation that will move the point {3, 2)to (5, 7).

'}

(i) Find the image of the point A(2, 4) under T,.
(ii) Find the translation vector represented hy T
(i) What is the image of the point 8(6, - 3) under T ?

OXFORD
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v Exercise

9C

BASIC LEVEL

1.

The vertices of a quadrilateral are A(2, 1), B(3, 3),
C(5, 3) and D(5, 2). Find the coordinates of the
vertices of the image of the quadrilateral ABCD

5 .
under a translation T, represented by ( 4 } Find

the image of the new quadrilateral if it undergoes
-2
another translation T, represented by ( | )

Show your working on a sheet of graph paper.

The vertices of APQR are P(1, 3), @(7, 5) and
R(2, 0). Find the coordinates of the vertices of
the image of APQR under a translation T represented

w2

A translation T maps the point (6, 2) onto the point
(2, 7) and the point (I, —5) onto the point P.

Find the column vector representing the translation
T and the coordinates of the point P.

[Summary]

I Y : .
T is the translation | ; |,A is the point (2, 4), B is

(p, ¢y and Cis (h, k)..
(i) Find the coordinates of the image of the point
AunderT.

(ii) Given that T(8) = A, find the value of p and
of ¢.

(i) Given that T (A) = C, find the value of i and
of k.

(iv) Find the coordinates of the point D such that
TAD) = A.

Under a translation T, the image of the point
(5, -1 is (2, 3). Under a translation T,, the image of
the point (-2, 5) is (4, -5). Find the image of the
point (7, 6) under the following transformations.

(@ T, (b) T,
(©TT, (d) T.T,
@Tk

An object can undergo any of the following three isometric transformations.

1.

e

Under a reflection, a figure and its image are symmetrical about the mirror line. A reflection does not preserve

orientation. Points on the mirror line are invariant.

A rotation is defined by its centre, angle and direction (clockwise or anticlockwise) of rotation. The centre of

rotation is the only invariant point.

3. A translation moves all the points of an object on a plane the same distance and in the same direction.

It preserves orientation and has no invariant points.

OXFORD
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Review

Exercise

1.

Given that P is the point (3, 4), find the coordinates

of the image of P under

(@) ananticlockwise rotation of 90° about the point
(2,0),

(b) a reflection in the line x + 2 = 0.

A translation maps the point (5, 7) onto the point
(2, 9) and the point A onto the point (-3, -5). Find
the coordinates of A.

¥
= A(l, 3)

B(6, 1)

The figure above shows the point A(1, 3) and

B(6, 1)

{(a) The line AB is rotated through 90° clockwise
about B. Find the equation of the image of
the line AB.

(b) The line y = 1 is the line of symmetry of AABC.
Find the coordinates of the point C.

@ Chapter 9

¥
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The figure above shows two squares ABCD and
PQRS. In each of the following cases, describe
completely the single transformation that will map
(@ PQRS onto ABCD,
(b) ABCD onto QPSR,
(€) PQORS onto CDAB,
(d) ABCD onto SPQR,
(&) PQRS onta DABC.

M is areflection in the line y = —x. Find the coordinates
of the image of the point (5, 2) under
(@ M, (b) M?, {c) MY,
Find the equation of the image of the line y = x
under an anticlockwise rotation of 90° about the
point (2, 0).

Find the equation of the image of the line y = x + 4
under
(@) a reflection in the line v =2,
(b) a translation representation by the column
vector
| !

(€) a 90° clockwise rotation about the origin O.

OXFORD




8. Find the image of the point P(2, 1) under 10. M is a reflection in the line y =.x. Find the coordinates

(a) a reflection in the linex + vy =4, of the image of

(b) a 180° rotation about the point (-5, 3}, (@) (1,3)under M,
25 (b) (2, 5) under M,

{c) a translation represented by [ N | (© (3, 7) under M,

(d) a reflection in the line y = x + 2.

11. Ris an anticlockwise rotation of 90° about the origin.
{a) Find the coordinates of the image of each of
the following points under R.
; i (3,5 (i) (7,4
( , ], find the values of m and c. (b) Find the coordinates of the image of each of

9, Given that the line y = 2x + 3 is mapped onto the
line y = mx + ¢ by a translation represented by

the following point under R
M 34 (i) (-2, -3)

(€) Find the coordinates of the image of (2, 5} under
(i R, (i) R".

Challenge
Yourseli

AABC is an equilateral triangle of sides 3 cm, the corners being lettered anti-clockwise in alphabetical order.
AABC is mapped onto AA B C, by an anticlockwise rotation of 120° about A. AA B C, is then mapped onto
AA,B,C, by an anticlockwise rotation of 120° about 8. Finally, A4,B.C, is mapped onto AA B,C, by an anticlockwise
rotation of 120° about €. Construct the complete figure accurately and state clearly a single geometrical
transformation which maps AABC onto AA B C..

OXFORD
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.I-_En Revision Exercise

Solve each of the following equations.

@ l6a-a — 64=0 by b - 18

25
d) >+ 1324 =0

=0

(©) 1+3c= 10

2. The length of a rectangle is 5 m longer than its breadth and its arca is 66 m-,

Let the breadth of the rectangle be x m. Formulate an equation in terms of .
Hence, find the perimeter of the rectangle.

The variables x and » are connected by the equation v = 3x - 2¢°. Some values
of x and the corresponding values of ¥ are given in the table.

s | 2 |as] o [ o[ v T2 [as]3

!

y P -9 | =5 | 0 i -2 q -9

== F o S —l 4 s el | |

(a) Find the value of p and of ¢.

(b) On a sheet of graph paper, using a scale of 2 ¢cm to represent 1 unit on
the v-axis and | cm to represent | unit on the y-axis, draw the graph of
y=3r-2vfor-2 sy <3,

{©) Use your graph in (b) to find
(i) the value of y when v=-0.5,

(i) the values of x when v =05,
(i) the maximum value of v.
(d) State the equation of the line of symmetry of the graph.

Express each of the following as a fraction in its simplest form.

v—1 5=2ux 2v+3 7
a — b — - .
@) 4v-2" 3-6x ®) 9x -1 3v-1
-4

(i Make x the subject of the formula 5¢ = T

(i) Hence, find the value of v when a = | and v = 5.

If f(x) =7x -2 and F(v) = g.\ + 6, find an expression, in terms of «, for each of
the following.
M flo) () Fil6a —8)

(i) f': _]]a+ ! + F{da - 3)

OXFORD
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7. Itis given that AABC is congruent to APQR, LA =70", LB=60" and AB =8 cm.
(i) Write down the length of PQ.
(i) Find ZR.

8. A map hasascaleof I cmto 8 km, ]
(i) Express the scale of the map in the form — where n is an integer.
i

(i) If two towns are 72 km apart, find the corresponding distance on the map.
(iii) If the actual arca of a forest is 496 km??, calculate its area on the map.

9, State the coordinates of the reflection of the point (4, 5) in the line x = 2,

10. If R represents an clockwise rotation of 187° about the origin, describe R*
and R

OXFORD
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E}m Revision Exercise

1.

2,

Solve the equation (2v — 143 = 4x) = 2(1 = 2},

(i} 1 x=3is asolution of the equation x* + px + 15 =0, find the value of p.

(i) Hence, find the other solution of the equation.

In the figure, the curve y = ¥* + Sx + 4 cuts the :

x-axis at two points A and B, and the y-axis at y=xi+5x+4

the point C. Find the coordinates of A, B and | |C

C. | ‘

AT ko b
i |

Simplify each of the following.
aa’b* - 8a’b - 14ab’ b 6c¢'d* +12¢0d — 97"

@) dab (b) “3ctd?

The centripetal force, F Newtons, acting on an object of mass m kg, moving at a

tangential velocity v m s ' along a path with radius r m, is given by the formula

FL m?

=—. 2

(i) Given that v = 0, make v the subject of the formula F = '";

(ii) Hence, find the tangential velocity of a motorcycle of mass 225 kg moving
along a circular track with radius 5 m, if the centripetal force acting on it is
4500 Newtons.

Given the function f: x — 13 - 9x, evaluate each of the following.

G 2) (i) f(- ;‘)

GiD) 260) +F(1) (i) £(3) — r%)
I'.

OXFORD
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7. The cross section of a blade of a paper cutter is in the shape of a triangle APQ,
with parallel grooves CB and QP. Given that AABC is similar to AAPQ, AB=6cm,
BP = CB=5cmand CQ=6.5 cm, find the length of

scm f
g \5¢m A
S
x..-\-"\-lll\,__._ \
¢ 65
Sem L
SHENg
i or,
(i) AC.

8. A model of the Port of Singapore Authority Building is made to a scale of 1 cm
to 7.5 m. The height of the model building is 24.4 cm. Find
(i the actual height of the building,
(i) the height of the model building if it is made to a scale of 1 cmto 12 m.

9. Find the equation of the image of the line y = 2¢x - 5 under an anticlockwise rotation
of 90° about the origin.

[ \
10. T, is the translation l 3; Jand T, is a translation that will move the point (2, 5)

to (5, 9).

() Find the image of the point A(2, 4) under T,.

(i) Find the translation vector represented by T..
(iiiy What is the image of the point B4, -8) under T,?

OXFORD
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M o o 2
rreOeeet

. ancient
" Egyptians

made use of
knotted ropes to form
right-angled triangles for the
construction of various structures
such as the pyramids. These people*
known as ‘rope- stretchers used a rope with :
12 evenly-spaced knots tied in a circle to form nght angled? Pl

g . OXFORD
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; determlne whether a tnangle is a right- angledf
tnangle gwen the Iength of its three sides.

Y
o e ik B
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e T e e i e — = — ==

\ We always denote the side opposite

-, £A as a, the side opposite £H as

b \ b and the side opposite £C as c.

Fig. 10.1

In Book 1, we have learnt that the longest side of a triangle is opposite the largest
angle. In a right-angled triangle, the right angle is the largest angle. Thus in AABC,
the side AB opposite £C is the longest side. AB is called the hypotenuse of AABC.

! PRACTISE NOW E

Identify the hypotenuse of each of the following right-angled triangles.

(a) (b) (e

In any right-angled triangle, there is a relationship between the lengths of the three
sides of the triangle. In this chapter, we will learn about this relationship and how it
can be applied to solve problems.

QXFORD
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Investigation

Pythagoras’ Theorem —The Secret of the Rope-Stretchers

Part I: Use strings to determine the relationship between the lengths of the three sides of a right-angled triangle.
For this part of the investigation, three strings of lengths 12 cm, 24 ¢m and 30 ¢cm, and a ruler are required.

Fig. 10.2 shows three right-angled triangles where the lengths of the sides are integer values. Which side of each
triangle is the hypotenuse?
A

C  3em B C 6cm B c Sem B
{a) (b} (c)
Fig. 10.2

1. Using the string of length 12 cm, form the triangle as shown in Fig. 10.2(a). Measure and write down the
length of AC and of AB in Table 10.1.

| Bc | ac | a8 | Bc | A | aB | BC+aC
(@  3cm 9 cm’ |
— + t 1 + + + -|
(b) 6cm | L 36 cm’ | _ M| |
L © | Sem | | L S | L J
Table 10.1

2. Using the string of length 24 cm, form the triangle as shown in Fig. 10.2(b). Measure and write down the
length of AC and of AR in Table 10.1.

3. Using the string of length 30 c¢m, form the triangle as shown in Fig. 10.2(c). Measure and write down the
length of AC and of AB in Table 10.1.

4. Complete Table 10.1. What do you notice about the value of AB? and that of BC? + AC? in Table 10.1?

OXFORD
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Part II: Use a geometry software template to determine the relationship between the lengths of the three sides of
a right-angled triangle.

For this part of the investigation, go to http://www.shinglee.com.sg/StudentResources/ and open the geometry
software template ‘Pythagoras’ Theorem’.

Pythagoras’ Theorem
What is the relationship between the value of AB* and that of BC* + AC™?
A
R AC Al BC AC? AfE BC: + AC?
5.1Tem TA5em S dvm [ 26.72cm’ | MoWemt | 3T e | BT ey’
L
",
C& el

Fig. 10.3
5. The template in Fig. 10.3 shows a right-angled triangle ABC. Which side of AABC is the hypotenuse?

6. Click and move a point A, B or C to get five different right-angled triangles. Complete Table 10.2.

T

[EcE ¥ [RAT aa_ | 3 | ac AB | BC'+ACH

@ |

KON | ._ | : | |

(C) = 4 ! 1 ! | J

@ | |

© |

0
Table 10.2

7. What do you notice about the value of AB* and that of BC? + AC? in Table 10.2?

From the investigation, we ohserve that the square of the length of the hypotenuse of a right-angled triangle is
equal to the sum of the squares of the lengths of the other two sides. This result is known as Pythagoras’ Theorem.

In a triangle ABC, if £C =90°, A
then AB = BC* + AC?,
b ¢
i.ce. = al + B
C a A
i Fig. 10.4

OXFORD
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There are more than 300 proofs of Pythagoras” Theorem. We shall now take a look
at one of these proofs.

Consider the figures as shown in Fig. 10.5. The cight right-angled triangles in blue
are of the same size.

h

a

b 17

@ Fig. 10.5 (b)

Fig. 10.5(a) and Fig. 10.5(b) are squares of sides (« + b) units. Thus the area of the
figure shown in Fig. 10.5(a) is equal to the area of the figure shown in Fig. 10.5(b).
After removing four blue right-angled triangles from each figure, we obtain the figures
as shown in Fig. 10.6.

b
b b
b
a
a a
]
() Fig. 10.6 (h)

Since the total area of the four right-angled triangles removed from each figure in
Fig. 10.5 is the same, the area of the figure shown in Fig. 10.6(a) is equal to the
area of the figure shown in Fig. 10.6(b), i.e. ¢* =a* + b".

Although Pythagoras was credited for discovering the Pythagoras’ Theorem in the
6" century B.C., the theorem was known thousands of years ago.

=
©

e

Performance Task

As mentioned in the chapter opener, the ancient Egyptians made use of knotted
ropes to form right-angled triangles for the construction of various structures such
as the pyramids.

The Babylonians were known to be familiar with the Pythagorean Triple, i.e. a set of
3 positive integers a, b and ¢ which satisfy the equation @* + b* = ¢.

Pythagoras’ Theorem was known to the ancient Chinese as Gougu Theorem. Reasoning
ior the Pythagoras’ Theorem for the right-angled triangle of sides 3 units, 4 units and
5 units is given in a Chinese text published in the 1* century B.C.

search on the Internet to find out more about how Pythagoras’ Theorem has evolved
over the years and some well-known proofs of the theorem. Present your findings
o the class.

OXFORD
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In mathematics, a theorem is a
statement that has been proven
to be true,

Internet
—Resources

“-l"'

Search onthe Internct for interactive
applets to prove Pythagoras’
Theorem.,
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Worked

Example In AABC, AC =5 cm, BC = 12 cm and £C = 90°.
Calculate the length of AB.
A
S¢m
-
o ]
B 12cm C
Solution:

In AABC, £C =90,
Using Pythagoras’ Theorem,
AB*=BC* + AC*
=122 452
=144 +25
=169

- AB = J169 (since AB>0)

=13cm

PRACTISE NOW 1 |

1. In AABC, AC=6cm, BC=8cmand £C=90". g em

Find the length of AB. &

6cm

2. In AABC, AC =24 cm, BC=T7cmand £C =90". Find the length of AB.

@ Chapter 10

Pythagoras’ Thearem can only
be applied in a right-angled
triangle.

{ SIMILAR l
QUESTIONS |

Exercise 10A Questions 1{a)-(d),
34
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Worked (Finding the Tength of the Third Side of a Right-Angled

1D i Triangle)
Xample In APQR, PQ =20 m, QR = 16 m and £ZR = 90",
Calculate the length of PR.
Solution:

In APQR, ZR = 90°.
Using Pythagoras’ Theorem,
PQ?= QR + PR?
20° = 16° + PR?
PR? = 20% - 16?
=400 - 256
=144

.. PR = /144 (since PR > O

=12m

PRACTISE NOW 2
Lans QUESTIONS

1. INAPQOR, PO=15m, QR=12mand 4R =90". Exercise 10A Questions 2{al-id),
Find the length of PR. 3=

2. In APQR, PQ=35m, PR=28 mand £R =90".
Find the length of OR.

OXFORD
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Worked
Example

In AABC, £2C=90". P lies on BC such that BP =21 cm,
PC =15 cm and AP =25 em. Calculate the length of
(i) AC,

(i) AB. A

25¢m

.
f i i3

— 2 em ——>— lfem —

Solution:

I In AAPC, LC=90"
Using Pythagoras’ Theorem,

Al = PCH + ACH
25 = 15° + AC?
AC? =257 - 15
=H25 - 225
=400
2 AC= J400 isince AC > 0)
=20cm
(i) In AARC, £C=90",
Using Pythagoras’ Theorem,
Al = BC* + AC?
= (21 + 15+ 20°
=36+ 20°
= 1296 + 400
= 1696
. AB = J1696 (since AR > ()
=412 cm (to 3 s.f.)

PRACTISE NOW 3

1. In AABC, AB =3 cm and £B = 90"
Q lies on BC such that 8Q = QC and _
AQ =5 cm. Find the length of S

3c —
(i) BQ' <m --"'-h._\__\_\__\_-

@ Chapter 10

Story Time

ythagoras
was a Greek
philosapher

and mathematician.

In  addition to
Pythagoras’” Thearem, he also
discovered the foilowing:

¢ The musical note produced by
a vilwating siring of a certain
lengih is exacty one octave
Jower than ithe note produced
by a string of the same material
and hali that length,

o Other notes in the musical scale
can be produced by osing
certain iractions of the lepgth of
the string. For example, a string

% the length of a C-string
produces the note G {one octave
lower). The figure shows the
various musical notes that can
be produced Tor cach given
fraction of the length of a
Costring,

pCDEF GA

(1" &
i —_—
Wve ¥
zlﬁﬁl-lnm]
9 5 2 3 515

Since AARF is not a right-angled
riangle, Pythagoras” Theorem
cannot be applied in AARP.

. SIMILAR
. OUESTIONS |

Exercise 10A Questions 7-8,
grai-iel, 10a1-Ad1, 11-13
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2, In AGHI. GH=6lcmand Gl=11cmand £1=90". R lies on 1H such that

RH =21 cm. Find the length of
(i) HI,
(i) GR. i

— 2] cm —

3. INAPQR, PO=33cmand LR=90". H
lies on PR such that PH = 6 cm and K
lies on QK such that KR = 13 ¢m. Find
the length of
(i) HR,

(i) OK.

" "Exercise

¢ 10A

1. Find the value of the unknown in each of the
following right-angled triangles.

(a) (b)
acm
20 cm
33em —1 13 em

21 cm = h cm"
(c) (d)

10 cm d em

BER

S, 12 cm \
Lo N 23 ©m 29 cm

OXFORD

«— |3cm—

2. Find the value of the unknown in each of the
following right-angled triangles.

(a)

{c)
6.5m

98 m

(b)

Chapter 10 @




3. In AABC, AB=8cm, BC=15cmand £8=9%0". Find {b}
the length of AC.

4. A triangle DEF is right-angled at £, with DE=67m 41 C“‘f___.------‘_:;':";f]l
and EF = 5.5 m. Find the length of DF. " ~"hem | 9 cm

5. In AGHI, GH =33 cm, GI =65 cm and 4H = 9",
Find the length of H1.

6. Atriangle MNO is right-angled at N, with NO =11m ()
and MO = 14.2 m. Find the length of MN.

7. In the figure, £PQS = LQSR = 90°. Given thal
PO =45 cm, QR = 30 cm and PS = 53 cm, find the

length of
(iy QS, «— 8 cm—r46cm—>
(i) 5R.
p 45 cm 0 (d)
30 em 30¢m 26 cm
24 ¢cm
:l_ 0O
S R +——— dcm *
(e}

8. The figure shows an isosceles triangle 7UV where
TU=TV=96mand UV =154 m. Find the height,
TH, of the triangle.

40 cm 32 em £ Cm

8
—5S5em—m—

10. Find the valueis) of the unknown(s) in each of the
following figures.

(a)
9. Find the value of the unknown in each of the
following figures.
(@)
36 cm
OXFORD
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(h) ADVANCED LEVEL

12. In AABC, AC =43 cm and 2B =90°. H lies on AB
such that #B8 = 15 cm and K lies on CB such that
CK =19 cm. Given that HK =22 ¢, find the length
of AH.

25¢m

(c)

(d)

13. In the figure, ZDGF = LEPF =90°. Given that
DE=31m, EF=23m,DG=32mand PF=13m,
find the area of the figure.

D

3tm

b

11. In AWXY, WY =24 m and £Y = 90", P lies on WX
such that YP is perpendicular to WX, WP =18 m and 32m
PX =14 m. Q lies on ¥YX such that 0X =9.8 m. Find P
(i) the length of YQ,
(i) the area of AXPY.

W\

18 m

24m '\

L\ 23 m
13m

OXFORD
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Applications of
Pythagoras’ Theorem {
in Real-World Contexts

Pythagoras’ Theorem is useful in fields such as civil engineering, architecture and S T
navigation. In this section, we will learn how Pythagoras’ Theorem can be applied tOfY me

in real-world contexts

D m; hantu
b} — 1 A 1 { bl ’ 4 1

Worked Real-lite f\[.);) ication (_” Pythagoras’ Theorem K P(Md ”m
E A construction worker is on a ladder that is placed against < R oblem: Iy, v,
xample . . - '
a vertical wall. Given that the top of the ladder is 24 m  and « are positive integers, un(ivr
above the ground and the foot of the ladder is placed 0.5 m  what conditions does the equation

from the wall for stability, calculate the length of the ladder,  + + ¥ = 7" have a solution?
The equation v + y* = =7 bhas

many solubions when no= 2. ice

vHvi=z suchasa=3, v=d4 and

: =5 (Pvthagorean Trples)

F A ermat (1601

]

|'I 16651 wrote in
/ the margin of

his copa of the book

IIII containing this problem that he
f had found a proof to show that this

problem does not have a solution i

4 24m _
a> 2, but the margin was too small
i
i for him 1o write the proof. This
,"l hecame known as Fermat’s Last
f Theorem, There were thousands
)
I of alteged proofs of his theorem
/ but al! of them were wrong!
v T}
>
05m ndrew \Wiles,
a  British
Solution:
olution: - o
mathematician,
: finallv proved Fermat’s Lasi
Let the length of the ladder be x m. B
; h 'Th Theorem in 1994 and the proot
'}
USII"Ig Pyt agoras SR was more than 200 pages long!
=24"+05° ttowever, as Wiles was more than
a0 years old at that time, he was
=576 +0.25 not chgible for the Field's Medal,
which is the highest accolade
= 6.0l . ) . .
for mathemaiics, equivalent in
3 yestrpe and recognition to the
v =J60I (since x> 0) Prestige 4 b _
Nobel prizes, but only given to
=245(0 3 s.f) outstanding mathematicians aged

. 40 vears ofd or below,
The ladder is 2.45 m long. YOS v helow

OXFORD
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* PRACTISE NOW & +
e e — i OUONS

1. Avertical pole of height 24 m is supported by a taut
steel cable attached from the top of the pole to a
point on level ground, 14 m from the foot of the
pole. Find the length of the cable.

Exercise T0B Questions 1-5, 7

2. Aladder of length 2.5 m is placed against a vertical (=)
wall with its foot 1.5 m away from the base of the
wall. How far up the wall does the ladder reach? T
? 25m

o]

—— 1

—>
[.5m
Worked (Real-lite Application of Pythagoras’ Theorem

In a factory, a sliding belt, AB, used to transport products
is stretched between two vertical columns 4 m apart. The
heights of the columns are 5 m and 7 m. Calculate the
length of the belt.

Example

A
s

— 4 —>

Solution:

In AABC, /£ C =9),
BC=7-5

=2m
Using Pythagoras’ Theorem,
AR = BC* + AC*

=274 4
=4+ 16
=20

=~ AB = J20 (since AB > 0)
=447 m{to 3 s.f}

The length of the belt is 4 47 m.

OXFORD
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| PRACTISE NOW 5 § | SIMILAR  {]

QUESTICNS |

Michael is standing 10 m away from a tree. The distance of his eyes from his feet is ~ Exercise 108 Questions 6, 8-10,

: , : , : 13,15
1.8 m. Given that the distance from his eyes to the top of the tree is 14 m, find the
height of the tree.

I.8m
10m
Worked (Real-Life Application of Pythagoras’ Theorem
A school field in the shape of a rectangie ABCD has sides
Example

(x + 7y m and x m, and the length of the diagonal BD is
{v+9) m. Calculate the value of x.

Ascsy— B
{.x+9}_r_r_|___.--""-l W
o O
2 x+7)m ¢

Solution:

In ABCD, £C=90"
Using Pythagoras’ Theorem,

BD? = CI¥ + BC*
(W+9) = +T)Y+4°
M I8+ R =+ 1A+ 49 4017
F~-4y-32=0
(v+dHDHx-8)=0
yx=-d4orx=8§
. x = 8{since x>0}

OXIORD
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PRACTISE NOW 6

A (2v+ 12)em B

ABCD has sides of length (2v + 12) cm and

A dining table in the shape of a rectangle e
rem '

(2v + 18) em. Find the value of a.

vem, and the length of the diagonal BD is - T 18) em J'

Worked
Example

Solution:

(Y PO=12%3=36km
QR=12x2=24km

Do C

Boat A travels due East from Port # for 3 hours to reach
Port @ and then travels due South for another 2 hours to
reach Port R. Boat B travels due North from Port # ior
2 hours to reach Port § and then travels due East for
3 hours to reach Port 7. If the average speeds of Boat A and
Boat 8 are 12 km/h and 18 km/h respectively, calculate the
shortest distance between

(i} Port Q and Port §,

(i) Port R and Port 7.

SIMILAR
QUESTIONS

Exercise T0B Questions 111

PS =18 x2=36km
ST =18%x3=54km
« 54 km »
5 e o
You may wish to sketch a figure to
help vou better visualise a problem.
36 km
P
36 km
24 km

In APQS, £P =90".
Using Pythagoras’ Theorem,
Q5 =PQ* + P§’
=36 + 36°
= 1296 + 1296
=2592

<085 =2592 (since QS > 0)
=509 km (10 3 s.f)

The shortest distance between Port @ and Port S is 50.9 km.

OXFORD
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(i) Draw a perpendicular line from Q to ST cutting 3T at X.

In ARTX, £X =90".
TX =54-36
= |18 km
RX =24 +136
=60 km
Using Pythagoras’ Theorem,
RT* =TX* + RX’
= 18 +60°
=324 + 3600
= 3924

o BT =/3924 (since R1'>0)
=62.6 km (10 3 s.f.)

The shortest distance between Port £ and Fort T is 62.6 km.

| PRACTISE NOW 7 |

A ship travels due South from Port A for 1.2 hours to reach Port 8 and then travels
due East for anather 1.7 hours to reach Jetty C. It then travels due South to Buoy D
which is 18 km away from Jetty C. From Buoy D, it travels 38 km due West to reach
Islandl E. If the average speed of the ship is 10 knvh, find the shortest distance between
(i) Port Aand Jetty C,

(i) Port A and Island E.

@ Chapter 10

SIMLAR |
[ ouUESTIONS |

Exercise 108 Question 14
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BASIC LEVEL

1.

Some cables are supported by a vertical post of
height 47 m. The cables are attached from the top
of the post to a point on level ground, 18 m from
the foot of the post. Find the length of each cable.

Each side of a square field is 50 m long. A barricade
is to be placed along the diagonat of the field. Find
the length of the barricade.

A rectangular swimming pool has a length of 50 m
and a breadlth of 30 m. During a swimming proficiency
test, Ethan has to swim from one corner of the pool
to the opposite corner. Find the distance Ethan has
to swim,

A ladder of length 5 m is placed against a vertical
wall with its foot 1.8 m away from the base of the
wall. How far up the wall does the ladder reach?

Mr Lee buys a 30-inch television. The height of the
screen is 18 inches. Given that television screens
are measured across the diagonal, i.c. the length of
the diagonal is 30 inches, how wide is the screen?

Two vertical buildings of heights 30 m and 37 m
are 16 m apart. A cable is pulled taut and attached
from the top of one building to the top of the other
building. Find the length of the cable.

37 m
30m
¥ 1 ] ¥
— |6m—
OXFORD
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Devi folded a sheet of paper into an envelope, as
shown in the figure. In the figure, ZAED = LADB
= LBCD = 90", To seal the envelope, she has to
apply glue along AD and DB. Given that AE = ED
=8 cm and DC = BC = 14 em, find the total length
of the sides along which the glue has to be applied
to seal the envelope.

14 cm

A table coaster in the shape of a rhombus has
diagonals of lengths 10 em and 24 c¢m. Find the
length ot each side of the coaster.

Two spotlights, P and Q, are mounted on a vertical

pole AB. Light beams from P and Q shine to two

points on the ground, H and K, respectively. Given

that PQ = 127 m, KB =172 m, PH = 39 m and

QK =21m, find

() BO, the height above the ground at which the
spotlight Q is mounted,

(i) HK, the distance between the projections of
the light heams.

A
i
12.7m
39m Q;
2l'm
.
H K B

Chapter 10 @




10. A straight pole PR is leaning against a vertical wall
MQ.
(i) Given that PO =42 m and RQ
length of the pole.
(i) The upper end of the pole, P, slides down
0.9 m to a point on the wall, X. Calculate ¥R,
the distance the lower end of the pole has slid

1.1 m, find the

away from its original position R,

M
P A
IU.() m
X
42 m
Y R o
L.bm

11. A campsite in the shape of a rectangle FGHI has
sicles (3v + 6) m and (v + 1) m, and the length of
the diagonal FH is (4x + 1) m. Find the area of the

campsite.
Gxr+6)m
P G
(x+ 1)m| e @+ Dm
! ey

12. A folded napkin has a triangular cross section of
sides vem, (v + 1y em and (v + 2y em. IT one of the

angles of the triangle is 907, find the value of x.

ADVANCED LEVEL

13. The top surface of a pouch is in the shape of a
rectangle LMNO with sicles 9 cm and 6 cm.

(i} A zip is to be sewn along OH such that # is a
point on LM and HM =2 cm. Find the length of
the zip.

(ii) A second zip is to be sewn along NK such that
NK is the perpendicular from N to OH. Calculate
the length of the second zip.

2¢em
s—
1 H M
K
6em
O Yem N

14,

15.

A courier travels due North at an average speed of
40 km/h for 6 minutes to collect a parcel, before
travelling 10 km cue East to deliver it. He then
travels due South at an average speed of 30 km/h
for 12 minutes to collect another parcel. Find the
shortest clistance between the courier and his
starting point.

A designer is tasked to design two tables for children
such that the tabletops are of different shapes as
shown, and that the perimeler of each tabletop is
132 cm.

Square Tabletop

(a) Find
(i) the length of cach side of the square tabletop,

Round Tabletop

(i} the ractius of the round tabletop.
(b) Hence, calcalate the area of cach tabletop.

22
(Take 7 to be =

The designer decides to design another table with
a tabletop in the shape of an equilateral triangle
as shown, such that the perimeter of the tabletop
is also 132 cm.

| ]
{¢) Find

(i) the length of each side of the tabletop,
(i) the area of the tabletop.

(d) If the designer wants to design a table with a
tabletop in the shape of a square, a circle or
an cquilateral triangle, which shape should he
choose such that the tabletop has the greatest
area? lustify your answer.

OXFORD




10.3

7» Converse of
)P hagoras’ Theorem

] g"’
E‘n

Pythagoras’ Theorem states that if an angle in a triangle is a right angle, then the square
of the length of the side opposite the right angle, i.e. the hypotenuse, is equal to the
sum of the squares of the lengths of the other two sides.

The converse of Pythagoras’ Theorem is also true, i.e. if the square of the length of the
longest side is equal to the sum of the squares of the lengths of the other two sides,
then the angle opposite the longest side is a right angle.

In a triangle ABC, if AB* = BC*+ AC?,
i.e. C=a +
then 2C =90

A

b ¢

C « B
Fig. 10.7

Worked
Example

(Determining it Triangles are Right-Angled Triangles
Given the Lengths of the Sides
Determine if each of the following triangles is a

right-angled triangle. For each right-angled triangle, state

the right angle.

(@) AABC, given that AB =

AC =36 ¢cm

39 ¢m, BC = 15 ¢cm and

(b) APQR, giventhat PO=28m, QR =20 m and PR=19m

Solution:

(@) AB is the longest side of AABC.

J‘!B': = 39:
1521

i

BC"+ AC = 157 + 36°
=225+ 1296
1521

wn t
[

Since AB = BC* + AC?,

then by the converse of Pythagoras’
Theorem, AABC is a right-angled triangle
where £C =90,

OXFORD

(h) PQ isthe longest side of APQR.

PO =28
=784
QR + PR =20+ |1V
=400 + 361
=761

Since PO" 2 QR + PR’
APQR is not a right-angled
triangle.




PRACTISE NOW 8
QUESTIONS

1. Determine if each of the following triangles is a right-angled triangle.  Excreise 10C Questions Tiaj-id
For each right-angled triangle, state the right angle. o

{a) AABC, given that AB=12cm, BC =10 cm and AC =8 cm
{b) APQR, given that PQ =34 m, QR = 16 m and PR =30 m

2. XYZis a plot of land such that XY =45 m, X
¥Z=24mand XZ=51 m. T
() Show that ZX¥Z =90°,
(i) A tree T is located on ZY such that ZT = 14 m.
Find T'X, the distance of the tree from X. sI'm 45 m
Y
14 m*

«— 24m-—

BASIC LEVEL ADVANCED LEVEL

1. Determine if each of the following triangles is 4. Arectangulargrass patch, PORS, has sicles 40 m and
a right-angled triangle. For each right-angled 30 m. A straight path which cuts through the grass
triangle, state the right angle. patch joins S and Q. Lamppost X is located on $Q
{a) AABC, given that AB =16 c¢cm, BC =63 cm and such that SX : XQ = 16 : 9 and RX = 24 m. Jun Wei

AC=65cm walks along the path and stops at a point which is
(b) ADEF, given that DE=24 cm, EF =27 cmand nearest to R. Show that he stops at X.

DF=2lcm
(c) AGHI, given that GH=75m, HI=7.1 m and P 40 m 0

Gl=24m (T
(d) AMNO, given that MN = % m, NO = %m X

and MO = % m . 30 m

2. InAPQR, PQ=19c¢m, OR =24 cm and PR =30 cm.
Show that APQR is not a right-angled triangle. s R

5. The lengths of the sides, a4, b and ¢, of a triangle
are given by a=m? = n*, b =2mn and c =m’ + 7,

3. InASTU, ST= % em, TU = 2 cm and SU = Iicm. where m and n are positive integers and m > n.
Is ASTU a right-angled triangle? Show that the triangle is a right-angled triangle.

OXFORD
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1. In AABC, the side AB opposite the right angle C is
the longest side. AB is called the hypotenuse of AABC.

2. Pythagoras’ Theorem
In a triangle ABC, if £C =907,
then AB® = BC* + AC,
ie. c=at+ bl

3. Converse of Pythagoras’ Theorem
In a triangle ABC, if AB* = BC? + AC?,

h)

ie. =@t + b
then £LC =90°.

ﬁ@wn@w

10

1. Find the value of the unknown in each of the 2, If the diagonal of a square is 42.5 cm long, find
following figures. (i) the perimeter,
(a) (b) (i) the area,

of the square.

3. Khairul's briefcase has a rectangular cross section.

e Y The length and the diagonal of the briefcase are
bem |\ / 30 cm and 37 em respectively. Find the height of
ﬁ‘w’q_ﬁ ¢m the briefcase.
| &
(c) (d) [ ‘
f 10 m 37 em s
4em dm X
l cem f
Il'm
S5cm 6m TR rj "
5 L~ 4l
+3cmre—6com —+
OXFORD
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A rare stamp in the shape of an equilateral triangle
FGH has sides 2 cm. Find the perpendicular distance
from Fio GH.

A piece of stained glass in the shape of a parallelogram
LMNQ is such that the diagonal LN is at a right angle
to LM. Given that LM = 12 cm and MN = 15 cm, find
the area of the piece of stained glass.

A floor tile in the shape of a rhombus has sides of
length 52 em and a diagonal oi length 48 cm. Findt
() the length of the other diagonal,

(i) the area,

of the floor tile.

In the figure, £BAD = 90",

(i) Given that AB =36 cm and AD =48 ¢m, find
the length of BD.

(i} Given further that BC=87cmand CD =63 cm,
show that ABCD is a right-angled triangle.

A 36 cm B

4% cm

D

Chapter 10

9.

In the figure, ABCD is a rectangle of sicles 28 m and

15 m. PBRQ is a square of sides 6 m.

(i) Find the area of the shaded region DPQOR.

(i) Calculate the length of DP.

(iii) Given that X is a point on DP such that AX is
perpendicular to DP, find the length of AX.

A P B
6m
I5m Q R
X
D o C

A vertical pole F7T casts a shadow HT at a certain
time in a day. It casts a shadow KT at another
time on the same day. Given that FK = I8 m,
Kr=125mand KH: HT=3:2, find

(i) the height of the pole,

(i) the distance FH.

K H T

«— 125m —+*

10. Farhan runs diagonally across a rectangular field

80 m hy 60 m, from one corner to the opposite in
a straight line at a speed of 7.5 m/s. Find the time
taken for him to complete his run.

OXFORD
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Challenge
Yourself

Three positive integers, where ¢ < b < ¢, are said to
form a PythagoreanTriple if &* + b* = ¢*. For example,
3, 4 and 5 form a Pythagorean Triple because

F+4=9+16=25=5%

(@) Inthe same way, show that 6, 8and 10 form a
Pythagorean Triple.
(b) (i) Find the corresponding Pythagorean Triple
whena =12 and b = 16.
(i) State a Pythagorean Triple where ¢ = 25.
{c) (i) Simplify 3n)y + (4n)°.
(ii) Hence, find the corresponding
Pythagorean Triple when ¢ = 35.

(d) Consider 1 +2n+m=(1 +n) .
If 1 +2nis a perfect square, ic. | +2n =&,

then we have &* + n* = (1 + n).
Then &, nand 1 + n form a Pythagorean Triple.

For example, whenn=12, 1 +2n=1+2x 12

=1+24=25=5%then5, 12and 13 form a
Pythagorean Triple.

(i} In the same way, find the corresponding
Pythagorean Triple when n = 24.

(ii) Are we able to obtain a Pythagorean
Triple in the same way when | + 21 = 42?
Explain your answer.

(i) Find the corresponding Pythagorean Triple
when k=9.

Given a triangle ABC where BC* = 370 units?,
AB? =116 units’ and AC? = 74 units?, find the area
of the triangle.

Hint: 370 =92+ 173, 116 =4+ 10%, 74 =5 + 7*

OXFORD

[EETEY TENES I ST ITY

3.

Pythagoras’ Theorem is usually stated in terms of
the lengths of the sides of a right-angled triangle,
i.c. ¢t =a’ + b However, it can also be stated in
terms of the arcas of squares, i.e. A = A, + A,

If the areas refer to the areas of semicircles instead
of the areas of squares, does the relationship still
hold true? Is A still equal to A, + A2 Explain your
answer.

Congruent figures have exactly the same shape and
size. Similar figures have the same shape but not
necessarily the same size. What about figures with
the same size but of different shapes? An interesting
example is the Haberdasher’s Puzzle: how do we cut
an equilateral triangle into 4 pieces and rearrange
them to form a square? The figure shows a solution
of the puzzle by Henry Dudeney (1857 —1930).

(i) If the length of each side of the square formed is
3cm, find the length of each side of the equilateral
triangle.

(i) Is it possible for the value of the length of each
side of the equilateral triangle and of the square
to be an integer? Explain your answer,

Pythagoras’ Theorem GChapter 10 @




Trigonometric Ratios

Surveyors use thecdolites often in their course of work
to measure angles. A good knowledge of trigonometry
is required to evaluate and analyse the measuremenits.
Trigonometry also enables us to measure the height of
many tall objects st

as trees and buildings easily.
éiiiliq=l' i -y

¥
o —

¥
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Al the end of thischapter, you should be able to:
explain what tigonometric ratios of acute
augles are, \
find the unknown sides and angles in righi
angled trianglés, < ks K C
ApPlY tRGoNoELric rtids* 10 sdlveroblems
in real-pric! contéxl‘s. PR
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*
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Trigonometric
1 Ratios __

:Tngonometr:c Ratios

In this chapter, we will learn a new branch of mathematics known as trigonometry.

Investigation

Trigonometric Ratios

1. Draw and label a triangle ABC on a piece of paper where £A =30° and £C =90".
You can choose any length for AC but try to draw the triangle as big as possible.
2. Measure and write down the lengths of AB, BC and AC.

. . BC AC C
3. Find the ratios =5 A and
2 significant figures.
4. Based on the triangles which you and your classmate have drawn, answer the
following questions.
{a) Is your classmate’s triangle in Step 1 congruent or similar to yours?
Explain your answer,
{(b) Compare the three ratios obtained by your classmate in Step 3 with yours.
What can you say about the values?

(c) What is the condition for two right-angled triangles to have the same set
of ratios 2%, AC ang BC ;
AB’ AB °
5. Fig. 11.1 shows a right-angled triangle ABC where £C = 90°.

. giving each of your answers correct to

B

C A
Fig. 11.1

(a) We have learnt in Chapter 10 that the longest side of a right-angled triangle
is called the hypotenuse. Label the hypotenuse in Fig. 11.1.

{b) With respect to £A in Fig. 11.1, the side opposite ZA is called the
opposite sice. Label the opposite side in Fig. 11.1.

(c) With respect to £A in Fig. 11.1, there are two sides adjacent to ZA.
One of them is the hypotenuse. The other side is called the adjacent side.
Label the adjacent side in Fig. 11.1.

6. In terms of the hypotenuse ihyp), the opposite side (opp) and the adjacent

side (adj), the ratio BC an be rewritten as po> . Write down an expression

AB hyp *
AC BC .
Y and i respectively.

OXFORD
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From the investigation, we observe that for any two simifar right-angled triangles,
the three ratios in Step 3 and Step 6 are always equal.

B
. hypotenuse
opposite
=
¢ adjacent A
Fig. 11.2
In a triangle ABC, if £C =90°,
BC _opp opp
then AB = hyp is called the sine of 24, orsin A = hyp
AC _adj . adj
B h is called the cosine of 24, or cos A = % s
BC _opp is called the tangent of £A, or tan A —orp
S : “ 2, 3

These three ratios are known as trigonometric ratios and they are numbers without ~ To remember the three

. trigonometric ratios, you may
any units because they are ratios of one length to another length. wish to use the maemonic “TOA
CAH SOH', where

) * TOA represents tan = ::;: 3
Also, since AABC is a right-angled triangle, £ A is an acute angle i
. g : L . . . * CAH represents gos = —,
i.e. 0" < £A <90°. Hence, the definitions of trigonometric ratios only apply to acute P
. . . * 50H represents sin = iy
angles in a right-angled triangle. hyp

f-g ! ; )'I]unkmg
Time

Consider AXYZ where £X = 50° and £Y = 90°. Are the trigonometric ratios of
£X the same as those of £A in the previous investigation, i.e. is sin 50° = sin 30°7

Is cos 50° = cos 30°? Is tan 50° = tan 30°? In other words, do trigonometric ratios depend
on the value of the angle? Explain your answer.

OXFORD
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' SIMILAR |
| PRACTISE NOW |

1. In AABC, £C =90°. Name B Excrcise 11A Questions Tapb:
(i) the hypotenuse, 2k, S
(i) the side opposite ZA4,
(iii) the sicde adjacent to £A.

A [ C
2. In APQR, PR=4cm, RQ=3cm, PQ =5 cm and £R =90". State the value of
(i) sin P, (ii) cos P, (ifi) tan P,
(iv) sin Q, (v) cos @, (vi) tan Q.
R 4cm P
3cm
5cm
Q

3. In AXYZ. XY =cm, YZ=um, XZ =56 m and £7 = 90°. Write down an
expression for
() sinX (i) cos X, (iif) tan X,
(iv) sin Y, (v} cos Y, (vi) tan ¥,
in terms of a, b anclfor ¢.

Finding Trigonometric Ratios Given Angles
MATign -

Frg. 11.3 shows a right-angled triangle where £4 =257 and £C =907,

B Trigonomuetric ratios are used to
describe many natural phenoniena
They are vsed in the study o
acoustics, X-ravs, light, etc. Doveu
knewy of enhoer uses of trigonometric
ralios?

—

(& A

Fiv, 11.3

If we measure the length ot AB and of 8C in Fig. 11.3, and find the ratio !ii, .

the value that we obtain is approximately 0.42.

@ ()_XF(_)RI)




Fig. 11.4 shows a right-angled triangle where £A =35" and £C =90".
B

] 35 A
Fig. 11.4

C

If we measure the length of AB and of BC in Fig. 11.4, and find the ratio %
the value that we obtain is approximately 0.57.

Since the ratio 2—;— is equal to the trigonometric ratio sin A, by repeating this

method with other right-angled triangles where 0" < A < 90°, we will be able to
obtain a table of values for the sine ratios.

We can repeat this for %% and % for different values of A where 0" < A < 90°

to obtain tables of values for the cosine and the tangent ratios respectively.

Use of Calculators

In the olden days, trigonometric ratios were computed manually and presented
in tables. Table 11.1 shows the trigonometric ratios of the angles 507, 517 and 52°.

— r— - T 1._ 1
| Angle | Sine | Cosine | Tangent |
50" | 0766 | 0.643 FOL1Y

51° 0777 | 0629 1.23
5 | 0788 | 06l6 | 1.28

Table 11.1

It is troublesome to find the value of sin 50° by drawing a triangle and measuring
the lengths of the sides to find the sine ratio as we have done earlier. There may
also be large errors for angles near to 0° or 90°. Fortunately, with the acdvance
of technology, we can now use a calculator to find the trigonometric ratios of

any angle.

As we are computing the values of angles in degrees, remember to set the mode
of your calculator to ‘DEG’. Refer to your calculator manual to find out how
vou can do so.

In Book 2, we will only learn the trigonometric ratios of angles between 0° anct 90°.

OXFORD
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Worked

E 1 Use a calculator to evaluate each of the following.
Xxample @) sin 32° (b) cos 153"
(c) tan 25.96° (d) 2sin 37" + 5 tan 56°
3 cos 57°
(e) cos 48 1 M sin 46.5° + tan 26.4°

Solution:
(a) Sequence of calculator keys:

|sin | 3 \ 2 | = I The sequence of caleulator kevs

in worked example 1 follows the
. sin 32° =0.530 (to 3 s.{.) ‘Direct Algebraic Logic (DAL
type of Scientific calculator. Reder
to your caleulaior manual if vou are
wsing a dhifferent type of calculatar

{(b) Sequence of calculator keys:

)]

- cos 15.3°=0.965 (to 3 s.f.)

(£) Sequence of calculator keys:

mREnaan

. tan 25.96° = 0.487 (to 3 s.{.)

(d) Sequence of calculator keys:

e ST s e =]

oo 25in37° + 5 tan 56° =8.62 {to 3 s.f.)

(e} Sequence of calculator keys:

aR=nn

] =]

3 w\% = 4.49 (to 3 5.
() Sequence of calculator keys:
ol s 7= e e 2 e - =D =)

cos 577

S5 s mnea - 0460 ISk

| SIMILAR
| PRACTISE NOW 1 | | auestions &
Use a calculator to evaluate each of the following,. Exercise 11A Questions dlaif,
(a) cos 24’ (b) tan 74.6° stardh)
{¢) sin72.15° (dy 3 sin 48" + 2 cos 39°
5 tan 48.3" = sin 28.7°
® nisE B 15+ 005 35°
OXFORD
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BASIC LEVEL

1. For each of the following right-angled triangles, 3. For each of the following right-angled triangles,

name write down an expression for
(i) the hypotenuse, (i sin P, (i) cos P,
(i) the side opposite La, (i} tan P, (iv) sin Q,
(iii) the side adjacent to La. (V) cos Q. (vi}1an Q,
@ ¢ in terms of x, v and/or z.
(a) P xem )
o
vem
gL
(b) ¥ X ¢
¢ (b}

2. For each of the following right-angled triangles, rem
state the value of
(i) sinA, (iD) cos A, 4. Use a calculator to evaluate each of the foilowing.
(i) tan A, (iv) sin &, (@) tan47° (b) sin75.3°
(v} cos B, (vi) tan 8. (€) cos 30.19° {d) sin 35° + cos 49°
(a) A (8) 2cosd42.3" +3sin 168"
(f) sin71.6"xtan 16.7"
13¢m
f i2cm
5¢m .
c 5. Use a calculator to evaluate each of the following.
Stan 61.4° 4(sin 22.5°Y
(b) 2 24 m c (@) 2cos10.3 (b) cos 67.5°
xw"'“‘h----_______ L tan 15° + cos 33 d tan 47.9°
25 m"-._ j? m () sin 78.4° ) cos 84" — sin 63°
A COSG7"+Sin89° - sin246 + cos 6.1
() tan 63.4° x cos 15.5° { tan 21° + cos 14°
sin 57° - cos 73%° h cos 24.7° x sin 35.1°
(g) tan 15.3° x sin 83 4° (h) tan 57° - cos 15°
OXFORD
TR Chapter 11




Applications of
Trigonometric Ratios to

1 1 2) Find Unknown Sides of
J J o dam Right-Angled Triangles

Worked Fxamples 2 to 5 illustrate how trigonometric ratios are used to find
the lengths of the unknown sicles of right-angled triangles.

Worked Use of Sine Ratio

E m 1 Calculate the value of the unknown in each of the following
xampile right-angled triangles.

(a) 4] (b)

12 em xem

Solution: -
(a) sin £ BAC b

“hyp T AB
wrazog =i
sin 72° = B
wa=12s8in 72
=114Ito3s.f)
p o OPP _ OR
(b) sin LQPR = hyp = PO
. 5
sin37" = —
.
L 5
~ sin 37°

=8.31(to 3 s.f.)

| PRACTISE NOW 2

Find the value of the unknown in each of the following right-angled triangles. xurcise | T Guestions {fabsth

@ B b) 2
Il em
rem /
Jalii
@ .
i 30 A / v em Q

OXFORD
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Worked Use ot Cosine Ratio
E 1 In AXYZ, £7 =90". Given that Z2X =55 and XZ =12 m,
xample calculate the length of XY.
X

12 m

7

Solution:
. L _adf  XZ
COs LYXA—% = XY

12
XY

12
R cos 55°

=209 m ito 3 s.t.)

PR SIMILAR
ACTISE NOW 3 |
Excrcise 1B Questions 2ial-ily

In AXYZ, £Z=90". Given that £X = 58" and XZ=4.9 m, find the length of XY.

cos 55°

1:
Z
49m
58°

X = Y

2. In AABC, £C=90". Given that ZB =47" and AB = 18 m, find the length of BC.
A
18 m
471 > 8

OXTFORI>
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Worked Llse of Tangent Ratio

E 1 In APQOR, £R =90°. Giventhat £ P =42" and PR=15cm,
Xxampile calculate the length of QR.
R 15cm P
42°
- o
Solution:
; =R OR
tan LQPR = adj = PR

tan 42" = OR
15

SR = 15an 427
=135cmito 3 s.b)

PRACTISE NOW 4

1. In APQR, 2R =90", Given that 2P = 53" and PR = 20 cm, find the length of gr.  Brerese TB Questions iy

P 20 cm R
53¢ L

Q
2. In AXYZ, £Z=90". Given that £X = 35" and ¥Z = 12 ¢m, find the length of XZ.

L_)X_}-'(_)RD
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Worked
Example

(M AC,

Solution: .
. i =, %_ A
{I) sin ZABC= hyp — AB

in 32t e AC

sin 32" = 4

S AC =24 5in 327

12.7 m (to 3 s.f.}

Il

(i) Method 1:

0 _adp _ BC
cos LARC = hyp_ AR
. .‘— B_C

cos 32" = 54

- BC =24 cos 327
=204 mito 3 s.f)

Method 2:

In AABC, £C=90".

Using Pythagoras’ Theorem,
AR = AC + BC*

24° = 1292°+ BC*  (Use AC = 12.72 (4 s.£.1 instead of 12.7 or directly
BC* =247~ 12727 use AC = 24 sin 32".)

=576 - 161.7984
=414.2016

2o BC = J414.2016 (since BC = 0)
=204 mito 3 s.f)

Which method do you prefer and why?

OXFORD

LIKITYRAITY B

In AABC, £C=90". Giventhat £ZB=32"and AB=24m,
calculate the length of

=

In order for the final answer to be
accurate to three significant figures,
any intermedate working must be
correct to at least four significant
figures.
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| PRACTISE NOW & !

1. In AABC, £C =90". Given that £B =27" and A8 =23 m, find the length of Fxercese |1B Questions rai-id
® BC (i) AC. 6
B 23 m A

C

2. The figure shows a quadrilateral PORS where £PQR = LPRS =90, Given that
PR=92m, £L0PR =46" and PSR =48", find
(i) the length of PQ,
@) the length of OR,
(iii} the length of PS,
(iv) the length of kS,
{(v) the perimeter of the quadrilateral PQRS,
{vi) the area of the quadrilateral PQRS.

48"

9.2m

OXFORD
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BASIC LEVEL

1. Find the value of the unknown in each of the 4. Find the values of the unknowns in each of the
tollowing right-angled triangles. following right-angled triangles.

(a) dcm (a)

¢ cm

(b)

9.7 em| (b}

bem

2. Find the value of the unknown in each of the cem

following right-angled triangles.
(@)

(b

rm
17 m

O

(d)

3. Find the value of the unknown in each of the
following right-angled triangles.
(@ s

(b}

OXFORD
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ADVANCED LEVEL

5. INAABC, AB=89m, £BAC=90"and 2ZABC=56". 7.

H lies on BC such that AH is perpendicular to BC.
Find the length of

(i) AH, A
(i) HC.
89 m
56°
B H_‘ C

6. In the figure, S = 25 cm, £ZQSR = 45" and
£QST =60". Find the length of

W 710 = 8.

(i) PT,
(iii) PR,

@ Chapter 11 Trigonometric Ratios

A figure VWXYZ is made up of three right-angled
triangles. Given that VW = |54 m, V¥ = 88 m,
LVXW=LVYZ=90", LVWX=63", LVZY=46", find
(i) the perimeter,

(ii) the area,

of the figure.

If v is inversely proportional to (tan x)* and y = 2
when x = 30°, find the value of v when this value

of x is doubled.

OXFORD




Applications of
Trigonometric Ratios
to Find Unknown
cy) Angles in Right-
3 Angled Triangles

-1 Finding Angles Given Trigonometric Ratios
In Section 11.1, we have learnt how to find trigonometric ratios when we are
given an acute angle in a right-angled triangle. We will now learn how to find an

acute angle in a right-angled triangle when we are given its trigonometric ratio,
If we are given that sin A = 0.45, how do we find the acute angle A?

Since the value of the trigonometric ratio sin A is 0.45, we can write
45 9 4.5

sin A = @';%Or —Ib—,t'ﬂ_'.

; 3 C 4.5 . . opp
Considler the trigonometric ratio sin A = —= . Recall that since sin A = ’—.', then

10 hyp
in a right-angled triangle, the length of the side opposite ZA is 4.5 ¢cm and the
length of the hypotenuse is 10 em. Fig. 11.5 shows a right-angled triangle ABC

where £C=90°, BC=45cm and AB = 10 cm.

i
10 ¢m
4.5¢cm
[ A
Fig. 11.5

Using a protractor, we measure ZA to be 27°.

OXFORD
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. Use of a Calculator to Find Angles Given
Trigonometric Ratios

We can also use a calculator to find £A where sin A =045,
Since we are computing the values of angles in degrees, remember o set
the modle of your calculator to "DEG”.

Sequence of calculator keys:

e[0T 5 =]

s LA =sinT (045
=267 (to 1 d.p.)

PRACTISE NOW

Use a calculator to find each of the following angles, given its trigonometric ratio.
{a) sinA=0.78 {b) cos B=035 (©) tan C =123

I:-§Apﬁlications of Trigonometric Ratios to Find
Unknown Angles in Right-Angled Triangles

In Section 11.2, we have learnt how to use trigonometric ratios to find the lengths
of the unknown sides of right-angled triangles. Now, we will leam how to use
trigonometric ratios to find the unknown angles in right-angled triangles.

Finding Unknown Angles in Right-Angled Triangles
Calculate the value of the unknown in cach of the following
right-angled triangles.

(@)

Worked
Example

15 ¢m

(b)

13em

(c)

23.60m

2

The sequence ot caloulatorn
hevs Tollows the "Dircot
Algebrare Logie (DAL
vpe ol Scientific calculator. Refer
1o the manuat of vour calculator
1 YOU are using a ditterent hpe ol
caleultor.

Unless stated othernwise ina
question, we leave angles

(l(‘gr(‘(‘ﬁ correct 10 one decimal
place

SIMILAR
| QUESTIONS

Exercise 11 Questions Fak=(c)

OXFORD




Solution:

.. 15 b =7
(@) siny" = 33 (b) cosy T

R N e—— LB &

LA = osIn (ﬁ) B o8 173 }

=43.0° (to 1 d.p. =040 (to 1 d.p.)
o x=430 sy =640
. 155

(©) tan " = 76

AR ) '(15'5)

236
=333 (to 1 d.p)
So2=333
SIMILAR
PRACTISE NOW 6
Find the value of the unknown in cach of the following right-angled triangles. st | |6 Quenlious 2id? A
@ {b)
9.1 cm
1 em
BRI —

(<
‘ﬂ,-rorked (Using Trigonometric Ratios to Find an Unknown Angle

and the Length of an Unknown Side)

In AABC, AB=14m, BC=6 mand ZACB =90". H lics on
AC such that ZBHC = 45°. Calculate

(i) £BAC, (i) the length of AH.

Example

i}

OXFORD
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Solution:

i In AABC, (ily In ABHC,
_. " 0 ) v 6
sin £ZBAC 14 tan 45 HE
. _saf 6 . _ 6
o LBAC = sin lm) o HC = ==
=254"{to 1. d.p.) =6m

In AABC, LACB=90".
Using Pythagoras’ Theorem,
AR = AC* + BC

14:=AC + 6°

AC =142 - 6°
=196 - 36
=160

- AC = 160 (since AC > 0)
=1265mito4s.f.)

L AH=AC-HC
=1265-06
=06.65(to 3 s.f)

] | SIMILAR |
PRACTISE NOW 7

1. In AABC, AB =173 m and £ZACB =90, K lies on CA such that CK = 7.6 mand  Exerase 11C Questions 3-8

LBKC=42". Find
(i) £LBAC, (i) the length of KA.

i

173 m

42°
C™%6m K

2. The figure shows a trapezium PQRS in which PQ is parallel to 5R. Given that
PO =4¢mand PS=3cm, find
(i) LPQOS. (i) the length of OR.

3cm

OXFORD
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=~ Exercise

11C

BASIC LEVEL

1.

Use a calculator to find each of the following
angles, given its trigonometric ratio.

(a) sin A =0527 (b) cos B=0.725

(€) tan C'=2.56

Find the value of the unknown in each of the
following right-angled triangles.

fa)
12¢m
]
(b)
‘ b
17 ¢cm (G
(c)
11 em
(d) N
20 ¢m 17.6¢cm
"
OXFORD

UNIVERAIIY PRI

(e)

e

I;'I 12.9 ¢m

4.7 LN?II

Chapter 11 @




ADVANCED LEVEL

3. The figure shows a quadrilateral ABCD where 6. The figure shows a triangle STU where TU = 1 em

LABC = £BCD =907, Given that AB = 4 m and 11 lies on TU sach that the fength ot 771 s 120%
DA =DC=7m, find of the length of HU and £SHU = 90", Given thal
) £2ADC, (i) the length of BC. the arca of ASTH is 21 em’, tind £7T5U.
D S
7m
A
Tm
4m
=
T H
3 I_C +— Il cm—>

4. INnALMN, LM =155cmand ZLNM =90 Hlicson 7. The figure shows a trapezium WXYZ in which

NL such that HM =9.2 em and ZHMN = 38", Find WX is parallel to ZY. It is given that WX = 4.7 m,
(i) LMLN, (i} the length of HL. ZY = 78 m and £WzY = 62°. K lies on ZY such
0 H ; that the ratio of the length of WK to the length
- ) of ZY is 62 13. Find
(i) £XYZ,
15.5cm (i} the perimeter of the trapezium WXYZ.
P L
\
M \
\
5. In APQR, PQ =174 m and PR =7.6 m. K lics on 62° \
QR such that ZPKQ = 137" Find 7 K > %
(i) LQPK, (ii) the length of QK. «—78m—

P
8. The figure shows a triangle ABC where

LABC = 35°. H lies on BC such that the length
of HC is twice that of BH. Find £ACB.

A
e
H/KHD e C

76m

OXFORD
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Applications of
Trigonometric
Ratios in Real-
o~® World Contexts

Trigonometry is commonly used to find the heights of buildings and mountains,
the distance of the shore from a point in the sea and the distance between celestial

hodies, etc. In this section, we will learn how to apply trigonometric ratios to solve
problems in real-world contexts.

Investigation

Using a Clinometer to Find the Height of an Object

In this investigation, we will learn how to use trigonometry to find the height of a
tree or a building.

1. Fig. 11.6 shows an instrument known as a clinometer.

(v

Fig. 11.6
If we look at the top of a tree or a building through the straw, the instrument

will give us £y, which is also equal to £x. Explain clearly why £y = Zx. £y is
called the angle of elevation.

OXFORD




2. Follow Steps (i} - (i) to make a clinometer.
(i) Photocopy the protractor in Fig 11.7 and paste it on a piece of cardhoard.

Fig. 11.7

(ii) Make a hole in the cardboard, close to the corner of the protractor.

(iii) Using a straw, a picce of thread, a ball bearing (or any suitable weight)
and some sticky tape, assemble the clinometer as shown in Fig. 11.6.
Ensure that the straw lies along the 90° mark along the line AB, and that
the thread touches the straw at the corner B of the protractor as shown
in Fig. 11.6.

3. Follow Steps (i) - @ii) to use the clinometer which you have made in Step 2
to find the height of an object.
(i) Stand at a spot that is about [0 m to 20 m from an object such as a tree
as shown in Fig. 11.8. Measure this distance using a measuring tape.

Top of tree

Line of sigh}.““

_-""Angle of
3-_'A___szl_fe_\_fa.tio_n_r
<«+—[istance—>

Fig. 11.8

{ii) Look at the top of the object through the straw of the clinometer.
Ask your classmate to read the angle of elevation from your clinometer.

(i) Use a trigonometric ratio to find the height of the object, showing your
working clearly. Note that the clinometer is at a certain height above
the ground.

OXFORD
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Worked Finding the Height of a Building
Example

A point A on level ground is 38 m away from the foot F of
a building T#. Given that AT makes an angle of 33° with

the horizontal, calculate the height of the building.

A 3B m F
Solution:
r TE
tan 33 = ?;g
. TF =38 1an 33"
=247 mito 3 s.f)

The height of the building is 24.7 m.

PRACTISE NOw 8

1. Apoint Aon level ground is 28 m away from
the foot Q of a flagpole PQ. Given that AP
makes an angle of 54° with the horizontal,
find the height of the flagpole.

2. Theheightof atower 7Fis40m. Giventhat [ |
A is a point on level ground such that AT |
makes an angle of 37° with the horizontal,
find the distance FA.

]

SIMILAR
QUESTIONS

Exercise 110D Questions 1-3, 7, 1}

3. Devi uses a clinometer to measure
the height of a tree TB. From where
she stands, the angle of elevation
of the tree is 40" and the height of
the tree is calculated to be 184 m.
Given that the clinometer is 1.6 m
above the ground, find the distance
AB between Devi and the foot of

4 m

l6mis

the tree,

OXFORD

ITV PEBEE

Trigonometric Ratios Chapter #1 @




Worked

A lighthouse HL is 72 m tall. Given that a point G on level

Example ground is 125 m away from the foot L of the lighthouse,
calculate £HGL.
H -
. 72m
g o
. G L

Solution: Lo

T2
tan L HGL = 175

~ LHGL=299"(to1d.p.)

| I SIMILAR |
PRACTISE NOW 9 |

Exercise 110 Question 4

A tree TR is 13 m tall. Given that a point A on level
ground is 24 m away from the foot B of the tree,

4]
find £TAB . 130
€%

iy ™

B 24 m A

Worked iRea-t ite Application of Trigonometric Ratios
E 1 The height of a building PQ is 32 m. RHS is another
Xampie building and PH is a horizontal sky bridge linking the

buildings. Given that ZRPH = 40.7° and LHPS =224,
calculate the height of the building RHS.

OXFORD
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Solution:

HS=PQ2=32m
In APSH,
. 32
tan 224" = PH
32
S tan 22.4°

=7764 m (to 4 s.f.)

In APRH,

. RH
tan 40.7" = m

~o RH = PH tan 407
=77.64 tan 40.7°
=60.78 m (to 4 5.f.)
SLRS=RH+ HS
=66.78 + 32
=98.8 m (to 3 s.f.)

The height of the mast is 98.8 m.

PRACTISE NOW 10

The height of a warehouse WH is 26.5 m. ABC is a vertical mast in front of the warehouse.
BW is a horizontal cable attached to the mast from the top of the warehouse. Given

that LAWB =49.6° and ZWCH = 32.4°, find the height of the mast.

=

In order for the final answer to be
accurate to three significant figures,
any intermediate working must be
correct to at least four significant
figures.

SIMILAR
QUESTIONS

Exercise 110 Question 8

A
49.6°
8- W
26.5m
324°
C H
QXFORD
RrEHE Trigonometric Ratios Chapter 11 @
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W()rked Real-Lite Application of
When a ladder of length 18 m leans against the top

Example edge of a window of a building, it forms an angle of 57°
with the ground. When the ladder leans against the
lower edge of the same window, it forms an angle of 46
with the ground. Calculate the height of the window.

Solution:
In the figure, AP and BQ represent the two positions of the ladder and PQ

represents the window.

P

In AAPR,

sin 57 T

PR = 18sin 577
=15.10mito 4 s.f.)

In ABQOR,

. . R

sm4b” = (128

. OR = 18 sin 46’
=1295mito 4 5.1}

. PQ=PR - QR
=15.10-1295
=2.15mito 3 s.f]

The height of the window is 2.15 m.

SIMILAR
PRACTISE NOWV

When a straight pole of length 14.5 m leans against the top edge of a signboard ~ Fxercise 11D Questions 56,912
on a building, it forms an angle of 53" with the ground. When the pole leans

against the lower edge of the same signboard, it forms an angle of 42° with the ground.

Find the height of the signboard.

OXFORD
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" Exercise

11D

BASIC LEVEL

1.

A point A on tevel ground is 34 m away from the
foot B of a Christmas tree TH. Given that AT makes
an angle of 32° with the horizontal, find the height

of the Christmas tree.
T

I
A 34 m B

The height of a vertical post PQ is 7.7 m. Given that
Ais a point on level ground such that AP makes an

angle of 27° with the horizontal, find the distance

AQ.
P

77 m

A Q

Huixin standing at B is flying a kite. The kite is
vertically ahove A. The string BK of length 120 m,
attached to the kite, makes an angle of 53 to the
horizontal. Assuming the string is taut, find the

distance AH.

OXFORD ©

4. At a certain time of a day, a church spire PQ,

82 m high, casts a shadow RQ, 62 m long.
Find ZPRQ.

-

Ré——62m —Q

5. A ladder of length 5 m leans against a nail on

a vertical wall. It forms an angle of 60" with
the ground. Find

(i) the height of the nail ahove the ground,

(i1} the distance of the foot of the ladder from

the hase of the wall.

A boat is tied to a rope of length 12 m which
is attached to a ring that is 3.5 m above the water.
Assuming that the rope is taut, find the angle it
makes with the water.

ring
B

iI2m

hoat -
0 (Y

water level

35m

Chapter 11 @




Lixin is standing 7.05 m away from the statue
of the Merlion MP at Merlion Park, Singapore.
The height of her eyes from her feet is 1.55 m.
Given that the angle of elevation of the top of
the statue from her eyes is 42°, find the height

of the statue,
M

&

ae

e

A4 - '
'-55’“[@ v S

“«——705m—>P

The height of a building WH is 8 m. PQR is a flagpole
and WQ is a horizontal cable connected to the
top of the building and to the flagpole. Given that
LPWQ =35.4° and ZWRH =24 3°, find the height

of the flagpole.
gp 5
W 35.4° _ 0
8m
: 24.3°
H R

A plank of length 4 m rests against a wall 1.8 m
high such that 1.2 m of the plank lies beyond
the wall. Find the angle the plank makes with

the walil.

@ Chapter 11 Trigonometric Ratios

10. A pendulum of length 45 cm swings backwards and

11.

12.

forwards from X to Z passing through Y, the middle
point of oscillation. The angle between the pendulum
at X and at Z is 30°. Find the height in which the
pendulum baob rises above Y.

i
30

=

\45cm

X i Oz

¥

When a ladder of length 2.5 m leans against the
top edge of a window of a building, it forms an angle
of 55° with the ground. When the ladder leans
against the lower edge of the same window,
it forms an angle of 38° with the ground. Find the
height of the window, giving your answer in

centimetres.

A crane stands on level ground. It is represented
by a vertical tower AB of height 18 m and a jib AC
of length 36 m. A vertical cable hangs from C and
is attached to a load at D. The jib is inclined at an
angle of 35" to the horizontal line AH.

(iy Find CD.

The load is liited from D and the jib is rotated in a
vertical plane about A. When the jib is at the position
AE, the load is lowered and placed on the level
ground at the point G, which is vertically below E.
The line £G cuts the line AH at F and GD =20 m.

OXFORD
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Find

(i) EF,

ADVANCED LEVEL

13. Two points £ and @, 10 m apart on level ground,

(iii)the angle in which the jib has rotated in the

vertical plane about A.

E
C
36 m
—— nfr
-

8 G+—=20m—*D

opposite hypotenuse

¢l A

adjacent

In a triangle ABC, if £LC=90",

then

BC _ opp . . . opp
AB " hyp is called the sine of ZA, orsin A = oo
AC _ adj . . o adj
g is called the cosine of £ZA, orcos A = hyp *
Bg = % 15 = " opp
AC ~ adj is called the tangent of ZA, or tan A = ad] -
QXTORD

are due West of the foot B of a tree TB. Given that
£TPB =23 and £TQB = 32°, find the height of the

tree.

Chapter 11 @




Review

; Exercise

1. Find the value of the unknown in each of the following right-angled triangles.

(a) (b)
agn 12 ¢m
43°

(c) 14.3 em

T.6cm

2. In AABC, AB =24 m and ZABC =90°. Given that sin ZACE = g find

(i) the length of AC, (ii) the iength of BC,
(iii) the value of cos £LACE + tan £BAC.

3. The coordinates of the point Q are (2, k) and £POQ = 60°. Find
(i) the length of 0Q, (i) the value of A.

4 oen

* X

0 P

o

In the figure, XH and ZK are perpendicular to YZ and XY respectively. Given that
in X
the ratio of the length of XH to the length of ZK is 3 : 4, find the value of ?m_z
X

OXFORD
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%))

The length and the breadth of a rectangle are 19.2 cm and 124 cm respectively.
Finct the angle between each diagonal and the breadth of the rectangle.

6. In AABC, AB =132 m, BC =69 m and £ACE = 90°. H livs on AC such that
LBHC =46". Find

) LABH, (i0) the length of AH.

B
132
i 69m
46°
A 7 C

7. The figure shows a triangle PQR where PQ = 50 cm, K lics on OR such that
LQPK =30" and £LRPK = 46", Find the length of

i)y QK (i) QK.

0 ] R

8. Afigure VWXYZ is made up of three right-angled triangles and WXY is a straight

line. Given that VX = 35 m, X7 =54 m, £VWX = ZVX/ = 2XYZ = 90" and
LX7Y =54, find

() 2LVZX, (i) the length of XY,
(iii) the length of Viv.

w

OXFORD
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9. The lower edge L of a window UL in a house is 15 m vertically above a point A
on level ground. B is another point on level ground such that BU makes an angle
of 27.4° with the horizontal and £ZALB = 66.75°. Find the height of the window.

15m

l

10. H is a point on level ground due West of a building TF of height 72 m while K is
a point which is in line with # and due East of the building. Given that Hf makes
an angle of 54° with the horizontal and 2F7K = 47°, find the distance HK.

A B

¥
47

T2m

B
H F K

11. An aerial mast is supported by four cables. The cables are attached from the
top of the mast to points on level ground, 57 m away from the foot of the mast.
Given that each cable forms an angle of 32° with the ground, find the height
of the mast.

12. A ladder of length 6.5 m leans against a vertical wall and touches a window sill.
It forms an angle of 61° with the ground. Find
(i) the height of the window sill above the ground,
(ii) the distance of the foot of the ladder from the hase of the wall.

OXFORD
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Challenge
Yourself

1. The figure shows a kite ABCD where £ADC = 40", Given that the area of the
kite is 900 units®, find its perimeter.

AT [5C

\/

]

2, 1f 0" <x < 90", state the range of values of x for which sin x < cos x. Explain your
answer clearly.

OXFORD
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Area of Pyramids,
Cones and Spheres

The photo shows some ice cream Cones.
How does the manufacturer determine
the volume of ice cream needed to fill
each cone completely?




L3

LEARNING OBJECTIVES ¥

At the end of this chapter, you should be able to:

= identify and sketch pyramids, cones and spheres, ¢+

+ draw and use nets of pyramids and cones to visualise -
their surface area, A

= use formulae to calculate the volume and the surface
area of pyramids, cones and spheres,

= solve problems involving the volume and the surface

. ' £

area of composite solids made up of pyramids, CONES, o
sphgres, prisms and cyfinders.




Volume and Surface

Area of P

12.1

)

‘! .Lali! Discussion

What are Pyramids?
The photo in Fig. 12.1(a) shows the Great Pyramid built by the Egyptians
in Giza, Egypt around the year 2560 BC. The photo in Fig. 12.1(b) shows two

tetrahedral dice, each with 4 triangular faces. These are real-life examples of pyramids.

When a tetrahedral die with four
sides numbered 1, 2, 3 and 4 is
tossed, the score is the number
on the side facing downwards,
However, since itis difficult to read
this number, the dice are numbered
as shown in Fig. 12.1(b). The score
is the number closest to the base
What is the score on each of the
dice in Fig. 12.1(b)7

(@) The Great Pyramid {b) Tetrahedral Dice
Fig. 12.1
Discuss each of the following questions with your classmates.
1. What are some common features of these pyramids?
2. What do you notice about the slanted faces of these pyramids?
. e
3. What _do you 'notlce about the bases of these pyramids? . The base of a pyramid is also
4. What is the difierence between a vertex and the apex of a pyramid? considered a face of the pyramid.
5. What do you notice about the cross sections of a pyramid? Are they uniform? but it is different from the slanted
6. Now, look at the photos in Fig. 12.2. Are they pyramids? Do they have the same ki Of the pyramd

features as the pyramids in Fig. 12.12

.S;w = ) s

{a) Food Pyramid (b) Human Pyramid (€} Rice Dumpling
Fig. 12.2

7. Give three more real-life examples of pyramids.

OXFORD
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:+i Types of Pyramids

A pyramid is a solid in which one of the faces is a polygonal base andl the other slanted
faces arc triangles joined to the edges (or sides) of the base. The comer points of a
pyramid are known as vertices (singular: vertex) and the vertex where all the slanted
faces meet is called the apex, which is opposite the base.

Fig. 12.3 shows some examples of pyramids with difierent bascs. The base of each
pyramid is shaded. A pyramid is named after its polygonal base. Can you name the
last two pyramids? Write your answers in the spaces provided in Fig, 12.3.

Apex

Apex

(@ Triangular Pyramid (b} Pentagonal Pyramid

Apex Apex
Apex

e

=

b i
e T
Pr 1

~
’ ~ —
= g =
+
4 -

’ - -
_---" Base -,

t A~ -
,’ \l

!

(¢) Square Pyramid (d) Pyramid (e} _____ Pyramid
Fig. 12.3

For the square pyramid in Fig. 12.3(c), do you notice that the apex is vertically above ~ ¥or the pyramid in Fig. 12.3¢e),
I g ik led . d. C —— o you notice that it is a right
the centre of the base? Such a pyramid is called a right pyramid. Can you identify pyramid and the base is a regular

other right pyramids in Fig. 12.37 hexagon? Such a right pyramid with
a regular polygonal base is known
as a regular pyramid.

Recall that a regular polygon is a
polygon with all sides equal and
all angles equal. Since a regular
quadilateral has to be a square and
not arectangle, then a rectangular
pyramid can never be a regular
pyramid, However, are all square
pyrantids regular pyramids?

OXFQRD
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The perpendicular height (or simply the height) of a pyramid is the perpendicular
distance from the apex to the base of the pyramid (see Fig. 12.4). A slant height of
a pyramid is the distance from the apex to the midpoint of an edge (or side) of the

base. The edges that join the apex to the vertices (or corner points] of the base are

called the slant edges Use & adentical matchsticks to
: torm 4 equelateral triangles without

Bireaking the matchsticks,

Apex

Slant edge

_~Slant height

What can we say about the slant eclges, slant heights and slant faces of regular
pyramids?

In this section, we will study only right pyramids. Therefore, the term ‘pyramid’ is used
to refer to a right pyramid. Also, the term ‘height’ is used 1o refer to the perpendlicular
height unless otherwise stated.

Journal
Writing

In Book 1, we have learnt about prisms. Write down three differences bhetween a
prism and a pyramid.

- L
L ]

;¢ Volume of Pyramids

In Book 1, we have learnt:

Volume of prism = area of cross section x height
= hase area x height

We will now learn how to find the volume of a pyramicd.

()_Xl—‘()l_{l)_
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Investigation

Volume of Pyramids

Consider an open triangular pyramid and an open triangular prism with the same
base and the same height (see Fig. 12.5). If we fill the entire pyramid with sand before
pouring it into the prism, how many times will it take to fill the prism completely?

M,
4n0~ 1

An open pyramid refers to a

open end open end

A pyramid that is open at its base
while an open prism refers to a
prism thal is open at one end.
h
h
s
v
(a) Triangular pyramid (b} Triangular prism
Fig. 12.5

Fig. 12.6 shows the net of a triangular pyramid which can be photocopied and pasted
on a piece of cardboard before cutting it out and folding along the dotted lines to
obtain an open pyramid as shown in Fig. 12.5(a).

* The cardboard is necessary, If we
use only paper, the pyramid will
be distorted due to the mass of
the sand and the result will be
inaccurate.

¢ The tabs are not part of the net
as they are for gluing purposes.

OXFORD
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Similarly, use the net of the triangular prism in Fig. 12.7 to make an open prism as Jnternat

Res
shown in Fig. 12.5(b). = ources

Search on the Internet for ‘ Dynamic
Paper’ for more templates of nets.

Fig. 12.7

Notice that both the pyramid in Fig. 12.6 and the prism in Fig. 12.7 have the same
base and the sarne height.

Fill the entire pyramid with sand such that the sand is level. Pour the sand into the
prism. How many times must you do this until the prism is completely filled? Do you
get the same result as your classmates? This suggests that:

Volume of pyramid = x volume of corresponding prism

You may want to repeat the experiment in the investigation for different pyramids
and their corresponding prisms (i.e. prisms with the same base and height). Fig. 12.8
shows a series of photos where sand is poured from a square pyramid into a square
prism with the same base and the same height. The process is repeated until the prism
is completely full. It shows that it takes 3 times the volume of a pyramid to fill the
prism completely.

b

W

bt

{e) ()

OXFORD
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This supgests that: h

. ] . .
Volume of pyramid = 2 x volume of corresponding prism
3 The corresponding prism of a
_ l x base area x heighl pyramid has the same base and
3 the same height as the pyramid.
Worked
Example OABC is a triangular pyramid with a base area of 25 cm®
and a height of 8 cm. Find the volume of the triangular
pyramid.
. 0
Solution: gy
| MA Tion
Volume of triangular pyramid = 3 x base area x height
- Another name for a tnangular
1 pyramid is “tetrabedron’. If all the
3 x25x 8 A C edges are of the same length, it is
2 called a regular tetrahedron.
=66 7 cm’
3
B

PRACTISE NOW 1
e QUESTIONS

Exercise 12A Questions 1-3, 8

1. A triangular pyramid has a base area of 36 cm’ and a height of 7 cm. Find the
volume of the triangular pyramid.

2. The height of the Great Pyramid of Egypt is 146 m and its base is a square of
sides 229 m. Find the volume of the pyramid, leaving your answer correct to
3 significant figures.

worked Finding the Height of a Pyramid, Given the Volume and

E 1 Dimensions of Base)
xamp € VPORS is a reclangular pyramid where PQ = 30 m and

QR =20 m. Given that the volume of the pyramid s
7000 m', find its height.

Solution:
Volume of pyramid = %x base area x height

7000 = 5 x (30 x 20) x height

7000 = 200 x height
- Height =35 m
The volume of a pyramid with a square base of length 5 m is 75 m". Find its height. gx%ﬁiw 12A Questions 4-6,
OXFORD
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Surface Area of Pyramids

Fig. 12.9(@) shows a pyramid with a square basc and Fig. 12.9(b) shows its

net. If we fold the net along the dotted fines, we will obtain the pyramid. How do we
find the total surface area of the pyramid?

p/
M“Oqu‘q Tiow -

The word “surface” is pronounced
as sur-fis, not sur-face,
II

\

{

|
i
s g

(a)

Fig. 12.9

From the net, it can be seen that:

Total surface area of pyramid = total area of all faces

Worked
Example

OPQRS is a pvramid with a square base of length 14 cm.

Civen that the stant height of the pyramid is 17 cm, draw
its net and hence, find its total surface area.

Pr—1ldem— 0

@ Chapter 12 Volume and Surface Area of Pyramids, Cones and Spheres
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Solution:

Pt

17cm ' © 17em

.....................................

(see Fig. 12.9ih)).

Area of each triangular face =% x 14x17

= 119 cm?
Area of square base = 14 x 14
= 196 ¢cm*
.. Total surface area = 4 x area of each triangular face + area of square hase
of pyramid =4x119+19
=672 cm’

: | SMILAR |
i PRACTISE NOW 3 | 4 QUESTIONS |

A pyramid has a square base of length 12 m. Given that the slant height of the pyramid ~ Exercise 124 Question 7
is 15 m, draw its net and hence, find its total surface area.

OXFORD

UNIVERUITY FREES

When we are required to draw the
net of a solid, we do not draw the
tabs as they are for gluing purposes
(sce Fig. 12.6 and Fig. 12.7). We
just draw the net without the tabs
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W()fked Finding the Volome af a Pyramid, Grven the fotal Sartace

E 1 Area and Dinensions of Base . ’E%
xamplie A pyramid has a square base of length 10 em and a total e
surface area of 272 cm?’. Find the volume of the pyramid. ) .
Pélya’s 4-Stage Problem Solving
Model

Solution:

Stage ! {Understand the problem

You may wish to sketch the pyramid
for better visualisation,

Stage 2 ( Think of a plan):

To find the volume of the pyramid,
according to the formula, we need
1o know its base area and its height.
We are able to find its base area
easily but how do we find its
height? Which information bave
we not used?

Do you notice that there is a right-

angled triangle in the figure? What

topic comes into vour mind when
Total surface area of pyramid = 4 x area of each triangular face + arca of square base  you see right-angled triangles?

. Total surface area of pyramid — areaof square base Stage 3 (Carry out the plan): Seo
Area of each triangular face = BY quare bz . ! ol
4 solution,
= 2712-10x10 Stage 4 (Look back): Check your
4 solution.
172
= 43 em?

Area of AVBC = % x 10 % VQ = 43
5x VQ = 43
VO =8.6cm

X
S
=

PQ

Il

N to | — ro| —
X
S

cim
In AVPQ, £P=90".
Using Pythagoras’ Theorem,
VO = VP + PO
86 =VP+ 5°
VP =86 - §
=7396-25
= 48.96
- VP = J48.96 (since VP> ()

= 6997 cm to 4 s.{.)

-~ Volume of pyramid

I

=233 cm’ {to 3 s.1.)

@ Chapter 12 Volume and Surface Area of Pyramids, Cones and Spheres

x base area x height

x 10 x 10 % 6.997

In order for the final answer 1o be
accurate to three significant figures,
any intermediate working must be
correct to at least four significant
figures.

OXFORD
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PRACTISE NOW 4

VPQRS is a pyramid where the length of each side of
its square base is 7 cm. Given that the total surface
area of the pyramid is 161 cm?, find its

(i) slant height vB,

(i) volume.

"Exercise

12A

1. OABC is a triangular pyramid with a base area of
15 cm® and a height of 4 cm. Find the volume of the
triangular pyramid.

2. OABCDEF is a hexagonal pyramid with a base area
of 23 em? and a height of 6 em. Find the volume of
the pyramid.

0]

OXFORD

SIMILAR
Vv QUESTIONS

Exercise 12A Questions 11-16

Pete—Tcm >0

3.

4,

OXYZ is a pyramid whose base is a right-angled
triangle where XY =7 m and ¥Z = 4 m. Given that
the height of the pyramid is 5 m, find its volume.

0

7

4m

VPQORS is a rectangular pyramid where PQ = 10 cm
and QR =6 cm. Given that the volume of the pyramid

is 100 em’, find its height VO.

10 em

Chapter 12 @




5.

A pyramid with a triangular base has a volume oi
50 cn?’. If the base and the height of the triangular
hase are 5 cm and 8 cm respectively, find the height

10. VABCD is a pyramid with a rectangular base of sides

15 em by 9 em. Given that the slant height VQ of the
pyramid is 16 cm, find its

of the pyramid. (i height,

: i) volume.
6. The volume of a square pyramid with a height of (W) volume

12 mis 100 m". Find the length of its square base.

/
7. OWXYZis arectangular pyramid where WX = 66 cm ,{’
and XY =32 cm. Given that the slant heights 04 and /
OB of the pyramid are 56 cm and 63 cm respectively, 'l,'
draw its net and hence, find its total surface area. /'
J’_D (:‘/
0 9cm

/

11. VPQRS is a pyramid with a rectangular base of sides
10cm by 8 em. Given that the volume of the pyramid
is 180 cm’, find its
(i) height,

(ii} total surface area.

15 cm B

/7
F
Vi
i
8. A glass paper weight s in the shape of a solid pyramid i 5 :
with a square base of length 6 cm and a height of /I_ 3
7 cm. Given that the density of the glass is f»;»/
3.1 glem’, find the mass of four identical paper /
weights. P 10 cm

12. A pyramid has a rectangular base of sides 16 m
by 14 m. Given that the volume of the pyramid is
700 m’, find its
(i) height,

(i) tota! surface area.

ADVANCED LEVEL

13. A solid pyramid has a rectangular base of sides
15 cm by 10 ¢cm and a height of 20 cm. It is placed
inside an open cubical tank of sides 30 cm. The tank
is then completely filled with water. If the pyramid
is removed, what will be the depth of the remaining
water in the tank?

9. A solid pentagonal pyramid has a mass of 500 g.
It is made of a material with a density of 6 g/cm’.
Given that the base area of the pyramid is 30 cm®
find its height.

¢

OXFORD
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14. VWXYZis arectangular pyramid where WX is longer
than XY. Is the slant height VA longer or shorter than

the slant height VB? Explain your answer, 8 em. Find its

(i) slant height,
(i) volume.
Hint: All sides are equal. The centre C of an equilateral

2
triangle is = of its height h.

1 2). 9 ) Volume and Surface

|_Area of Cones

Class

Discussion

What are Cones?
Fig. 12.10 shows some real-life examples of cones.

{a) lce-Cream Cone (b} Party Hat
Fig. 12.10

DJiscuss each of the following questions with your classmates.
I.  What are some common features of these cones?
. What are some similarities and differences between a cone and a cylinder?

3. What are some similarities and differences hetween a cone and a pyramid?
k. Give three more real-life examples of cones.

OXFORD
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15. The length of each edge of a regular tetrahedron,
whose faces are identical equilateral triangles, is
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*:¢ Types of Cones

A conc is a solid in which the base is hounded by a simple closed curve and the curved

surface tapers into a point called the apex, which is opposite the base. If the base is A simple clased curve refers to
circular, the cone is known as a circular cone. Fig. 12.11 shows some examples of 'L‘:_‘?““"“"‘"’“"""‘“ AlEBII S
cones with difierent bases. '

Apoex Apex

(a} Circular Basc (b} Elliptical Base
Fig, 12.11

In Fig. 12.11(a), the apex is vertically above the centre of the circular hase. What do
you think such a circular cone is called?

The perpendicular height (or simply the height) of a cone is the perpendicular distance
from the apex to the base of the cone (see Fig. 12.12). The slant height of a right
circular cone is the distance from the apex to the circumterence of the base.

Apex

Stant height Height

Fig. 12.12

In this section, we will study only right circular cones. Therefore, the term ‘cone’ is
used to refer to a right circular cone. Also, the term ‘height” is used to refer to the
perpendicular height unless otherwise stated. The raclius of the circular base is also
known as the base radius.

Journal
Writing

One of your classmates is absent from school and he does not understand what a
cone is. Write in your journal how you would explain to him some features of a cone
and how a cone is different from a cylinder or a pyramid. Include some appropriate
diagrams where necessary.

OXI-'_OI_{I?
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.t Volume of Cones

In Book 1, we have learnt:

Volume of cylinder = area of cross section x height
= base area x height
= 1,

where r is the base radius and 11 is the height of the cylinder.

Now, we will learn how to find the volume of a cone by comparing a cone with a
pyramid that has a regular polygonal base.

@

Investigation

Comparison between a Cone and a Pyramid

1. Fig. 12.13 shows (a) a regular pentagon, (b) a regular hexagon, (€) a regular
12-gon, and (d) a regular 16-gon inside a circle respectively.

(a) (b) (c) (d)
Fig. 12.13

If the number of sides of a regular polygon is increased indefinitely, what will
the polygon become?

2. Fig. 12.14 shows a sequence of regular pyramids, i.e. right pyramids with regular
polygonal bases.

i i £
: : B
(@) (b) () (d

Fig. 12.14

If the number of sides of the regular polygonal hase of a pyramid is increased
indefinitely, what will the pyramid become?

OXFORD
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In many wavs, a cone is ke a pyramid. However, a cone is not a pyramid because
the base of a pyramid must be a polygon but the base of a cone is a circle. Although
a regular polvgon can become a circle if its number of sides is increased indefinitely,
a polygon must have a finite number of sides and so a circle is not a polygon.

Since a cone is like a pyramid (see Fig. 12.14), by analogy, the formula for the volume
of a cone should be the same as the formula for the volume of a pyramid. We have:

Volume of cone

x hase area x height

- mtrth,

1
3
!
3

where r is the base radius and & is the height of the cone.

If a cone and a cylinder have the same base and the same height, what is the relationship
between the volume of the cone and the volume of this corresponding cylinder?

Worked

Example A cone has a circular base of radius 12 cm and a height
of 30 em. Find the volume of the cone.

Solution:

if the question does not specify the
value of X, we use the value of 1

/ |} stored in the calculator
/ \
/ i
!, LY
L I S |
L P
|2 cm—+
1,
Volume of cone = 3 o J@
@) mx 12509
3 For accuracy, we should work
interms of 1 in the intermediate
= 1440w

Slt‘[)ﬁ.

4520 cmy’ (to 3 5.0

OXFORD
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3 |  SIMILAR |
.! PRACTISE NOW 5 [ | QUESTIONS |

1. A cone has a circular base of radius 8 cm and a height of 17 ¢m. Find the volume Exercise 128 Questians 1(ak-4d
2-4,9-10
of the cone.
2. The volume of a cone with a circular base of radius 6 m is 847 m’. Find its height,

Worked Finding the Volume of a Frustum
The figure shows a frustum which is obtained by removing

Example the smaller cone OAB with a base radius of 6 cm from the
bigger cone OCD that has a base radius of 18 ecm. Given
that the height of the frustum is 10 cm, find its volume.,

Solution:

Let the height of the smaller cone be /1 cm.
Then the height of the bigger cone is (h + 10) cm.

LS
~
~

t
frem | o
4 p N
5
PeGem=- B

10 ¢m

L :

Q——— 18ecm ————

Since AOPB is similar to AOQD,
or _rs
oQ QD
il y 6
h+10 718
1
h+10° 3
3h=h+10
2h =10
h=35

= Height of bigger cone=5 + 10
=15¢m

OXFORD
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. Volume of frustum = volume of bigger cone - volume of smaller cone

AR H - L nrh

k| —

TRH - rih)

—_— ) —

= 3J't(lS:x 15-6"x5)

= % (4680)

15601
= 4900 cm® {to 3 s.f.]

« PRACTISE NOW B
—— ' ' QUESTIONS

The figure shows a frustum which is Exercise 12B Question 16
obtained by removing the smaller cone :
OAR with a base radius of 5 ¢m from the
bigger cone OCI that has a base radius of
20 cm. Given that the height of the frustum
is 12 cm, find its volume.

.:-: Surface Area of Cones
As a cone has a curved surface, it is difficult to use the flat slant faces of a pyramid as
an analogy to find a formula for the curved surface area of a cone. Instead, we will

use the same approach as finding the formula for the area of a circle which we have
learnt in primary school.

Investigationﬁ

Curved Surface Area of Cones

Consider the cone as shown in Fig. 12.15(a).

NN

base radius = r

—

Open up

2mr
Fig. 12.15(a)

OXFORD
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Unfold the curved surface of the cone to become the sector shown in Fig. 12.15(b}.
Divide the sector into 44 smaller sectors and arrange them to form the shape as shown
in Fig.12.15(b).

Fig. 12.15(b)

If the number of sectors is increased indefinitely, then the shape in Fig. 12.15(h) will
hecome a PORS.

Since PQ + RS = circumference of the base circle in Fig. 12.15(a), then the length of
the rectangle is PQ =

Since PS = slant height of the cone in Fig. 12.15(a), then the breadth of the rectangle
is PS =

- Curved surface area of cone = area of rectangle

= X

|

From the investigation, we have:

Curved surface area of cone = s,

where r is the base radius and { is the slant height of the cone.

- Thinking
lﬁa”g;;;) Time

What is the total surface area of a solid cone?

OXFORD
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Worked

Example A cone has a circular base of radius 6 cm and a slant height
of 10 ¢m. Find the total surface area of the cone.

Solution:

Total surface area of cone = wrf + nr?
~ax6x 10+m=6”
= 60+ 36n
= 96
=302 ecm® (o 3 s.f.)

| PRACTISE NOW 7

1. A cone has a circular base of radius 9 ¢cm and a slant height of 5 cm. Find the total

surface area of the cone,

2. A cone has a circular base of radius 8 m. Given that the total surface area of the
cone is 350 i, find its slant height. (Take tto he 3.142.)

Workcd Finding the Curved Surface Area of a Cone, Given the
E l Base Radius and Height
Xample A cone has a circular base of radius 3 m and a height of

4 m. Find the curved surface area of the cone.

Solution:

Let the slant height of the cone be { m.

Using Pythagoras’ Theorem, / = /3 + 4’

=5

. Curved surface area of cone

PRACTISE NOW 8

1. A cone has a circular base of radius # m and a height of 15 m. Find the curved

surface area of the cone.

2. A cone has a circular base of radius 7 cm and a slant height of 12 cm. Find the

volume of the cone.

@ Chapter 12

Tl

wx3I xS

157

47.1 m* (to 3 s.f.)

=
QUESTIONS |

Exercise 128 Questions Slal-ic),
6-8, 11=12

+—3im—»

To find the curved surface area of
the cone, according to the formula,
we need to know its slant height,
but 1t is not given, However, we
notice that there is a right-angled
triangle in the figure and so we can
make use of Pythagoras’ Theorent.

SIMILAR
QUESTIONS
Exercise 12B Questions 13-15,
17-18

OXFORD
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~ Exercise

12B

BASIC LEVEL

1. Find the volume of each of the following cones. 6. A cone has a circular base of radius 6 mm. Given
(a) (b) that the curved surface area of the cone is 84x mm?,
find its slant height.

f,-“f : M\({'m 7. A cone has a circular base of rachus 15 cm. Given
6em/ that the total surface area of the cone is 1000 cm’,
find its slant height. (Take 7 to be 3.142.)
Area of hase = 154 cnmy? . .

8. Anopen cone has a slant height of 5 m and a curved

() (d surface area of 251 m®. Find the radius of the circular
I basc.

7em
l 9. A conical funnel of diameter 23.2 cm and depth
14cm — 42 ¢m contains water filled to the brim. The water

Circumference of base

o is poured into a cylindrical tin of diameter 16.2 ¢m.

If the tin must contain all the water, find its least

2. The volume of a cone with a circular base of radius possible height,

8 em is 320 cm’. Fincl its height.
10. A conical block of silver has a height of 16 ¢cm and

3. A cone has a base area of 20 m and a volume of a base radius of 12 ecm. The silver is melted to form

160 m". Find the height of the cone. coins écm thick and 1 %cm in diameter. Find the

: number of coins that can be made.
4. A cone has a height of 14 ¢m and a volume of

132 em’. Find the radius of the circular base. . S
C_i'ggl ‘ ar'the jgireular bage 11. An open cone has a circular base of radius 10 ¢m

(Take 7 to be E and a slant height of 20 cm. Draw the net of the
cone and label its dimensions.
5. Find the total surface area of each of the following
cones. 12. The semicircle shown is folded to form a right circular
(@ (b) cone so that the arc PQ becomes the circumference
—Tem o e % of the base. Given that the diameter of the semicircle,

oy ; m. (i
?7\ £, is 10 em, find

28 mm | i) the diameter of the hase,
~ & ¢m l (ii) the curved surface area of the cone.

= 132 mm P e

1 em >

Chapter 12 @

\ Circumference of hase

S+

A

OXIOrRD

UREVERAITY FRLbA




13.

14.

15.

16.

A cone has a circular base of radius 5 ¢cm and a
height of 12 em. Find the curved surface area of the
cone.

A cone has a circular base of radius 8 cm and a slant
height of 20 em. Find the volume of the cone.

A circular cone has a height of 17 mm and a slant
height of 21 mm. Find

(i) the volume,

(it the total surface area,

of the cone.

ADVANCED LEVEL

The figure shows a frustum which is obtained by
removing the smaller cone XRS with a base radius
of 6 em from the bigger cone XTU that has a hase
radius of 15 em. Given that the height of the frustum
is t8 cm, find its volume,

1% cm

-’*-T'Q_;_-__ g 2

15 cm

17. Asoliclis made up of two identical cones, each with

a base diameter of 14 ¢cm and a slant height of 15 cm.
Find

(i) the total surface area,

(i} the volume,

of the solid.

15 cm

L |
. ldem ——*

18. A cone has a circular base of radius 13.5 m. Given

that the total surface area of the cone is 1240 m’,
find its volume.

OXFORD




») Volume and Surface
D) Area of Spheres

0y

)

{a) Soccer Ball (b) Crystal Ball (¢} Globe

Fig. 12.16
S ! %)'Ihinking
Time

What is a hemisphere? What are some real-life examples of hemispheres?

¢ Volume of Spheres

Class

Discussion

Is the King’s Crown Made of Pure Gold?

Archimedes is one of the three greatest mathematicians of all time. He lived from
287 B.C. to 212 B.C. in Greece. One day, the King asked Archimedes to find out
whether his crown was made of pure gold or whether the goldsmith had cheated.
The real problem lies in finding the volume of the crown. Archimedes thought for a
long time but still had no idea. He then decided to take a break by taking a bath. As
he stepped into the bathtub, the water overflowed. Archimedes was so excited by this
discovery that he dashed out into the street shouting ‘Eureka!” which means ‘I have
found it!’, but had forgotten that he was unclothed.

Archimedes realised that a sinking solid displaces an amount of water that is equal
to the volume of the solid. To find the volume of the crown, we can fill up the Eureka
can (named as a result of the above story) as shown in Fig. 12.17(a) with water until
it overflows before putting in the crown. The volume of water displaced into the
container as shown in Fig. 12.17 (b) is equal to the volume of the crown.

OXFORD

UMEVAER T R

Internet
—Resources

~

Map projection is a method ot
ropresenting the surface of a spberne
on a plane, Is it possible to draw
the map of all the countries in
the world on a plane accurately
without distorting the shape or the
area? Search on the Internet to find
out more about conformal ior area-
preseevingt map projections,
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tureka can Container Eureka can Container
(@) Before (b) Aiter
Fig. 12.17
Suppose Archimedes found out that the volume of water displaced was 714 cm’
and the mass of the crown was 1.6 kg, Given that the density of gold is 19.3 giem”,
cdetermine whether the crown was made of pure gold. Do you arrive at the same
conclusion as your classmates?

7 )

-

Investigation

Volume of Spheres

Part I: Archimedes’ Discovery of the Volume of Sphere

Using the displacement method mentioned in the class discussion, Archimedes
discovered a formula to find the volume of a sphere. Fig. 12.18(a) shows a sphere
of raclius r and Fig. 12.18(b) shows its related circular cylinder of hase radius r and
height 2r. Archimedes filled the cylinder with water and placed the sphere inside it

(see Fig. 12.18(c)).
- 1

)

N
<

(@

b

(@) Sphere {b) Related Cylinder (¢} Sphere inside related

Fig. 12.18 SHlinacy

. i . 2
Archimedes found out that the volume of water displaced was equal to 3 of the
volume of the cylinder, This was one of his greatest discoveries.

OXFORD
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Part 11: Work out the Volume of Sphere

Volume of cylinder = rh
=7 xrx2r

W ra

Volume of sphere = = x volume of cylinder

[N
X

From the investigation, we have:

4
Volume of sphere = 30

— ]

where r is the radius of the sphere.

Worked
A ball bearing iwhich is spherical in shape) has a radius
Example of 03, Find
(i) the volume of the ball bearing,
(ii) the mass of 6000 identical ball bearings if they are
made of steel of density 7.85 g/em’.

Solution:

: . 4,

(i) Volume of ball bearing = A
u 3 ;
= ‘?xnxo.?ﬁ
= 0.036n

=0.113cm' {to 3 s.f.}

(i) Mass of 6000 ball bearings = volume of 6000 ball bearings x density
= 6000 x 0.0367 x 785
=3330gito 3 s.f)

i PRACTISE NOW 9 i

1. Alead ball bearing has a diameter of 0.4 cm. Find the mass of 5000 identical lead
hall bearings if the mass of [ ¢m' of lead is 11.3 g.

2. A baskethall has a volume of 53600 cm®. Find its radius.

OXFORD
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Exercise 12C Questions lai-ic),
Hapifi, 711,15

Chapter 12 @




'+ Surface Area of Spheres
Investigation
Surface Area of Spheres

Part I: Archimedes’ Discovery of the Surface Area of Sphere

Archimedes also discovered a formula to find the surface area of a sphere.
Fig. 12.19(a) shows a hemisphere of radius ». One end of a piece of twine is stuck
in the centre of the curved surface of the hemisphere by a pin before the twine is
coiled around the curved surface completely. Fig. 12.19(b) shows a circular cylinder
of base radius r and height r. One end of a piece of twine is stuck at the bottom of
the curved surface of the cylinder by a pin before the twine is coiled around the
curved surface completely.

(@) Hemisphere (b) Cylinder
Fig. 12.19

Archimedes found out that the two pieces of twine were of the same length.

Length of second piece of twine = 2mrh

=2mxrxr

Curved surface area of sphere = 2 x length of first piece of twine
= 2 x length of second piece of twine

=2x

Part 1I: Simple Experiment to Find the Surface Area of a Sphere

1. Take an orange and cut it into halves. Place one half flat on a sheet of paper and
draw a circle around it. The area of the circle is nr?, where r is the radius of the
orange, assuming that the orange is spherical.

2. Repeat step 1 and draw a few more circles.

3. Peel the skin of both halves of the orange, tear into small pieces and cover as many
circles as completely as possible with the skin.

4. How many circles are covered completely with the orange skin?

5. What do you think is the surface area of the orange (spherical in shape)?

OXFORD
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In Part I, about 4 circles are completely covered by the orange skin.
From the investigation, we have:

Surface area of sphere = 4,

where r is the radius of the sphere.

2 g ' % ) Thinking
Time

What is the total surface area of a solid hemisphere?

Worked 0
Example 1

Finding the Surlace Area of a Sphere, Giventhe Rachus
A solid sphere has a diameter of 14 em. Find its surface

area,
Solution:
Radius of sphere = 14 = 2
=Tem
Surface area of sphere = 47~
=4dxnx T

= 196m
=616 cmito 3 s.f)

PRACTISE NOWV 10

A solid sphere has a diameter of 25 cm. Find its surface area.

Brample 1 1

Solution:

Curved surface area of solid hemisphere =

| PRACTISE NOW 11 |

Finching the Radius of a Hemisphere, Given the Carved

Surface Area

A solid hemisphere has a curved surface area of

173 eny’. Find its radius.

o=

,]) x 4mr =2 = 175

175

2
175
2x

328 cmito 3 s.f.)

(since r = ()

A hemisphere has a curved surface area of 200 ¢ny’. Find its raclius.

OXFORD
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4,12, 14
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*“Exercise

12C

BASIC LEVEL

1.

®

Find the volume of each of the following spheres
with the given raclius.

(@) 8cm

(h) 14 mm

{c) 4m

Find the raclius of each of the following spheres with
the given volume.
(a) 1416 cmy’

(€) 780 m*

(e) 4987 mm’*

{b) 12 345 mm*
(d) 972 cm?

() IS%nm‘

Find the surface area of each of the following spheres
with the given raclius.

(a) 12cm

(b} 9 mm

(€} 3m

Find the total surface area of a hemisphere of radius
7 ¢m. (Take mto be 3.142)

Find the radius of cach of the following spheres with
the given surface area.
(a) 210 em”

{c) 3163 m*

{e) 91ix mm*

(b) 7230 mm*
(d) 64mem”
(M 49am’

A hemisphere has a curved surface area of
364 .5mem’. Find its radius.

Find the number of steel ball hearings, each of
diameter 0.7 cm, which can be made from 1 kg of
steel, given that 1 em' of steel has a mass of 7.85 g.

A hollow aluminium sphere has an internal radius
of 20 em and an external radius of 30 cm. Given that
the density of aluminium is 2.7 g/em’, find the mass
of the sphere in kg.

Chapter 12

10.

11.

12.

13.

Fitty-four solid hemispheres, each of diameter 2 cm,
are melted to form a single sphere. Find the radius
ot the sphere.

A sphere of diameter 264 ¢m is half-filled with
acid. The acid is drained into a cylindrical beaker
of diameter 16 em, Find the depth of the acid in the
heaker.

A cylindrical tin has an internal diameter of 18 cm.
It contains water to a depth of 13.2 em. A heavy
spherical ball bearing of diameter 9.3 em is dropped
into the tin. Find the new height of water in the tin,
leaving your answer correct to 2 decimal places.

A sphere has a volume of 850 m*. Find its surface
area.

A haskethall has a surface area of 1810 em?. Find its
volume.

ADVANCED LEVEL

14.

15.

There are 20 identical solid hemispheres. The curved
surface and the flat surface of each hemisphere
are to be painted red and yellow respectively. Find
the ratio of the amount of red paint needed to the
amount of yellow paint needed.

A cylindrical can has a base radius of 3.4 cm,
It contains a certain amount of water such that when
a sphere is placed inside the can, the water jusi
covers the sphere. If the sphere fits exactly inside
the can, find
(i) the surface area of the can that is in contact with
the water when the sphere is inside the can,
(ii) the depth of water in the can before the sphere
was placed inside the can.

OXFORD
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Volume and Surface

‘m 2 4, Area of Composﬂe
195 .

In this section, we will learn how to solve problems involving the volume and the
surface area of composite solids.

Worked Problem involving a Cvlinder and a Cone

Example 12 A container is made up of a hollow cone with an
internal base radius of r cm and a hollow cylinder with
the same base radius and an internal height of 2r ¢m.
Given that the height of the cone is two-thirds of the
height of the cylinder and 5 litres of water is needed
to fill the conical part of the container completely,
find the amount of water needed to fill the container

completely, giving your answer in litres.

Solution:
Height of cone = % x height of cylinder
2 .
- 5 x 2r
_ i,.
3
Volume of cone = % ’(ir)
4 3
= am

5= LiNN} emt

Since volume of cone = 5/ = 5000 cm”,

then %m‘ = 5000

i 5000 = 9
4n
11250
big

Volume of cylinder = w(2r)
= 2mr?
S0 11250
n
= 22 500 cm’
=2251
- Amount of water needed to fill container completely = 22.5 + 5

=27.51

URIVIRSTY Fldw
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| PRACTISE NOW 12 §

A container is made up of a hollow cone with an internal o= ) H e PR L
base radius of r em and a hollow cylinder with the same |
base radius and an internal height of 3r cm. Given that ir
the height of the cone is three-quarters of the height of : : l
the cylinder and 10 litres of water is needed to fill the ' ")
conical part of the container completely, find the amount W
of water needed to fill the container completely, giving \ : /
your answer in litres. Y,

Worked
A solid consists of a cone and a hemisphere which

4
Example share a common base. The cone has a height of 4 cm
and a base diameler of 6 cm.

(@) Find
) the volume,
{ii) the total surface area,
of the solid.

{b) The solid is melted and recast to form a solid
cylinder with a height of 4 cm. Find the radius of
the cylinder.

(c) If 1000 identical cylinders are to be painted and
each tin of paint is enough to paint an arca of
5 m’, find the number of tins of paint needed.

Solution:

(@) Radius of cone = radius of hemisphere
=h+2
=3cm

(i) Volume of solid = volume of cone + volume of hemisphere

o . 1 4 ;
anx?& x4+2x 3x:rx3

=127+ I18x

= 30x

=442 cm' (o 3 s.0)

QX FORD
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(i) Using Pythagoras’ Theorem,

Slant height of cone = /3 4+ 4°
=5¢m

Total surface area of solid = curved surface area of cone
+ curved surface area of hemisphere
=nx3IxS5+2xax%3
= 15m+ 187
= 33n
=104 ¢m? (to 3 5.0}
(h Volume of cylinder = nr’(4) = 30
4’ = 30m

3

P o=

i
q w5 e
L

2.73% em to 4 5.6
2.7

4cmito 3 s.f)

{€) Surface area of one cylinder = 2 x 1 x (ﬂ) +2xnx2.739 x4
= 15n+21912n

36.912n

160 cm’ (to 4 5.

Surface area of 1000 cylindlers = 116 000 cm?
= [1.60m*{to 4 s.f.}

11.60

Since

PRACTISE NOW 13 f

A solid consists of a cone and a hemisphere which
share a common base. The solid has a height of
50 cm and the hemisphere has a cdiameter of 30 ¢cm.
(@) Find

(i) the volume,

(ii) the total surface area,

of the solid.
(b) The solid is melted and recast to form a solid

cylinder with a radius of 12.5 ¢m. Find

(i) the height of the cylinder,

(ii) the surface area of the cylinder, leaving

your answer in terms of .

— 0 cm——

OXFORD

LR TR T 1T

= 2.32, then 3 tins of paint are needed to paint 1000 cylinders.

S0 em

.

We cannot round 2.32 oif to the
nearest whole number because 2
tins of paint are not sufficient to
pamt 1000 cylinders,

SIMILAR r
|} QUESTIONS

Exercise 120D Questions 3-4, 7-140)
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BASIC LEVEL

1.

A rocket in the shape of a cone is attached to a
cylinder with the same base radius. The cone has a

slant height of 15 m. The cylinder has a hase diameter
of 12 m and a height of 42 m. Find the total surface

area of the rocket.

S =
N

= |2m+

2. A cylinder has a radius of 6 cm and a height of
i5 cm. A hole in the shape of a cone is bored into
one of its ends. If the cone has a radius of 3 ¢cm, find

the volume of the remaining solid.

@ Chapter 12

om frem
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15em

A solid consists of a hemisphere and a cylinder
which share a common base. The cylinder has a
base radius of 7 cm and a height of 10 ¢cm. Find

{iy the volume,

{i) the total surface area,

of the solid.

PSS T T
P

T

10 cm

l

A solid consists of a hemisphere and a cone which
share a common base. The cone has a base radius
of 21 cm, a height of 28 cm and a slant height of

35 ¢m. Find
(i} the volume,
(ii) the total surface area,

of the solid.

OXFORD
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3. A container is made up of a hollow cone with an 7. A storage tank consists of a hemisphere and a cytinder
internal hase radius of r cm and a hollow cvlinder which share a common bhase. The tank has a hgight
with the same base radius and an internal helghl ol of 16.5 m and the ¢vlinder has a hase diameter of
4r cm. Given that the height of the cone is three-fifths 4.7 m. Find the capacity of the tank.
of the height of the cylinder and 7 litres of water
is needed to fill the conical part of the container fa ¥
completely, find the amount of water needed to o
fill the container completely, giving your answer
in litres.

16.5m
Mt
“47m*>
8. Asolid metal ball of radius 3 ¢m is melted and recast
to form a solid circular cone of radius 4 em. Find
the height of the cone.
ADVANCED LEVEL
£ Find 9. Asolid consists of a cone and a hemisphere which
. Fin

share a common base. The cone has a base raclius

@ the total surface area, of 35 em. Given that the volume of the cone is equal
(i) the volume, !
tol =

of the solid cylinder with conical ends as shown. 5

(Y the height of the cone,

(i} the total surface area of the solid, leaving your
answer in terms of .

of the volume of the hemisphere, find

OXFORD
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10. A solid consists of a pyramid of height 28 cm
attached to a cuboid with a square base of
sides 30 cm and a height of 40 cm. Find
() the volume,

(ii) the total surface area,
of the solid.

1. For a pyramicd and its corresponding prism with the same base and the same
hiesight,
1

Volume of pyramid x volume of corresponding prism

3
é x base area x height

2. Total surface area of pyramid = total area of all faces

3. For a cone and its corresponding cylinder with the same base radlius r and the
same height h,

Volume of cone = = x volume of corresponding cylinder

x base area x height

4. For a cone with base radius r and slant height /,

Curved surface area of cone = ! f:_ _

Total surface area of cone = i + mr?
=il +r)

5. For a sphere with radius r,
Volume of sphere = %m-’

Surface area of sphere = 45

@ Chapter 12

Just remember “volume of pyramid

I : :
3 % volume of prism” and ‘volume

of prism = base area x height'.
These formulae are similar to the
formulae for finding the volume
of a cone and the volume of a
cylinder.

just remember the units of volume
and area are, e.g. cm’ and ¢m’
respectively, so the volume of a
sphere involves r and the surface
area of a sphere involves 1.
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Exercise

< 535

For each of the following solids, find
(i) the volume,

(ii) the total surface area,

of the solid.

{a) (b}

24em /0 26 ¢cm

S

‘ 50 em 25m

(c) d)

OXFORD
Chapter 12 @




2. The figure shows a decorative structure made up of a solid cone and a solid hemisphere. The hemisphere has
a radius of 4 cm. The cone has a base radius of 5 cm and a height of 20 ¢m. Find
(i) the volume,
(ii) the total surface area,
of the structure.

5¢cm

3. A solid metal model of a rocket is made up of a cone attached to a cylinder with the same base radius. The
cone has a height of 49 cm. The cylinder has a base radius of 18 cm and a height of 192 cm. Given that the
mass of the model rocket is 2145 kg, find the density, in kg/m’, of the metal which the model rocket is made

Mass

Vol .,r;weJ

of, giving your answer correct to the nearest whole number. (Density =

4. Two solid spheres have surface areas of 144m cm® and 2567 cm® respectively. They are melted and recast to
form a larger sphere. Find the surface area of the larger sphere in square centimetres.

5. A hollow metal sphere has an external diameter of 12 ¢cm and a thickness of 2 cm.
{i) Given that the mass of | cm' of the metal is 5.4 g, find the mass of the hollow sphere in kg.
(it) The hollow sphere is melted and recast to form a solid sphere. Find the radius of the solid sphere.

6. In an experiment, a small spherical drop of oil is allowed to fall onto the surface of water so that it produces
a thin film of oil covering a large area. The volume of one drop of oil is 12.5 mm’. Find
(i) the number of drops which can be produced by 5000 mm’ of oil,
(i) the radius of one drop of oil.

OXFORD
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7. Asphere fits exactly into a cylinder, i.e. the sphere touches the cylinder at the top, the bottom and the curved
surface. Show that the surface area of the sphere is equal to the area of the curved surface of the cylinder.

8. A housc has a hemispherical roof 10 m in diameter. Find the cost of painting the curved surface of the roof at
S1.50 per square metre.

9. A metal hemispherical bowl has an external diameter of 50.8 em and a thickness of 2.54 cm.
(i) Given that the empty bowl weighs 97.9 kg, find the density, in kg/m’, of the metal which the bowl is made
of.
(i) If the bowl is completely filled with a liquid of density 31.75 kg/m’, find the mass of the liquid in grams.

10. Capsule Ais 2.4 ¢m long and s in the shape of a cytinder with hemispheres of diameter 0.6 em attached to
both ends. Capsule B is in the shape of a cylinder of radius 0.6 ¢m.
(i) Given that the surface area of Capsule B is equal to that of Capsule A, find the height of Capsule 8.
(i) Find the volume of cach capsule.

—— 2dem —

Capsule A

b em
- .

Capsule 8

OXFORD
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11. The iigure shows a solid cvlindrical stone pillar with a hemispherical top. The pillar has a diameter of
40 cm. If the pillar has the same mass as a solid stone sphere of the same material of radius 40 cm, find the
height of the pillar.

12. A cylinder and a cone are of the same height 21 and of the same base diameter 2r. A sphere has a diameter
of 2r. Find the ratio of the volume of the cylinder 1o that of the cone and to that of the sphere.

13. During a cooking contest, Huixian melts 40 solid chocolate hemispheres, each of diameter 2 em, to form a
solict chocolate cone with a base diameter of 6 em. Find the height of the chocolate cone.

14. A wafer cone is completely filled with 56 cm' of ice cream. The top of the ice cream cone is in the shape of a
hemisphere. Given that the diameter of the cone is 4.2 em, find its height.

4 42¢m——»

@ OXFORD




Challenge
Yoursellr

1. Avregular tetrahedron has a volume of 500 cmi’. Find its total surface area.

2. The figure shows a bowl in the shape of a hemisphere with a radius of r ¢m. It is filled with water to a depth

of % ¢m. Show that the volume of the water is niore than ;—of the volume of the bowl.

OXFORD
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Investigation

—_—

Line Symmetry in Two Dimensions

1. Fold a sheet of paper into two equal parts and mark two points, X and ¥, on the folded line (see Fig. 13.1(a)).
|

X

i

Fig. 13.14a)

2. Use a pair of scissors to cut out a shape, starting at X and ending at ¥ (see Fig.13.1(b)).

X

Fig. 13.1(b)

3. Unfold the paper. Do you get a shape similar to the one shown in Fig. 13.1(c) when you cut along the
lines shown?

X:

4
Fig. 13.1(c)

4. The “half-shapes” on both sides of the line XY in Fig. 13.1(c) are the same. The shape cut out is said to be
symmetrical about the line XY. The line XY is known as the line of symmetry or the axis of symmetry.

5. Place a small thin mirror along XY in Fig. 13.1(c). What do you notice about the reflected image and the
actual figure?

OXFORD
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From the investigation, we conclude that the line of symmetry or axis of symmetry is the same as the line of
reflection or axis of reflection as we have learnt earlier in Chapter 9 on geometrical transformation. When an object
is symmetrical, we can see that its two halves are mirror images, also referred to as reflections, of each other.
We can also sec that the symmetry of a figure about an axis may be tested by folding it along that axis.

If the figure is symmetrical, the part to the left of the axis will fit exactly onto the part to the right of the axis and
vice versa (see Fig. 13.1 (©))

a8
L 1]
-
L IR T

Symmetry Around Us

Many things around us are symmetrical. Fig. 13.2 shows some common things that often have symmetrical
shapes.

Fig. 13.2

- Thinking
@ Time

Are human beings symmetrical? Do you know of any animal that is not symmetrical?

A figure may have more than one line of symmetry. For example, the square shown in Fig. 13.3(a) has 4 lines of

symmeiry, the rectangle in Fig. 13.3(b) has 2 lines of symmelry and the star shape shown in Fig. 13.3(c) has 5
lines of symmetry.

(a) (b) (c)

OXNFORD
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Can you draw a triangle that has exactly two lines of symmetry?

& @0
o8
(2 X 1)

Recap (Mirror Image of a Point and of a Line)

In Chapter 9, we have learnt how to find the mirror image of a point and a line.

Consider a line X¥ on a piane. To find the mirror image of a point £ with respect to XY, we draw a line PM
perpendicular to XY and produce PM to P’ so that PM = MP" as shown in Fig. 13.4. I is the mirror image
of P with respect to the line XY.

X
Pe — ———e
4
Fig. 13.4

We have also learnt that if P lies on XY, the mirror image of P with respect to XY is £ itself and P will be
known as the invariant point.

To find the mirror image of line PQ with respect to XY, we locate the images of P and Q. They are denoted
by P and @' respectively as shown in Fig. 13.5. The {ine Q" is the image of PQ with respect to XY where
PQ = P'Q and QRS = Q'RS.

OXFORD
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Worked
Example

Copy the following diagrams and make each of them symmetrical about the dotted line.

(by A C

\
B

(@) ! h) 4 &

| SIMILAR |
| QUESTIONS |

Exercise 13A Questions 1-5, 7,
9-11

(b)

OXFORILY
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Worked

Each of the following figures has only one line of symmetry. Draw the line of symmetry

Example and write down the equation of the line of symmetry.
(@ ¥
A
==
e Il B
24+ A< &
1 Il | [
1 T E
¢ 2 4 6
¥
(h) A
==
T
 — €
Y [ et
- —D
o+
L] l | %
1 1 Ik
0 2 4 6
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Solution:

(a) ¥ (b} ¥
A A
61 64
4+ 4+
24 el
[| | [ [ L 1 1 [
1 ! I ! 1 o
" 2 | 4 6 . 2 4 6
The equation of the line of symmetry is v = 3. The equation of the line of symmetry is v = 3.

SIMILAR

Each of the following figures has only one line of symmetry. Draw the line of symmetry  Exercise 134 Questions 6, 8
and write down the equation of the line of symmetry.
@) . . i

=
Pod =
e —y
O
D
k
-
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(b)

L |
r'y
s [1 30 o
3—_
f-'l__ + 1
2T+ } I— -l
|
= | ! |
i li } >«
i | L
0 3 1 6 8
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~ Exercise

13A

y

BASIC LEVEL

symmetry at all?

(a) / (b) —
(c) (d)
o C
(e i i 4} @
® (h)
A==
() f\\y (j) ::
(k) U]
.

Which of the following shapes have no lines of

2.

How many lines of symmetry are there in each of

the following shapes?

(a)

(ch

te)

®

(i)

(k)

S e I

(b)

;
N

(h)

Chapter 13 @




3. Show with dotted lines the line of symmetry of each 5. Copy the following diagrams and make cach of them

of the following capital letters, where it exist. symmetrical about the dotted line.
B | P X (8) iz (b) ;
c Q Y g 4
D K R Z X,
F L U G s —

O \% (© i (d) _
| e, PN :
4. Copy the following diagrams and draw the axis of \
symmetry for each diagram. How many lines of /
symmelry does each of them have?

(a) (b)
(e) ; (f)
&
e

(c) (d)
(:) . (8 (h) ~
A

(e) A i
[\ W ] Ty
f. H Ny
S \ s i ) <'

6. Complete each of the following diagrams to make
it symmmetrical about the dotted line.

/)
(i) v ) a)
" .
(k) @ i Q
:\\ )

OXFORD
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(b)

{c)

7. Copy the following diagrams and make each of them
symmetrical about the two dotted lines. ({a) has been

done for vou.)

ia) 1 (b}

fuy

Al

ic) \\I (d)
2
(e v i
..
® )
OXFORD

......................

8. Eachofthe following figures has one line of symmetry.
Draw the line of symmetry and write down the
equation of the line of symmetry.

(a)

.r'j
]
| 1 1 i
1 1 |
g 2 6
(b)
.‘1
&
6+ f,f
A =]
.-"///
X.x"
41 A R"‘m
m\
24 TSy
B
| [} T
T T !
4 3 6
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(c) 9. Shade in one small square on the diagram so that
the resulting diagram has 2 lines of symmetry.

¥
I |
==
10. Add one square to the figure so that the resulting
diagram has one line of symmetry.
4+
2
ADVANCED LEVEL
11. Study the eight capital letters below.
; NEWAMATHS
(a) Which letteris) have a vertical line of symmetry?
q (b) Which letter(s) have a horizontal line of symmetry?
) _ (€) Which letter(s} have two lines of symmetry?
;"k (d) Which letter(s) are not symmetrical?
(e) Copy the letter(s) above which are symmetrical
and draw lines of symmetry on cach one.
6+
& ==
1-_
2 4 6

OXFORD
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) Rotatlonal Symmetry

Rotational Symmetry in Two Dimensions

1. Trace Fig. 13.6 on two separalte pieces of tracing paper. Place one piece of the
paper exactly on top of the other such that the two figures coincide, and then
place a thumbtack at the centre of the figure.

Secing is believing

120°

Which inner square 15 larger?

Fig. 13.6 Fig. 13.7

2. Rotate the top tracing paper clockwise (see Fig. 13.7) until the two figures totally
coincide again. What fraction of a complete turn has been made?

3. Rotate the top figure again until it covers the lower figure. What fraction of a
complete turn has been made?

4. How many thirds of a turn have to be made before the top figure is to be back in
its original position?

When a figure can be rotated to fit the outline of its original position, we say that the
figure possesses rotational symmetry. The point O where we place the thumbtack
ts called the centre of rotation. Since the figure can be rotated 3 times to fit the
original figure, the figure is said to have rotational symmetry of order 3, or the order
of rotational symmetry is 3.

From the investigation, we note that a point is the centre of rotation of a figure if
the figure maps onto itself under rotation about the point and that the order of
rotational symmetry is the number of distinct ways in which a figure can map onto
itself by rotation.

OXFORD
Chapter 13 @




The following shows figures with different orders of rotational symmetry:

(a) ()] (0 f

"_“\\ In the case of order 1, we say that

there i1s no rotational sy mmetry.

1
5

f A

(d) /\ (e}

&

Fig. 13.8

If an identical figure can be obtained only by turning the original figure through 3607,
we say that the order of rotational symmetry is I. Hence, every figure has at least an
order of rotational symmetry 1.

Class

Discussion

Line and Rotational Symmetry in Circles
Work in pairs. Using paper cut-outs of a circle, fold or rotate to explore its symmetry.
1. How many ways can you fold a circle into half? Deduce the number of lines of symmetry in a circle.

2. Does the circle have rotational symmetry? If so, what is the orcler of rotational symmetry?

From the class discussion, we see that both sides of a circle will match up when we fold the circle over any line
through its centre and that it maps onto itself at every angle. We can conclude that the circle is a special figure
with infinite lines of symmetry and that its order of rotational symmetry is also infinite.
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Worked

The incomplete figure has rotational symmetry of order 2, with © as the centre of

Example rotation. Complete the figure by drawing the other half.
S
}‘J‘
‘o Q
Solution:

1. We start by locating the image of S with respect to 0.

2. Produce SO to §’ such that SO = §'0. §' is the image of § with respect to 0. Mark the point # such that
PO = P'0O. P' is the image of P with respect 1o Q. We continue in the same way to obtain the images of R and
@ which are denoted by R” anct Q" respectively.

3. Join £'Q’, Q'R’, R'S” and $'P’ to complete the figure which has rotational symmetry of order 2 as shown in

the figure below.
K

1 | 1 SIMILAR
PRACTISE NOW 3

The incomplete figure has rotational symmetry of order 2, with @ as the centre of  Exercise 138 Questions 15
rotation. Complete the figure by drawing the other half.
0

OXFORD
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BASIC LEVEL

1. Copy the following diagrams and mark the centre 3.

of rotation 1or cach diagram.

(a) b /r-—\
(c) (d)
(e} i

(g) (h)

(i) 1)

s H(O)<

G

2. The object shown has rotational symmetry of 4.

order r. Find the value of r.

For cach of the tollowing figures, state (i) the number
of lines of symmetry, (i) the order of rotational
symmetry.

} & (b) -
e R )M
| I |
{c) ) (d)

«—+—  r

(e) )~ —"1

(g) /\ (h} /’j
X7

(i)

Copy the following diagrams and complete cach ot
them so that the point marked becomes the centre
of rotation with the order of rotational symmetry as
viven in the brackets.

@ NG

1
B
/
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5. Copy the figure and shade certain parts of the figure so that the resulting figure has rotational symmetry of

(a) orcder 2, (b) order 3, (c) orcer 6.

Symmetry in Triangles
Quadrilaterals

In Book 1, we have learnt about triangles, quadrilaterals and polygons and some of their properties. In this section,
we will look into their symmetric properties.

i Symmetry in Triangles and Quadrilaterals

: Investigation

Symmetry in Triangles

In this investigation, we shall take a look at the symmetric properties of triangles.
Using paper cut-outs of the three types of triangles learnt, i.e. equilateral triangle,
isosceles triangle and a scalene triangle, fold or rotate them to explore their symmetry.
We shall first take a look at the symmetric properties of an isosceles triangle.

1. Fold a sheet of paper in half and cut off a right-angled triangle as shown in

Fig. 13.9(a).
fold | h

cut — An isosceles triangle 1s a triangle
with at least 2 equal sides, an
cquilateral riangle is a tsiangle with
] g DI c 3equal sides and a scalene trangle

is a triangle with no equal sides

{a) (h)
Fig. 139

OXFORD




2. Open up the triangle and we obtain the shape as shown in Fig. 13.9(b).
How many lines of symmetry does the triangle have?

3. From the symmetries, are you able to ohserve any geometrical relationships?
For example, can you say, without measuring, that the two sides AB and AC are
equal and that the two angles B and C are equal? If so, why?

4. Does the triangle have rotational symmetry? If so, what is its order of rotational
symmetry?

5. Repeat this with an equilateral triangle and a scalene triangle.

Table 13.1 gives a summary of the symmetric properties of the triangles which have
been covered in the investigation.

1 Number of lines of Order of rotational
Triangle
symmetry _ symmetry
0 !
Scalene triangle
| 1
Isosceles triangle
3 3
|
T
Equilateral triangle
Table 13.1

OXFORD
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Fig. 13.10 shows an equilateral triangle ABC with AP, BQ and CR as lines of symmetry.
If a triangle has three lines of symmetry, the triangle is an equilateral triangle. A proof
of the above statement is given as follows:

Consider the triangle in Fig. 13.10

Fig. 13.10

Since RC is a line of symmetry, A = B and CA = BC.
Similarly, A = € and AB = BC (BQ is a line of symmeir
B=Cand AB=CA AP is a ling of symmetry
180°
3
By proving with the same method, we can show that if a triangle has only one line
of symmetry, then the triangle is an isosceles triangle.

AB=BC=CAandA=8=C-=

= 60°

@

Investigation

Symmetry in Special Quadrilaterals

In this investigation, we shall take a look at the symmetric propertics of quadrilaterals,

Let us now consider a rectangle ABCD.

P
D~ : ¢
R............-.......E ................. 5
A = =8
o

Fig. 13.11

since cach of the lines, PQ and RS, divides the rectangle into two identical halves, the rectangle ABCD has

! lines of symmetry.
¥
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Now, let us consider the same rectangle ABCD where the diagonals AC and B intersect at £.

A D
1] C
-
. - rotate 90° E
£ clockwise
A B
r 3
rotate 90° o c
clockwise .
) rotate 9%
¢ R clockwise
i A
-~
.-/
-
E + - v
rotate 90° &
clockwise o D
I A
Fig. 13.12

Since the rectangle maps onto itself twice in a 360° rotation about £, the order of rotational symmetry of the
rectangle is 2.

In Book 1, we learnt about trapeziums. Now we shall look into a specific type of trapezium.
Fig. 13.13 shows an isosceles trapezium.

D

<

A = Ay

Fig. 13.13

L 4

An isosceles trapezium is a quadrilateral which has one pair of parallel sides (AB // CD}, one pair of equal sides
(AD = BC) and two pairs of equal angles (ABC = BAD and ADC = BCD).

Consider a square, parallelogram, rhombus, isosceles trapezium and a kite.

Using paper cut-outs of these quadrilaterals, fold or rotate them to explore their symmetry. Discuss with your

classmates the following questions:

() How many lines of symmetry are there in the quadrilateral?

(b} Does the quadrilateral have rotational symmetry? If so, what is its orcler of rotational symmetry?

(€} From the symmetries, are you able to observe any geometrical relationships? For example, from the line of
symmeltry of a kite, we can see which angles are equal.

OXFORD
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Table 13.2 gives a summary of the symmetric properties of the special quadrilaterals which have been covered
in the investigation.

’ Quadrilalen_-al

: [
b w0

ll Number of lines of symmetry Order of rotational symmetry |

ot |

| \I_ (. —lj,ﬂ |
Rectangle |

(]
B8]

5 :
i l: st

| i '] 4 4
| e H | ‘
Square : - |

R o
| i _//‘ 0 2

| Parallelogram ' i

1~

- #

Rhombus - _

D .__,_@f |
I__! | |
A . o [

Isosceles trapezium

l__ 2

Table 13.2
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3 Symmetry in Regular Polygons

Investigation

Symmetry in Regular Polygons

in this investigation, we shall deduce a general expression for the number of lines of
symmietry and order of rotational symmetry of an n-sided polygon.

Fig. 13.14 shows some regular polygons.

Arcpular polvgon is a polygon witl:
altsides equal and all angles equal

Equilateral triangle Square Regular pentagon  Regular hexagon

OO

Regular heptagon  Regular octagon  Regular nonagon Regular decagon

Fig 13.14

1. Copy the polygons in Fig. 13.14 and usc a colour pencil to mark their lines
of symmetry.

2. Use a different colour pencil to mark the centres of rotational symmetry.
Draw arcs showing the smallest angle of rotational symmetry. Fig. 13.15(a) and
Fig. 13.15(b) are examples of what is to be done. Measure the smallest angle of
rolational symmetry for each polygon.

.,._"

-fargr:'r ‘&
) --:.‘:____.

(a) Regular pentagon (b) Regular octagon

Fig. 13.15
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3. Complete Table 13.3.

e PR S  ———— TR o e |
) Types of Number of lines of W Order of rotational
| quadrilateral symmetr symmet |
|==aaacn b1 y | y LY, =
Equilateral triangle N !
' Square | |'
— — —
360° |
Regular pentagon 5 ‘ 73 =3
|

Regular hexagon

| Regular heptagon o u‘
i

Regular octagon 8 %9-52: =8

Regular nonagon -
Regular decagon _!

Table 13,3
4. Deduce
{a) the number of lines of symimetry, and

(b) the order of rotational symmetry of a regular polyeon with 1 sides.
v g polyg

In the case of a regular pentagon, the smallest angle of rotation for which the pentagon

(-]

e 360 .
can map onto itseli is 72° = -Foraregular octagon, the smallest angle of rotational

360°
5

symmelry is 45° =

5. What is the smallest angle of rotational symmetry for a general regular polygon
with n sides?

From the investigation, we can conclude that a regular polygon with » sides will have
n lines of syminetry and a rotational symmetry of order .

OXFORD




Symmetry in Three
Dimensions

—
I ——

Fig. 13.16

The cuboid is said to be symmetrical to a plane since that part of the cuboid on one side of the planc is a
mirror image of the part on the other side of the plane. We call the plane a plane of symmetry.

Can you find a few more planes of symmetry for the cuboid other than those shown?

% .

.t Rotational Symmetry
Fig. 13.17 shows a cuboid, where AB # BC, rotating about a line XY which passes through the centre of
two parallel faces.

X X X
C B A D
R s
s e £, T R s oo e (2O
y y
(b) (c)
Fig 13.17

XY is called the axis of rotational symmetry. The cuboid is rotated 180° clockwise about XY. The cuboid
looks the same although we notice that the position of the vertex A of the upper face of the cuboid has
changed (see Fig. 13.17(0)). If the cuboid is rotated another 180° clockwise about XY, the vertex A returns
to the original position (sce Fig. 13.17(c)). As in the case of rolational symmetry in two dimensions, we say
that the cuboid has a rotational symmetry of order 2 about the axis XY.
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@Thmkmg
Time

Can you find a few more axes of rotational symmetry for the cuboid other than X1?

Investigation

Symmetry in Cylinders and Cones
In this investigation, we shall explore the symmetric properties of a cylinder and a cone.

Fig. 13.18(a) and Fig. 13.20(b)shows a cylinder being cut by a plane

X
N :
M1 AN 2 symmetrically in two different ways. Fig. 13.20(c) shows the cylinder
\ R ] \ rotating about the axis XY,
[T - 1. Since the cylinder has a circular cross section, find
Ryt S : (H the total number of planes of symmetry,

(i) the order of rotational symmetry when rotated about the
(a) {b) (<) axis X¥.
Fig. 13.18

Fig. 13.21() shows a cone being cut by a plane symmetrically in

£
one way and Fig. 13.19(b) shows the cone rotating about the axis XY.
2. Since the cone has a circular base, find
(i) the total number of planes of symmetry,

(i) the order of rotational symmetry when rotated about the

@) b) axis XY.

Fig. 13.19

From the investigation, we conclude that:
(a) Cylinders have
¢ infinite number of planes of symmetry {1 that cuts across the cylinder harizontally and infinite ones
that cut across the cylinder verticallyl,
* intinite order of rotational symmetry when rotatect about the axis that passes through the centre of the
circular top and base.
(b) Cones have
* infinite planes of symmetry that pass through the vertex and the centre of the circular base,
¢ infinite order of rotational symmetry when rotated about the axis that passes through the vertex of
the cone and the centre of the circular base.

()Xl-()[(l_) @




Worked Symmelry i Three [ himensions

The figure shows a frustum. Find D
Example () the number of planes of symmetry,

(i) the number of axes of rotational symmetry,

@iy the order of rotational symmetry

of the frustum,

-
Solution:
(i) Since the frustum has a circular base, it has infinite number of planes of symmetry.
(i) 1t has | axis of rotational symmetry passing the centres of the circles at the top and the base.

(i) Since the frustum has a circular base, the order of rotational symmetry is infinite.

PRACTISE NOW 4

The figure shows a hemispherical bowi. Find G N ENCAEIAC TG QueSiTs: =

(i} the number of planes of symmelry,

(i) the number of axes of rotational symmetry,
(i) the order of rotational symmetry

of the hemispherical bowl.

BASIC LEVEL

1. State whether cach of the following statements is 2. Find the order of rotational symmetry for each ot

true or false. the following figures.
(a) An cquilateral triangle is an isosceles triangle. (a)
(b) Anisosceles triangle is an equilateral triangle.
(©) An equilateral triangle has rotational symmetry
of order 3.
(d) Il a triangle has two equal sides, then it is an
isosceles triangle.
(e) li atriangle has two equal sides, then it has two
equal angles.
{H 1N a triangle has two equal angles, then it has

two equal sides.

(8) A circle has no rotational symmetry. ¥
(h) An a sided polygon has a rotational symmetry
ot order .
() A scalene triangle has 2 lines of symmetry,
() An isosceles trapezium has two pairs of equal
sicles.
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ib)

(c) X

OXFORD

3. Copy and draw the following figures. For each of
the following figures, draw two planes of symmetry
and one axis of rotational symmetry.

@ (b)

A right pyramid with
a rectangular base

(c) id)
,:{:
)4
A right prism with A right
an equilateral triangle circular cone
as the base
ie) N ;
A regular A regular right
tetrahedron hexagonal prism

4. How many planes of symamelry does a right pyramid
with a square base have altogether?

Chapter 13 @




State () the number of planes of symmetry, (ii) the
number of axes of rotational symmetry for the
following solids

(a) {b)

fmmemnnead S— o o

A cube
(c) (d) :
ks, ]
A right prism with A right
an equilateral triangle pentagonal prism
as the base
(e) - )
A regular A right
tetrahedron circular cone
(8
A right cylinder A hemisphere
M : il

A square pyramid

A sphere

ADVANCED LEVEL

How many planes of symmetry are there ina cube!
Does a cube have more planes of symmetry than
a cuboid?

A structure is macle up of a pyramid attached to
a cuboid with a square base of sides 30 cm and
a height ot 40 em. Find

{#) the number of planes of symmetry,

(i) the number of axes of rotational symmetry
(iii) the order of rotational symmetry,

of the structure.

‘ 40 em
i IR T
30 cm
30 em
OXFORD
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1. Aline is a line of symmetry of a figure if the “half-shapes” on either side of the line are congruent. This figure
is symmetrical. A symmetrical figure may have more than 1 line of symmetry.

2. A point is a centre of rotational symmetry of a figure if the figure maps onto itself under rotation about
the point.

3. The order of rotational symmetry is the number of different ways in which a figure can map onto itself by
rotation. In the case of order 1, we say that there is no rotational symmetry.

4. Aplane is a plane of symmetry of a solid if the “hali-shapes” on either side of the plane are congruent.
5. Aline is an axis of rotational symmetry of a solid if the solid is invariant under rotation about that line.

Review

2 Exercise
v

1. Copy each of the following diagrams and draw the axis/axes of symmetry for each of them.
) @ (b) % (© < (d) m

2. For each of the following figures, state (i) the number of lines of symmetry and (i) the order of rotationat
wmmmw

LK e D
0 77X

OXFORD
Chapter 13 @




3. State the order of rotational symimetry of each of the following letters.

(ay A (b 1
(c) M (d) N
(e) X M w
g Z (hy H
4.
The diagram has 16 small squares. On separate diagrams, shacle exactly two small squares so that the resulting
figure will have
(@) 2 lines of symmetry,
(b) 1 line of symmetry,
(c) rotational symmeltry of order 2,
{d) no rotational symmetry,
(e) no line of symmetry
53
The diagram shows a regular hexagon with 6 equilateral triangles, On separate diagrams, shade exactly two
of the triangles so that the resulting figure wili have
(@) 2 lines of symmetry,
(b) 1 line of symmetry,
(c) rotational symmetry of order 2,
d} no rotational symmelry.
b.

The diagram shows a regular octagon with an inner circle. On separate figures, shade certain parts of the figure
so that the resulting figure will have

(@ | line of symmetry,

(b) 2 lincs of symmetry,

(¢) 4 lines of symmetry,

(d) 8 lines of symmetry,

() no line of symmetry,

(f) no rotational symmetry,
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Challenge
Yourseli

1. The figure below shows a solid made up of a hemisphere and a cylinder which share a common base.
() How many planes of symmetry does the solid have?

(ii) Drd\f\’ the axis Of l’()!dIi()ndl Syml'n(_’try.
'/.j .... 7. cm
sl [

2. The figure below shows a cone of ice cream made up of a hemisphere and a cone.
(i How many planes of symmetry does the solid have?
(i) Draw the axis of rotational symmetry.

OXFORD
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~ 6% W Revision Exercise

Lyt

1. The figure shows a right-angled triangle where ZACB = 90°. Given that
AB = (2x + 1) em, BC =2vem and AC = (v - 5) cm,
(i} write down an equation in x,
(i} find the value of x,
(i) find the area of AABC.

(2x+ 1)em

A
I'""""--..._\_\_\_\_\_\_
{v -5} cm‘j
c

2y em B

2. In ALMN, MN = 26 ¢cm, ZMNL = 90" and ZMLN = 31°. H lies on LN such that
LH =24 cm. Find £ MHN.

<24 cm—>
. cm=>, N
31’
26 cm
A

3. A cone has a height of 8.4 cm. Given that the cone has a vertical angle of 727,
find the diameter of its circular base.

8.4cm

4. An open rectangular fish tank is 0.6 m long and 0.2 m wide. A solid glass
decorative structure in the shape of a pyramid with a square base of sides
10 em and height 27 ¢m is placed inside the tank. The tank is then filled
with water until the water just covers the pyramid. If the pyramid is removed,
what will be the fall in the water level?
(Hint: Decrease in volume of water = volume of pyramid)
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02 Revision Exercise

o

1. In APQR, PQ =147 ¢cm, QR =92 cm and Iz
LPRQ =90, K lies on PR such that \
KQ=118cm. Find \

(i) the length of PK,
(i) LPOK.

4.7 cm

K .2 ¢cm o

2. Two points X and ¥, 20 m apart on level ground, i
are due West of the foot F of a tower TF. Given o
that ZTXF=56"and £TYF =63, find the height
ot the tower.
367 63°
Na—>y F
20 m

3. A solid square pyramid has a mass of 750 g. It is made of a material with a
density of 805 giem®. Given that the height of the pyramid is 13.5 cm, find the
length of its square base.

4. A solid cone has a circular base of diameter 7 ¢cm and a height of 4 cm.
(@) Find
iiv the volume,
(ii) the surface area,
of the cone.
(b} The cone is melted to form identical spheres each of radius 0.9 cm.
Find the maximum number of spheres that can be obtained.

5. The figure shows a rectangle {x+3yjcm
with its length and breadth as L
indicated. Find the length of the
longest line segment that canbe  (2y + 11) cm (3x = 1T)cm

drawn on the rectangle.

L []

S{x —¥jem
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5. Lip balm is sold in hemispherical plastic containers. Given that the volume of
lip balm in each container is 30 cm?, find
(i the radius of the container,
(i) the surface area of the container that is in contact with the lip balm.
{You may ignore the lid of the container.)

6. Draw the line of symmetry and state the equation of the line of symmetry.

¥ ]

Y

e e e S— b

i

| |
| | o
I | |
? 4 6 8 10 D

EESN IR

7. Given that XY is the axis of rotational symmetry, state the order of rotational
symmetry for the solid below.

X

OXFORD
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6. Draw the line(s) of symmetry and state the equation(s) of the line{s} of symmetry.

¥ : : .
F 3 |
6=t
I {
L B
24— |
i
5 f f i Y

7. Given that XY is the axis of rotational symmetry, state the order of rotational
symmetry for the solid below.
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Atthe end of this'chapter, yvou should be able to:
describe a setin words, list all the elements in a set
and describe the elements in a set;
state and use the tenns 'set ., ‘element:, ‘equal sets’;
ermpty set’, universal set’, “complement of a set!, ‘subsel’.
‘proper subsel:, fintersection of iwo sets’, and ‘unicn of o sets:,
Lse Venn diagrams to represent sels, including luniversal sets.
conplement of a set, proper subset. intersection and tnion of vio sels,
solving problems using selnotations and Venn diagrams.
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| 1 Introduction to
| 879 B Set Notation

In everyday life, we often encounter a collection of objects such as a pile of books,
a bunch of keys, a team of players and a schoo! of dolphins. In English, we use
different terms such as ‘pile’, ‘bunch’ and ‘team’ to describe different collections of
objects.

In Mathematics, we use the term ‘set” to describe any collection of well-defined and
distinct objects.

For example, if we let § be the set of all the vowels in the English alphabet, we can
list all the members or the elements of § in set notation $={a, e, i, o, uL

Since the letter ‘a’ is an element of §, we write: a €S
Since the letter *b’ is not an element of §, we write: b &S
Since there are 5 elements in 8§, we write n(S) =5

€ denotes ‘is an element of’,
& denotes ‘is not an element of’, and
n($) denotes ‘the number of elements in the set §'.

PRACTISE NOW

1. A is the set of even positive integers less than 10.
(a) List all the elements of A in set notation.

(b) State whether each of the following statements is true or false.
iy 8€4 (ii) TEA
(iii)) L0EA (iv) 0 &A

(€} Using the notation € or &, describe whether each of the following numbers
is an element of, or is not an element of, A.
i 2 (i) 5 (i} 9 (iv) 6

2. Giventhat B=1{3, 6,9, 12, 15, ..., 30}, find the value of n(B).

@ Chapter 14

e e I —

‘Alphabet’ refers to the whole set
of ‘letters’. By convention, wu
use capital letters to denote a sel
eg. § and small letters to denote
the elements in a set, eg. a
Sometimes, the elements can b
in capital letters.

| SMLAR |
| QUESTIONS |

Exercise 14A Questions 1-2, 4,
89,12, 14-15

The set of all positive multiples of
3, he {3,6,9,12,15,.. .}, contains
an infinitc number of elements,
and it is called an infinite sct.
Scts A and 8 are finite sets.

QOXFORD
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Class

Discussion

Well-defined and Distinct Objects in a Set
Work in pairs.

1. Let H be a collection of all the handsome boys in the class. Is # a set?
Hint: A set is a collection of well-defined objects. Is H well-defined?

2. Let T"be a collection of 2 identical pens. How should we list the elements of 72
P, P}, (PYor {P, P2
Hint: How many elements does 7" have? A set is a collection of distinct abjects.
Are the elements in {P, P} distinct?

3. Let$ betheset of letters in the word “CLEVER’. How should we list the elements?
Hint: 1s the letter ‘E’ distinct?

In general, a set is not any collection of objects. The abjects in a set must be
well-defined and distinct.

In the above class discussion, we cannot write 7 = [P P} because the elements in
{F, P} are not distinct. As there are 2 distinct elements in the set T (the 2 identical pens
are distinct), we have to write T= Bz BK

However, in Question 3 of the class discussion, the letter ‘E” is not distinct in the word
‘CLEVER" because it is the same letter ‘E” that is used to form the word, Therefore,
S=iC L EV RL

i Describing a Set
There are a few ways to describe a set.

1. Describing a set in words, e.g. §is the set of all positive even integers less
than 10.

2. Listing all the elements in a set in set notation, eg. 5=12.4, 6, 8}
3. Describing the elements in a set in set notation, e.g.

§ =[x :xis a positive even integer less than 10}.

We read this as “x is such
that x is a positive even
integer less than 10.

OXFORD
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Although the 2 pens are identical,
they are siill distinet.

To understand this, consider a
pair of identical twins, Ethan
and Michael. Ethan and Michacl
are identical. However, Fthan
is notl Michael, and Michael s
not Ethan, i.e. each of them is
distinct,




Worked Listing the Elements ina Setin Set Notation
Example It is given that A = [x : v is a positive integer such that

2= = 11}and B =[v:yisapositive integer between 3
and 11 inclusive}.
() List all the elements in A and in B in set notation.

(i) Do A and B contain the same elements? If not,
explain why.

Solution:
M A=1{234,5067289, 10}
B=13,450678,9 10, 11}

(i) No.2EAbut2&B.

PRACTISE NOW 1

Itis given that C={x:xisa positive integer hetween 1O and 18]
and D = {v: xis a positive integer such that 10 = x < I8}

(i) List all the elements in C and in D in set notation.

(i) Do € and D contain the same elements? If not, explain why.

Worked Woelt-detined Sets

State whether each of the Tollowing collections is a well-
Example defined set. Give a reason ior your answer.

(@) A book well-liked by my classmates)

(b) {A naughty pupils in my class}

(©) A Mathematics teacher in my class}

Solution:
@ No, because a book may be well-liked by some, but not others.

(b) No, hecause some teachers and pupils may consider a certain pupil naughty
while others may not.

(€} Yes, because it is clear whether someone is a Mathematics teacher in the class.

PRACTISE NOW 2

State whether each of the following collections is a well-defined set. Give a reason
tor your answer.

@ {A movic well-liked by my classmates]
(b) {A fourteen year old pupil in my class)

(©) An English teacher in my school}

@ Chapter 14
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If an infeger is between 3 and 11
the integer cannot be equal to 3
or 11,

It an integer is between 3 and 11
inclusive. the integer can be 3 or
L

SIMILAR
QUESTIONS |
Exercise T4A Questions 3, 10-11
16

| SIMILAR
1 QUESTIONS

Fxercise P4A Quoestion 5
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-+t Equal Sets

Two sets A and B are equal if they contain exactly the same elements, and we
write A =B, Forexample, itA={1, 2,3, 4} and B=1{2, 4, 1, 3}, then all the elements
of A and of B are the same, i.e. A = B8, although the order of the elements are
different in A and in B.

We also notice that if A = B, then niA) = niB).

Ig ! %)'Ihinking
Time

If A and B are two sets such that n(A) = n(B), is A = B? If not, give a counter-example.

L4
.t Empty Sets
Consider thesets A= {0, 1,2}, B={0}and C=1{ }.
The set A contains 3 elements: 0, | and 2.
The set B contains | element: §.
The set C does not contain any elements.

In other words, C is called an empty set (or a null set).
We use the symbol @ ipronounced as ‘phi’) to describe an empty set, i.e. C= 0.

Worked Empt

Itis given that
Example A is the set of vowels in the word 'RHYTHM'

and B = [H).
(i) List all the elements of A in set notation.
(i) Are A and B equal sets? Why?

Solution:
@ A={)

(i) A and B are not equal sets, as A is an empty set, i.e. it has no elements while
B consists of one element, H.

| PRACTISE NOW 3

It is given that P = {x: vis a positive integer less than 1} and Q = {0},
(i) List all the elements of P in set notation.
(i) Are P and Q equal sets? Why?

OXFORD
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By convention, we shouled fist the
clements

(i) mascendingorder for numbers,

(i) in alphabetical order for letiers,
or

(i) according to the given order

Ego i 5 s the set of letters in the

word ‘MATH', listing the clements

according tothe given order s often

clearer and more convenient: § =
M. A, T, H)L

The set {03} is not an emply set. 1t
is a set containing one element
the symbaol 6.

1 SIMILAR |

| QUESTIONS |

Exercise T4A Questions (-7,
13,17
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.. Exercise

14A

BASIC LEVEL

1. B is the set of odd positive integers less than 11,
(a) List all the elements of B in set notation,
(b) State whether each of the following statements
is true or false.
(i) 18
(iiiy 0B

(i) 4¢ 8
(ivi 11 &8

2. State the number of elements in each of the
following sets.
(a) {Months in the year}
(b) {Odd numbers between 10 and 26)
() {Pupils in your class who are taller than you}
(d) {Colours in your school flag)
(e) {Colours of a rainhow}
(A {Horoscope signs}

3. List all the elements in each of the following sets in
set notation,
(@) A= {x:.xisa positive integer between | and

10}

{b} 8={x:xisanecgative integer between -10 and
~1 inclusive}

(c) C={x:uvisapositive even integer such that
=2 = y= 12}

(d) Dis the set of vowels in the word "HAPPY”.

4. List the elements of the following sets.
(@) {Vowels in the word "MATHEMATICS"}
(b) {The seven colours of the rainhow]
(© {Multiples of 9 which are less than 50}
{d) {Colours in your school flag}
(e) {Even numbers which are betwern 10 and 23)

5. State whether each of the following collections is
a well-defined set. Give a reason for each answer.
(@) {A pupils in my class whao has two brothers}
(b) {A pupil in my class who is shy}
() {ATVactor whois well-liked by my classmates}
(d) {A dish well-liked by my family members}
(e) {A texthbook used in my school}
() {The most attractive actor in Hollywood)

@ Chapter 14

6.

9.

State whether cach of the following sets is an empty
set.

{a) {Polar bears living in the Sahara Desert)
{b) {Bald men with a crew cut)

{€) [Buses with 30 seats)

(d) (Boys who wear skirts to school}

(e) {Orators who cannat talk well)

() [Odd numbers that are divisible by 4}

(® (Multiples of 3 that are divisible by 9}

(h) [Triangles having three equal sides)

(i) {Parallelograms having five vertices}

() 1Quadrilaterals having three obtuse angles)

List all the elements in each of the following sets in

set notation, and state whether it is an empty set.

(@) £ is the set of odd numbers that are clivisible
by 2.

() # ={x:xisamonth of the vear with more than

31 days}

(© G is the set of quadrilaterals with 5 vertices
each.

(d) H =lx:xisan even prime number}

D is the set of days in a week.

(a) List all the elements of D in set notation.

(b Using the notation € or &, describe whether
each of the following is an element of, or is not
an element of D.
(i) Tuesday
(i) March

(i) Sunday
(iv) Holiday

P is the set of all perfect squares bigger than | and
less than 50.

i lsloep?

(i) List all the elements of P in set notation.

OXFORD
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10,

11.

12,

13.

List all the elements in cach of the following sets

in set notation.

(@) /= {y:xisacolourof the rainhow}

(b} K is the set of consonants in the word

‘SYMMETRY".

L ={x:xisateacherteaching my current class}

M = {x: x is the month of the year heginning
with the letter |}

N = {xv: xis an odd number between 10 and
18}

(H O = {x:xis the first five consonants of the

English alphabet}

(c)
(d)

(e)

(g} P = lx:xisthe day of the week beginning with
the letter T}
(h) Q is the set of even numbers on a clock face

() R = {v:xisthe month of the year with fewer
than 30 days}

Describe each of the following sets in words.
@ M=10,24,628, ..}

(b) N=1{0,2 4,6,8}

©) O=1{1,8, 27, 64,125, ...}

(d) P={., -I15-10,-50,5, 10,15, ...}

€ @=la b c d e}

Pick out the element that does not belong in each
of the following sets and describe the remaining
elements in the set.

{a} (Malaysia, Singapore, Cambodia, the Philippines,
Vietnam, Laos, Myanmar, Brunei, Thailand,
Indonesia, Chinal

{rubber, coconut, apple, mango, rambutan,
orange}

{4, 9,1, 25, 16, 49, 20, 36}

{8, 1, 64, 75, 27}

{mode, mean, pie chart, median}

(h)

(<)
(d)
(e}

It is given that
@ ={v:xisaperfect square between 10 and 15}
and R = {x: xis a positive integer less than 5 that is
hoth a perfect square and a perfect cube).
(i) Listall the elements of Q and of R in set notation.
(i) Are O and R empty sets? Use the notation @
to describe Q and R.

OXFORD
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14.

15.

16

-

17.

State whether cach of the following statements is
true or false. If it is false, explain why.

() c&{c ar (i) car€{c, a, r}

(i) {c} € {c, a, r} (iv) {c,a,r}=3

vy 5€{1,3,5 7} (vi) 4€{1,3,5, 7}
(viiybus € {b, u, s} (viii) b€ {h, u, 5}

State whether each of the following statements is
true or false.
(@ 5&{3.7.11.14)
b) i€{a,ij k}
(€) 4€ {v:xisan even numher}
(d {5, C, O H, L e {v:xisa letter of the word

“SCHOOL™}

3

(e) (SZ +
(H {3}€{1.2.3.4.5}

1 .
IE)E {x:vis an even number}

Describe the elements of each of the following sets

in set notation.

{a) Sisthesetof girls in my current class who wear
spectacles.

() 7={2,3,5 711,13, ..}

© U=1{._.,-8,-40478,12, ..}

d V=1{-8 40475, 12

State whether each of the following statements is
true or false. If it is false, explain why.

M 0=0 (i) @=1{}

(i) (@} is an empty set.  (iv) n(@) =0

Chapter 14 @




Venn Diagrams,
Universal Set and
mplement of a Set_

We can represent a set using a Venn diagram as shown in Fig. 14.1.

J |
1 4 When drawing a Venn diagram
2 « do not put commas between
3 5 the clements
+ o not write the elements toa
L close together,

fig. 14.1 ¢ write the elements inside the
set, but label the set & or the

In Fig. 14.1, the rectangle represents the set of all the elements that are under set A outside the set iie
consideration for this particular situation, i.e. {1, 2, 3,4, 5}. This is called the universal putsult ihe toctang|gyarith

i X vircle respectively)
set andl is denoted by the symbol &, i.e. 8= {1, 2, 3, 4, 5L
The circle represents the set A = {1, 2, 3}.

We observe that the elements 4 and 5 are outside the circle but inside the rectangle, i.c.
4 Aand 5 & A. The set of all the elements in £ but not in A is called the complement
of the set A, and is denoted by A" (pronounced as ‘A prime’), i.c. A" = [4, 5}

@ Chapter 14 Seis OX}-QI}D




Worked Universal Set and Complement ol a Set

Example It is given that § = {x : x is an integer between 1 and 10
inclusive} and A = {x : x is a perfect square}.

(i) List all the elements of & and of A in set notation.
(i) Draw a Venn diagram to represent the sets € and A.

(i} From the Venn diagram, list all the clements of A’ in
set notation.

(iv) Describe the set A’ in words.
{(v) State the values of n(E), n(4) and niA").
(vd) Is n{A} + niA") = n(E1 Why or why not?

Solution:
(i £={1,2,3,4,56,78,9, 10}
A={l,4, 9
i) f— e
[ A 2 3
9 7 8

10

(iii) A" =1{2,3,5,6,7,8, 10}
(iv) A" is the set of all integers between 1 and 10 inclusive which are not perfect
squares.

{(v) niEi=10, nlAl=3and niA’1 =7

(vi) Yes. Since A and A’ contain all the elements of £, and A and A’ do not contain the
same elements, n(A) + n(A’) = n(E).

PRACTISE NOW 4

It is given that & = {x: x is an integer between | and 13 inclusive),
and 8= {x:xisa prime number).
(i} List all the elements of £ and of B in set notation.
@3i) Draw a Venn diagram to represent the sets £ and B.
(iii) From the Venn diagram, list all the elements of B” in set notation.

(iv) Describe the set B' in words.

OXFORD

The set A does a0t contain all the
perfect squares because all the
clements under consideration for
this particular situation are only
the integers between 1 and 10
inclusive.

! SIMILAR |
QUESTIONS

Exercise 14B Questions 16,

10-11,17
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- Thinking
_ Time

Given that A = {1, 2, 3], can we find A’ if we do not define what the universal set § is?

'+ Subsets and Proper Subsets

Given two sets A and B, we say that B is a subset of A if every element of 8 is an
element of A and we write B C A. C expresses the idea “includes” or “contains”.

Following the definition of a subset, we see that B can be equal to A and any
set itself is also a subset of the same set.

Consider the sets A = (1, 2, 3,4, 5} and B = {1, 2, 3}.
How can we draw a Venn diagram to represent the sets A and B?

Since all the elements in a set are distinct (i.e. we cannol write the same element
twice or more), we can draw the Venn diagram as shown in Fig. 14.2.

ge s [

f 4
| 1 2 ! i # 15 a subset of A, then # can
\ 3 5 { be a proper subset of A, or 8 = A.
| /

Fig. 14.2

We observe that B is completely inside A, i.e. every element of B is an element
of A, and B # A. We say that B is a proper subset of A and we write B C A.

In other words, B C A if every element of B is an element of A and there exists
at least one element of A that is not in 8.

D e s OXFORD




Class

Discussion

Understanding Subsets

Work in pairs.

1. Is a subset also a set?

2. Inthe Venn diagram shown in Fig 14.3, is P a subset of O or vice versa?

P Q

Worked
Example

"PINS'}.

(i) Draw aVenn diagram to represent the sets X and Y.

(ii} s ¥ a subset of X? Explain.

Solution:
(i)

Z T
m—
moO0
o e

(ii) Yes, Yis a proper subset of X because every element of ¥ is an element of X, and

Y= X

OXFORD

UNIVEREITY FEEi

It s given that X is the set of letters in the word
‘SINGAPORE" and Y is the set of letters in the word

Sets  Chapter 14 @




PRACTISE NOW 5 | | altesions |

1. ltisgiventhatC=11,2 3,456, Trand D=1{1,3,5, 7. Exercise 148 Questions 74,
1214, 18-19
(i) Draw a Venn diagram to represent the sets C and 0.

(i) 1s D a proper subset of C? Explain.

2. Itis given that P = [x: xis an integer such that 0 <.v = I3},
Q = {x:xis a prime number less than 13}
and R = {x:.xis a positive integer not more than 13}.
(i) List all the elements of P and of Q.
(i) 1s Q C Por P C Q?Explain.

{i#i} List all the elements of R.

(iv) Hence, state the relationship between sets R and P. Explain.

Llstmg all the Subsets and Proper Subsets of
a Set

Consider the set § = {1, 2}.
What are all the subsets and proper suhsets of §7

Firstly, it is obvious that {1} and {2} are proper subsets of § as shown In
Fig. 14.4(a) and (b).

@ \ o \ z
\_/ \ / I\_ —"/Empty Set There is no need to draw any Venn

b diagram when listing all the subscts

Fig. 14.4
in Fig. 14.4(c), we observe that we can draw the empty set completely inside §
Thus, the empty set @ is also a proper subset of S.
Therefore, all the proper subsets of § = {1, 2} are @, {1} and {2}.

Since the definition of a subset includes the set itself, all the subsets of
=11, 2}are ®, {1}, 12} and {1, 2}.

& [

|l PRACTISE Now | WER

| = QUESTIONS &

List all the @) subsets and (b) proper subsets of Exercise 14B Questions 15-16

M 5={7,8]
(i) 7={a, b, ck

@ Chapter 14 _Q,\'_F(_)R_Q




. Exercise

14B

BASIC LEVEL

1.

W1

IfE = {1, 2 3 .. 200, A= [multiples of 2},
B = {multiples of 4} and C = {multiples of 3},
list the elements of the following.

@ A (b) B
() C d A
(e) B )y C

If £ = {30, 31, 32, ..., 45}, list the complements of

the following sets.

(@) A=(33,37, 39,42, 44

{b) B = {30, 31, 32, 33, 34, 36, 37, 38, 39, 40, 41,
42, 45}

(¢} C = {non-prime numbers}

() D = {multiples of 4}

(e} E = {multiples of 3}

If the universal set, € = {1, 2, 3, ..., 10} and
A = {prime numbers}, B = {even numbers} and
C = {multiples of 3}, list the elements of

(@) A, by B
(c) C, ) A,
(e) A, W C.

The Venn diagram shows the elements in § and A.

<

A lion
cat dog

maouse

tiger '

(i) List all the elements in A and in E.
(i) List all the elements in A’.

It is given that € = {1, 2, 3, 4,5, 6, 7, 8 9},
A={1,2}, and B={1,2, 3, 4}.

Draw a Venn diagram to illustrate the given
information.

OXTORD

It is given that

€ = {v : xis an integer between 1 and 10
inclusive}

and B ={x:xis an even number}.

{i) Listall the elements of E and of 8 in set notation.

(i) Draw a Venn diagram to represent the sets &
and B,

(iit} From the Venn diagram, list all the elements
of B’ in set notation.

(iv) Describe the set B" in words.

If A =110, 20, 40, 60, 80}, list the elements of the
following subsets of A.

(@) {numbers divisible hy 4}

(b) {numbers divisible by 6}

(£) {numbers divisible by 8}

{(d) (numbers divisible by 7}

The Venn diagram shows the elements in A and

in 8. S
B o
A \
|'|l % t v Il'l
| u W
\ X /
L }
\ z

(i) List all the elements in A and in 8.
(i) Is A a proper subset of 82 Explain.

Itis given that A ={-2,-1,0, I, 2, 3}
and B=1{0, 1, 2, 3}.
(i) Draw a Venn diagram to represent the sets A
and B.
(i) Is B a proper subset of A? Explain.

Chapter 14 @




10.

11.

12.

13.

14.

15.

It is given that E = {x: x is an integer between 0 and
10}
and C = {x: x is not a prime number}.
(i) List all the elements of E, of C and of C' in set
notation.
(ii) Describe the set C' in words.

It is given that £ is the universal set containing the

first 10 letters of the English alphabet and D is the

set of consonants.

() List all the elements of €, of D and of D' in set
notation.

(ii) Describe the set D' in words.

It is given that
E = {x: xis an integer such that 0 < x < 20},
F={x:xis a positive multiple of 4 that is less

than 20}

and G = {x : x is a positive integer less than 21}.

(i) List all the elements of £ and of F.

(i) Is F C E or E C F? Explain.

{iif) List all the elements of G.

{(iv) Hence state the relationship between sets E
and G.

it is given that

H = {x: xis a rational number],
and /= {x: xis an integer}.
Is { C H? Explain,

State whether each of the following statements

helow is true or false.

(a) fg=1{a b, c d e} and A = (3 b, ¢}, then
A =1{d, e}

() face AandA C B, thena € B.

(¢} fACBand BT C, thenACC.

(d) faeAanda e B, then A=8.

{e) f@=A" thenA=E.

List all the subsets of the following sets.
(a) P=11,2}

(b) Q= {pen, ink, ruler}

(€) R=Thailand, Vietham|

(d) S=(a e i 0}

@ Chapter 14 Sets

16. List all the proper subsets of each of the following
sets.
@ K={x y}
(b) L ={Singapore, Malaysia]
() M={3, 4,5}
(d) ¥={a b, c d}

ADVANCED LEVEL

17. It is given that
£ = {x:xis a positive integer less than 21)
and O = {x: x is a number divisible by 3}.
(i) List all the elements of 0.
(ii) Describe the elements in O' in set notation.

18. Given the following sets:
A=1{1,23 4}
B={a b, c d},
C={a o, u, zj,
D={a e i 0, ul,
E=1{2,3, 4},
F=14,3212,
G = {the vowels in the English alphabet},
H = {the first four letters in the English alphabet],
1 = {the first four counting numbers},

fill in the blanks with one of the following symbols:

=% CorJ.

There may he more than one answer in certain cases.
ad A____ B by A_____F

c) B___H d H____C

() &___ [ @ F___E

@ F___1 hD__ G

W Cc___ 1 G r___A

k) E____A Hh G___A

19, If A = {a, {a}, b, {c}, d], state whether each of the

following is true or false,

(a) agA b) {ajeA

c) cEA )y {dje A

e) {a, {a}} EA (f) ajCcA

® {lajCA th) {a,bje A

i {a, b}CA ) (b {chdiCA

k) la,{a,c},diCA () {a {al,b, {cl,diCA
(m) {a, {a}, b, {c}, d} C A

OXFORD
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cy) Intersection of AL
i) Two Sets ]

14.

In the chapter opener, we see a Venn diagram with two sets. One set represents
animals that five only on land and the other set represents animals that live only in
water. At the middle of the diagram where the two sets intersect, there are animals
that live on fand and in water. How could we relate this diagram using set notation?

Consider the sets A= {1, 2, 3,4, 5}and 8= 13, 5, 6, 7).
How can we draw a Venn diagram to represent the sets A and 8?

Since all the elements in a set are distinct (i.e. we cannot write the same element
twice or more), we draw the Venn diagram as shown in Fig, 14.5.

A B

Fig. 14.5

We notice that the elements 3 and 5 are common to both sets A and B8, and they lie
in the intersection of A and 8.

We write A M B =1{3, 5). In other wards, A M B is a se,

e

| We read this as |
‘A intersect B,

In general,

the intersection of sets A and B, denoted by A N B, is the set
of all the elements which are common to both 4 and B.

OXFORD Sets  Chapter 14 @
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Worked Intersection of Twi Seds
1 Itis giventhat A ={r, s, t,u, v, w, x}and B={s, t, w, y, z}.
Example . . . .
(i) List all the elements in A M B in set notation.

(i) Draw a Venn diagram to represent the sets A and B.

Solution:
iy AnNB=ls t wi
(i)
A B
R 4 T
t
v X w e

PRACTISE NOW ©
e | QUESTIONS |

1. Itis given that € = {x : v is a multiple of 6 such that 0 <.v < 18} Exercise 14C Questions 1-3, 1114
and D = v : xis a multiple of 3 such that 0 < v = 18}
(i} List all the elements in C and in D in set notation.
(i) Find C N D.
(iii) Draw a Venn diagram to represent the sets C and D.
(iv} Is C N D= C? Explain.

2. Itisgiven that £ = {v: v is a positive integer and a factor of 12}
and F = {x : xis a prime number between 5 and 13 inclusive}.

(i) List all the elements in K and in £ in set notation.
(i) Find £ N F. Explain.

(iii) Draw a Venn diagram to represent the sets £ and F,

From Practise Now 6 Questions 1 and 2, we observe that

e If all the elements of A are also in B, A is a subset of B, |
then A M E=A,

*» If A and 8 do not share any common clements,
A and B are dfisjoint sets, then A 7 B =00,

@ Chapter 14 QX FORQ

wiVE RNATY PR




| ﬂ —__L 9=% Union of Two Sets

Consider the same sets A = {1, 2,3, 4, 5} and B= (3,5, 6, 7} as in Fig. 14.5, which is

shown again as Fig. 14.6.

A B
l 3 6
2
4 3 7
Fig. 14.6

If we list all the elements in A or in B together, we will get {1, 2, 3, 4, 5, 6, 7).

This is called the union of A and 8, and is clenoted by A U B,
. AUB=1{1,2,34,56,7}

In other words, A U B is also a sel.

{We read this as ]
‘A union ',

In genceral, %

[
I

, ; g : . In Mathematics, all the elements
the union of sets A and 8, denoted by A U Bis the set ol which are in A or in B include

all the elements which are in A orin B. the elements which are i hoth
Aand &,

Worked Linion of Two Sets
E 1 Itis given that A={f, g, b, i, | k}and B = {h. i, p, g}
Xxampie {1 Draw aVenn diagram to represent the sets A and B.

(i) From the Venn diagram, list all the elements in A U B
in set notation.

Solution: B

] ldentify A O # before drawing
A B the Venn diagram,

Wiy AUB=1{f,g hijk p ql

OXFORD
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| PRACTISE NOW 7 E ,

1. Itis given that € = {x 1 x is a posilive integer and a Tactor of 8} and Exercise 14 Questions 36
: L . . 1415
D = {x: xis a positive integer and a factor of 16}. '

(i) List all the elements in C and in 2 in set notation.
(ii) Draw aVenn cliagram to represent the sets C and D.
(iii) From the Venn diagram, find C U D.

(iv) Is C U D = D? Explain.

2. Itis given that £ = {v: xis a multiple of 7 such that 0 < v < 63}
and F = {x: xis a multiple of 9 such that 0 < v < 63].
() List all the elements in K and F in set notation.
(i) Draw aVenn diagram to represent the sets £ and F.

(iii) From the Venn diagram, tind £ U F.

From Practise Now 7 Question 1, we ohserve that

i HCoC D thenCluUD=D,

Combining Universal
Set, Complement

of a Set, Subset,
1‘ = Intersection and <
=_Id)

i) Union of Sets > 5

Worked Prabiem involving Universal Set, Intersection and Union
E l ol Sels
Xampie It is given that & = {x : x is a positive integer less than 11,
A = {v: vis an even number}
and # = {x : xis a factor of 12}.

(@) List all the elementsin &, A and 8.
(b) Draw aVenn diagram to represent the sets &, A and B.

(¢) Find
M) AUB, (iy ANA.

@ OXFORD




Solution:

@ £={1,234,56789 10}

A={2,4,6,8 10}
B={l,23 4,6}

(b) e[

) (i (AUB'={579

Gi) A={2,4,6,8, 10}
B'=1{517109, 10}
LANB ={8, 10)

PRACTISE NOW B

1. ltis given that E = {x : v is a positive integer nat more than 9,
A = {x:vis an odd number)
and 8 = [x : xis a multiple of 3}.

(a) List all the elements in E, in A and in 8 in set notation.

(b Draw a Venn diagram to represent the sets &, A and 8.

(©) Find
(i (AUB,
{ii) ANA,

2. ltis given that & = {v: x is a triangle},
R = {x :xis a right-anglecl triangle)
and I = {x: xis a triangle with exactly two equal sides}.
T is a triangle with sides 3 ¢m, 4 em and 5 cm.
U is a triangle with angles 90°, 45° and 45°.

Viis a triangle with sides 5 ¢cm, 8 em and 8 cm.
Wis a triangle with two sides, 5 em and 5 ¢m, and an included angle of 60°.

On the Venn diagram below, write 7, U, V and W in the appropriate subsets.

t5

(=

OXFORD
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Since £ is the set of positive
integers less than bt then A
cannot contain all the  even
numbers, but only those that are
positive and less than 11

For (b, to draw & Venn diagram
always fill in the clements for
ADOBR first.

For (iR, it mav be easier to list
the elements in A and in B first,
il you cannot obtain the answer
from the Venn diagram directhy

SIMILAR
QUESTIONS
Exercise 14C Questions 7-9,
1617, 21-23
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‘.’vorked Problen mvolving Shadimg of Sels

Identify and shade the following regions on separate Venn

Example diagrams.
g
X Y
|
i Xuy
(i) XNy
(i (X n'
Solution:
(i) Step 1: Put atick in each of the two regions for X.
X ¥

Step 2: Put a tlick in each of the two regions for ¥’

X ¥

Step 3: As it is a union, shade all the regions with at least one tick.

i
t X ¥

(ii) As itis an intersection, shade all the regions with exactly two ticks.

§
X ¥

o Chapter 14

The diagram is divided into 4
regions.,

X w ¥ s the set of all the
clements which are n X orin ¥,
so shade all the regions with at
least one tick

>

X MY ois the set of all the
clements which are common ta

both ¥ and 1.

OXFORD
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(i) Step t: Put a tick in the region for X N Y.
e

X ¥

Step 2: As it is a complement of X N Y, shade all the regions without any tick.

3

A ¥ ‘

§
b : SIMILAR
PRACTISE NOW 9 QUESTIONS l

Identify and shade the following regions on separate Venn diagrams. Exercise 14C Questions 10,
' 18-20
§ |
X | 4
i X'uy iy XNy (i) (XU ¥’
(iv) XUy v X' ny i) (XN ¥y

2 Thinking
@ Time

From your answers in Practise Now 9, answer each of the following.

L IsiXUWNequaltoX' UY orX my?
Lo IsXNY)VequaltoX' MYorX UY?

OXFORD
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o) Performance Task

Find out from your classmates how they usually travel to school every morning.
Present your findings on a vanguard sheet by drawing a Venn diagram to display the
following sets where appropriate.

A = {x: xis a student in your class who travels to school by public bus}

B = {x:xis a student in your class who travels to school by MRT}

C = {x: xis a student in your class who travels to school hy chartered bus}
D = {x: x is a student in your class who travels to school by taxi}

E = {x:xis a student in your class who travels to school by car}

F = {x: xis a student in your class who travels to school by foot anly}

G = {x: xis a student in your class who travels to school by helicopter}

H = {x: xis a student in your class who travels to school by other modes of

transport not stated above}

What would you take as the universal set &7

Is there any empty set? Do you want to include an empty set in your Venn diagram?
Every student who travels to school will have to do some walking. Do you want
to include walking for every student when doing such a survey? Explain.

Do some sets intersect each other? How would you represent these sets in the

Venn diagram?

Do you want to include yourself in the above survey? Explain.

.. EXercise

14C

BASIC LEVEL

1.

@

It is given that € = {letters of the English alphabet}.
Draw Venn diagrams to illustrate the following sets.

In each case, find A M B.

(@ A={abc,efl,B={conpq

b A={aceglB={pqrl

(c) A={x,y.z, mn}
B = {consonants in the word ‘money’}

(d) A = {consonants in the word ‘mathematics’},
B = {consonants in the word “statistics’}

(e) A = {letters of the word ‘universal’},
B = {letters of the word ‘probability’}

FH A = {vowels in the word ‘transformations’},
B = {vowels in the word ‘combinations’}

Chapter 14

It is given that
A={1,27347}
and B=12,4,8, 10}
(i List all the elements in A N B in set notation.
(ii) Draw a Venn diagram to represent the sets A
and B.

It is given that
D = {blue, green, yellow, orange, red, pink}
and C = {blue, yellow, pink, purple, black].
(i) List all the elements in C N D in set notation.
(i) Draw a Venn diagram to represent the sets C
and D.

OXFORD
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Itis giventhatE={1,2,3, ... 9). Draw Venn diagrams
to illustrate the following sets. In each case,
find A U 5.

@ A={1,2 34, B={33 7.9

by A={i,3,579,.8=(24,6,38)

(c) A=1{4,8), B=1246 8}

(d) A= {multiples of 3}, B = {prime numbers]

(e) A = {multiples of 4}, 8 = {(multiples of 2}

Itis given that £=1{11, 13, 15, |7}
and F=112,14, 15, 16, 17, 18, 20}.
() Draw a Venn cliagram to represent the sets £
and F.
(i) From the Venn diagram, list all the elements in
E U Fin set notation.

It is given that

G = {apple, orange, banana, grape, durian,
[pear}

and H = {apple, banana, grape, strawberry}.

(i) Draw a Venn diagram to represent the sets G
and H.

(i) From the Venn diagram, list all the elements in
G U Hin set notation.

If A = {curian, mango, pineapple) and B = {durian,
rambutan, mango, soursop}, find
i AUB. (iiy ANB.

Find the union and intersection of each of the following
pairs of sets.

(@ A=1{3,6.9 12}, B={6,8,9)}

(b) C={a, b x vy}, D={m n, o0 p}

(©) I ={monkey, goat, lion}, F = {tiger, goat}
)y G={a, mk y}, H=0

Itis given that
§ = {v:yis a positive integer less than 16},
I={x:visamultiple of 4],

and J = {x: xis a factor of 8.

(a) List all the elements in &, in f and in J in set
natation.,

(b) Draw a Venn diagram to represent the sets &,

fand J.

From the Venn diagram, find

(i gy, (i) 1NJ.

(c)

OX FORD

10.

11.

12

13.

Identify and shade the following regions on separate
Venn diagrams.
2
| K L
i 1)
iy KNiL, )y KUL, @) (KU LY.

It is given that
M = {x : v is a perfect square such that
0 < x < 70}
and P ={x:xis a perfect cube such that
0 <x =70}
(i} Listallthe elements in M and £ in set notation.
(i) Draw a Venn diagram to represent the sets M
and P.
(i) From the Venn diagram, list all the elements in
M N P in set notation.

It is given that
N={v:xis amultiple of 8 such that
0 <v=32}
and @ = [x: xis a multiple of 4 such that
0 <.v =32}

(i) Listall the elements in ¥ and in Q in set notation.

(ii) Find NN Q.

(iii) Draw a Venn diagram to represent the sets N
and Q.

(iv) 1s N N Q = N? Explain.

It is given that
R ={x:xisa positive integer and a factor of 18}
anc § = {x: xvis a composite number between 9
and 18}
(i) List all the elements in R and § in set notation.
(i) Find R N S. Explain,
(iii) Draw a Venn diagram to represent the sets R
and §.

Chapter 14 @




14.

15.

T6.

17.

It is given that
T =[v:xisa multiple of 4 such that
)<y <16}
and U =[x : xis a positive integer and a factor
of 24}
(i) Listallthe elementsin T and in U in set notation.

(i) Draw a Venn diagram to represent the sets T

and U.
(iii) From the Venn diagram, find T U U.
(iv) Is T U U= U? Explain,

It is given that
V= {x:xis a positive integer and a factor of

25}
and W= {x : xis a multiple of 6 such that
0 < x <25}

(i Listall the elementsin V and W in set notation,

(ii) Draw a Venn diagram to represent the sets V
and W.

(iii) From the Venn diagram, find vV U W.

It is given that
€ ={x:xisapositive integer suchthat 3 <x < I8},
Y={v:xis a multiple of 3}

and Z = {x: xis a multiple of 9}.

(a) List all the elements in &, in ¥ and in Z in set
notation.

(b) Draw a Venn diagram to represent the sets &,
Y and Z.

(c) From the Venn diagram, find
@ (Yuzn, (i) ynz.

It is given that
£ = {x: xis a non-negative integer less than 12},
P ={v:xisaprime number}

and @ = {v: xis not a prime number}.

(@) List all the elements in £, in P and in Q in set
notation.

(b) Draw a Venn diagram to represent the sets €,
Pand Q.

() From the Venn diagram, find
M PUQ, (i) (U QY
(i) P M Q.

@ Chapter 14 Set

18. (a) Identify and shade the following regions on

19.

20.

separate Venn diagrams,

€
A B

M AUB Giy AN B

(i) (A U BY (V) (AN B

V) A'UB i) A N B

(vii) (A" U BY (viii) (A U B'Y
What do you notice about the sets

(i) AUB andA’' N B

(i) (ANABY andA” UK

(b)

Identify and shade the following regions on
separate Venn diagrams.

3
P p
i PUQ Gy PNQ Gii) (P LU Q)
(iv) (PN QY w PUQ wi) PP O

i) (P" U Q) i) (P U Q)

Identify and shade the following regions on
separate Venn diagrams.

£ |
X ¥ |
@ xuy (i) xNny (i) XUy
i) (X ¥ v X uy (wid X' N Y
(wii) (X' U ¥’ (viii) (X L Y1
OXFORD
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ADVANCED LEVEL

21. For any set A, simplify the following if possible.

22, If A C Band A () C = @, simplify the following if

*

AU

10.

11.

iy ANE
i) ANO

possible.

H ANE

(i) BNC

W) BUCINA
i AuOns

(i) At
(iv ALUO

(i) A UB
(ivv AUC
(vi) (BN C)NA
Wil (A NC) U B

23. Itis given that
& = {v 1 xis a quadrilateral},
A={x:xisaquadrilateral with all sides equal)
and B = {x : xis a quadrilateral with all angles
equal}.
Q2 is a rectangle with length 12 cm and breadth
10 cm.
R is a rhombus with side 7 cm and angles 307, 1507,
307 and 150°.
S is a square with side 8 cm.
T is a trapezium with sides 5 cm, 5 ¢cm, 5 ¢cm and
9cm.
On the Venn diagram below, write Q, R, S and T in
the appropriate subsets.

3

A B

A setis a collection of well-defined and distinct objects. Each object in the set is called an element.

A set can he defined by:

@) describing it in words, e.g. S is the set of all positive even integers less than 10,

(b) listing all its elements in set notation, e.g. S = {2, 4, 6, 8},

(©) describing its elements in set notation,
e.g. § =[x :xis a positive even integer less than 10}.

Two sets A and B are equal if they contain exactly the same elements, and we write A = B.

The empty or null set is the set containing no element. It is describec by 3.

A Venn diagram can be used to represent the relationships among sels,

The universal set is the set of all elements that are under consideration for a particular situation. It is denoted

hy E.

The complement of a set A is the set of all the clements in & but not in A. It is denoted by A"

# is a subset of A of if every element of B is an element of A. We write B C A.

B is a proper subset of A if every element of # is an element of A, and B # A. We write B C A.

The intersection of sets A and B is the set of all the elements which are common to hoth A and 8. It is denaoted

byA N B.

The union of sets A and Bis the set of all the elements which are in A or 8. It is denoted by A U B. In Mathematics,
all the elements which are in A or B include the elements which are in both 4 and B.

OXFORD

HAYAEsI N PEp

Chapter 14 @




@ya

R@W@w

Exercise

14

A is the set of odd positive integers less than 11.
(@) List all the elements of A in set notation.

(b) State whether cach of the following statements
is true or false.
m 74
ii) 11EA

[ii} & $ A
(iv) 1 &€ A
(€) Using sct notation € or &, describe whether

cach of the following numbers is an element
of, or is not an element of, A.

i -3 (i) 3
(iii} 0 (iv) 9

List all the elements in each of the following sets in
set notation, and then state whether it is an empty
set. If yes, use the notation @ 1o describe the set.

(@) Bis the set of prime numbers that are divisible
by 2.

(b) C=1{xv:xisa day of the week that hegins with
the letter *57}

(© D={v:
and a multiple of 9}

v is a positive integer, a factor of 24

(d) Eis the set of quadrilaterals with three obtuse
angles.

If &= {3 -4 -3 -2, -1, 0, 1, 2 3} list the

complement of cach of the following sets.
(@) A={-35 -3
(h) B={-5 -, -3 -2

1,2}
1,0, 1,2, 3}

() € ={v:xisaprime number}
d) D=1 s a posilive integer and a multiple
of 3}

4.

State whether each of the following statements is
true or false.

(@ lagXandXCY thenagy.
o) libEYand X C Y, thenb €X.
(© IiXCrand¥CZthenXCZ

(d IX' =0, thenX=

It is given that
= {v: xis an integer such that | = v < 24},

A={x:xis a multiple of 4}

and B =[x : xvis a factor of 36).

() Draw a Venn diagram to illustrate this
information.

(i) List the elements contained in the set A U H'.

It is given that
£ = {x:.xis an integer such that -7 < v = 7},
A= lv:xis an integer such that -7 < x <7}
and B = {x : x is an integer such that 0 < x <7}

List the elements in
m A,
(i) AU B

(i) ANS,

It is given that
= {x: vis an integer such that 0 < x < 16},
A={v:
and B={x:
(i) Draw a Venn diagram to illustrate the given

information.

x is a pertect square}
vis a factor of 26}

(i) List the elements contained in the set A" M B,

OX POI{D
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8. Itis given that 10. Itis given that

€ = {x: visan integer between 0 and 21}, & = {x:xis areal number},
A= {x s divisible by 5} A={x:xis a rational number}
and B = {x: vis not a prime number). and B ={x:ais an integer).
()  Draw a Venn diagram to illustrate the given On the Venn diagram given, write the following
information. numbers in the appropriate subsets.
(ii) List the elements contained in the set A N B, O -7 i) 2
3
9. ltis given that S ={s, i, t}. List all the (i) o1 (iv) 0
(i) subsets, = - -
(ii) proper subsets i A" p
of . ‘

Challenge
Yourself

1. Itis given that § = {a, {a}}. State and explain whether the following statements
can be true.
(i) aESs, (i) {ajes,
(i) {a} C S, iv) {ta}} C S.

2. Ifaset§ has n elements, how many proper subsets does it have?

3. Draw a Venn diagram to illustrate the relationships among the following

quadlrilaterals.

(i) Square (i) Rectangle
(iii) Rhombus (iv) Parallelogram
(v) Trapezium (vi) Kite

For the purpose of classification, adopt the following definitions {because there
is more than one definition).

(@) A trapezium has at least two parallel sides.

(b) A kite has at least two equal adjacent sides.

OXFORD Chapter 14 @
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Probability of
Single Events

Do you know that casinos make use of probability
to set rules to ensure that they will aiways be on
the winning side in the long run? How is this done?

OXFORD
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LEARNING OBJECTIVES ,
At the end of this chapter, you should be able to:

» define probability as a measure of chance,
« list the sample space of a probability experiment,
¢ find the probability of a single event,

* solve problems involving the probability of single events.




4 = -4 Introduction S NAF,
f)!)ll to Probability ol

We often make statements such as:

¢ ‘Thereis a 50 : 50 chance of our school winning the National Inter-School Basketbal
Championship.’

e ‘| cannot predict whether | will obtain a 'six” in my next roll of a die.’

o it will probably rain today.’

We make such statements because we are uncertain whether an event will occur.
For an uncertain event, we can discuss about its chance of occurrence.

1. The following are sume events which we may come across in our everyday life.

Event A:  The sun will rise from the west every day.
Event B:  Your friend will win the lottery this year.
Event C: You obtain a ‘tail” when you toss a coin.
Event D: It will rain in Pakistan at least once a year.

Event F: Babies drink milk every day.

Each of these events may or may not happen. Mark these events A to £ on the
line to show the likelihood they will occur.

| | |
I ' I

I
{impossiblel  {unlikely) (50 : 50) (likelyi (certain)

2. We can use values between 0 and 1 inclusive to measure the chance of an event
occurring, where an impossible event takes on the value 0 and a certain event
takes on the value 1. If there is a 50 : 30 chance that an event will eccur, what
value does it take?

3. Write down an event that corresponds to each of the five categories ahove. Mark

aut each event on the number line based on the estimated chance of occurence.

| 1 1 = | 1 1 1 |

| 1 1

0 0.5 ]
(impossible) (certain)

In our everyday life, we use words such as ‘unlikely’, ‘likely” or ‘certain” to describe
the chance of an event occurring. The measure of chance, which takes on values
between 0 and t inclusive, is known as probability. We will learn about probability
in this chapter.

OXFORD
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&= Sample Space

When we perform a scientific experiment, we will obtain a certain result or outcome. However, in probability,
the result or the outcome is not certain - it depends on chance. Table 15.1 shows some examples of probability
experiments and their possible outcomes.

Probability experiment Possible outcomes

Tossing a coin

Rolling a die

&

Ten identical cards
numbered 11, 12, 13,
..., 20 are placed in a
box. One card is drawn
at random from the hox.

Two black balls and three white “ay,
balls of the same size are placed .
in a bag. One ball is drawn at .

random from the bag.

Table 15.1

OXFORD
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Consider the experiment where a coin is tossed. The results are either getting a “head’
or a ‘tail’. These results are referred to as the outcomes.

The collection of all the possible outcomes of a probability experiment is called the
sample space. In the case of tossing a coin, the sample space is a ‘head” and a “tail".
What is the sample space when a die is rolled?

Worked Sample Space

E 1 A fair die is rolled. Write down the sample space and state
xample the total number of possible outcomes.

Solution:
A die has the numbers 1, 2, 3, 4, 5 and 6 on its six faces,
i.e. the sample space consists of the numbers 1, 2, 3, 4, 5 and 6.

Total number of possible outcomes = 6

PRACTISE NOW 1

A spinner is divided into 5 equal sectors of different colours. When the spinner s Exercise 15A Questions 1. Ziakb
spun, the colour of the sector on which the pointer lands is noted. Write down the
sample space and state the total number of possible outcomes.

OXFORD
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Worked
Example

For each of the following experiments, write down the
sample space and state the total number of possible
outcomes.

(@) Drawing a ball at random from a bag containing 2
identical black halls and 3 identical white balls
(b) Choosing a two-digit number at random

Solution:

(a) Let B8, and B, represent the 2 black balls; W, W, and W, represent the 3 white balls.
The sample space consists of B, B, W, W, and W,
Total number of possible outcomes = 5

(b) The sample space consists of the integers 10, 11, 12, ..., 99.

Total number of possible outcomes = first 99 numbers — first 9 numbers
=999
=90

PRACTISE NOwW 2 |

For each of the following experiments, write down the sample space and state the
total number of possible outcomes.

(@) Drawing a marble at random from a bag containing 5 identical blue marbles and
4 jdentical red marhles

(b) Picking a letter at random from a box containing identical cards with letters that
spell the word ‘NATIONAL’

(c) Selecting a receipt at random from a receipt book with running serial numbers
from 357 to 389

For (a). as there are wa black balls
in the bag, there 1s a difierence
between drawing the first or the
second black hall. Thus we must
dhfferennate between the two black
halls by reprosenting them using #
and &, Similarly, tor the three white
balls, we represent them using
W.ooW,and WL

SIMLAR |
| QUESTIONS §

Excrcise 15A Questions 2ic ki)

OXFORD
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In

) Probability of
D) Single Events

15.3

Section 15.1, we have learnt that probability is a measure of chance.

Investigation
i

Tossing a Coin

1.

4.

@

Are we able to state with certainty whether the outcome is a ‘head’ or a ‘tail’
hetore a coin is tossed?

Toss a coin 20 times.
(i) Record the outcome of each toss in the following table.

Outcome Tall Number of ‘heads’ or Fraction of obtaining
. | Y ‘ails’ for 20 tosses a ‘head’ or a ‘tail’
Head
Tail

(il Write down the fraction of obtaining a *head’ or a ‘tail” in the table above.
(iii) Compare your results with those of your classmates. Are they the same?
What can you deduce about the results of tossing a coin?

@ In groups of 4 or 5, add and record the total number of ‘heads’ obtained
by your group members. Repeat for the total number of ‘tails’. Compute the
fraction of obtaining a ‘head’ or a “tail",

tcome f . Fraction of obtainin
L Total number of ‘heads’ or ‘tails’ ra(‘: 1on § L 3 , e &
_ tosses ~ a‘head’ or a ‘tail
Head
Tail

th) As a class, add and record the total number of ‘heads’ obtained by all students.
Repeat for the total number of ‘tails’. Compute the fraction of obtaining a
‘head’ or a 'tail”.

come fo : Fraction of obtainin
Qut " Total number of ‘heads’ or ‘tails’ af on , .', 8
____ losses | . a head’ or a ’tayl
Head
Tail

Look at the last column in the three tables. Do you notice that the probabilities

W i -1, 1
of obtaining a ‘head’ or a “tail” approach = when there are more tosses!

OX PORD

Eibed LIIL




5. If we toss a coin 1000 times, would we expect to obtain exactly 500 *heads’ and
exactfy 500 ‘tails’? Explain your answer.

When a coin is tossed, if the chance of obtaining a ‘head’ is the same as the chance
of obtaining a "tail’, we say that the coin is fair or unbiased. This means that for a fair
coin, there are two equally likely outcomes, i.e. obtaining a *head’ and obtaining a
‘tail”. Thus the chance of obtaining a ‘head’ is 1 out of 2. We say that the probability

of obtaining a ‘head” is % . What is the probability of obtaining a “tail?

Investigation

Rolling a Die
Go to http://www.shinglee.com.sg/StudentResources/ and open the spreadsheet
‘Rolling a Die’.

A B £ O F [} H [ X i W N ]

i S

F4 i

3 0%

. £ 06 & Actund Reuit

3 i kvpected Riasis
04

5 a

[]
02

7

8 .

9 [} - Seape (e

10 1 2 4 5 [

11

12[ Roll No. | Outcome ]

13 1 it

14 Roll the der H [

15 2 it

18 4 o

17 LB 3 ]

18 & 1

1% . t

2 Towlbei @

21

Fig. 15.1

1. Click on the button ‘Roll the Die’ and it will roll the die once. Repeat for a total

of 20 rolls.
Record the number of “17, “2’, '3’, ‘4, 5" and “6’ obtained in the following table.

Compute the fraction of obtaining each outcome.

QOutcome

e
P
=
e
p
7

OXFORD
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Number of
corresponding
outcomes for 20 rolls

Fraction of obtaining
each corresponding
outcome for 20 rolis

Internet

—Resources

il

Search onthe Internet tor interactive
applets on probability that involve

tossing a coin.
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2. Asa class, add and record the total numberof 17, *2°, ‘37, '4°, '5" and "6’ obtained
by all students. Compute the fraction of obtaining cach outcome.

Outcome for Total number of Fraction of obtaining each
__volls corresponding outcomes corresponding outcome
11 14
i
3
oy
15»’
6’

3. Look at the last column in the two tables. Do you notice that the probabilities

e . }
of obtaining any one of the six outcomes approach 6 when there are more
rolls?

4. If we roll a die 600 times, would we expect to obtain exactly 100 '6"? Explain
your answer.

When a die is rolled, there are six possible outcomes, ie. 1, 2, 3, 4, 5 and 6.
If the die is fair, then each of the six outcomes is equally likely to occur.
Thus the chance of obtaining a ‘six” is 1 oul of 6. We say that the probahility
. s, |

of obtaining a ‘six’ is =

J

In general, in a probability experiment with m equally likely outcomes, if & of
these outcomes favour the occurrence of an event E, then the probahility, P(E),
of the event happening is given by:

N Numberof favourableoutcomes for event £ &

PUE) = Total number of possible outcomes “m

L .
This is known as theoretical probability, the probability that is obtained based
on mathematical theory.

In the investigation, you conducted a probability experiment to determine
the chance of obtaining a ’head’ or a “tail’ when a coin is tossed. Based on

theoretical probability, the probability of obtaining a *head” is 5. ie 10 ‘heads

in 20 tosses. However, it is unlikely that all your classmates obtained 10 ‘heads’ in
20 tosses. The probability that you obtained in the experiment is known as
experimental probability. Thus if vou obtained 11 ‘heads’ in 20 tosses, your

. e ) .11
experimental probahility of getting a “head” is 50 -
From the investigation, we can conclude that as the number of trials increases,
the experimental probability of an outcome occurring tends towards the

theoretical probahility of the outcome happening.

OXFORD
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Worked
Example

Solution:

A card is drawn at random from a box containing 12 cards
numbered 1,2, 3, ..., 12. Find the probability of drawing
@ a7,

(i) an even number,

(i) a prime number,

(iv) a perfect square,

(v} a negative number,

(vi) a number less than 3.

Total number of possible outcomes = 12

(i) Pidrawinga 7'} = %

(i) There are 6 even numbers from [ to 12, i.e. 2, 4.6, 8, 10 and 12.

Pidrawing an even number)

[}
| =

(o]

k| —

(iii) There are 5 prime numbers from 1 to 12, i.e. 2,3, 5, 7 and 11.

Pidrawing a prime number) =

(iv} There arc 3 perfect squares from 1 to 12, i.c.

. 3
Pidrawing a perfect square) = =

[

I

(3]

I, 4and9.

12

F-

(v) There are no negative numbers from | to 12.

; ] . , 0
Pidrawing a negative number} =

12
=0

(vi) All the 12 numbers from 1 to 12 are less than 13,

Pidrawing a number less than 13) = =

12
12

A ballis drawn at random from a bag containing some balls numbered 10, 11, 12,
..., 24. Find the prohability of drawing

@M a21,

(1)) an odd number,

(iif) a composite number,
(iv) a perfect cube.

OXFORD
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A prime number 15 a positive
integer that has vty 2alitherent
fac tears, 1 and itselt. Thus 1 i not
a prime number,

= When the probability of an event
occurring is ), we say that it is
an impaossible event

* When the probability of an event
occurring is |, wesay that itis a
reflamn event,

SIMILAR k
I QUESTIONS

Exercise 15A Questions 3—, 1,
18-20

A composite number is 2 positive
integer that has more than 2
fifforent tac tors.
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In Worked Example 3, we observe that the probability of drawing a negative number
from the 12 cards numbered 1, 2, 3, ..., 12 is (). This means that we will never be
able to draw a negative number from the 12 cards.

In the same worked example, we also notice that the probability of drawing a number
less than 13 from the 12 cards is /. This means that we will definitely be able to draw
a number tess than 13 from the 12 cards.

_i{';/ Til'ne

1. Inthe thinking time on page 421, the event D ‘It will rain in Pakistan at least once
a year. is a certain event, i.e. it will definitely occur. What can we say about the
probability of D occurring?

2, In the thinking time on page 421, the event A ‘The sun will rise from the west
every day.’ is an impossible event, i.e. it will never occur. What can we say about
the probability of A occurring?

3. s it possible that the probability of an event occurring is less than O or greater
than 1¢

From the above explanation and thinking time, we can conclude that:

For any event E, 0 = P(E) =< |
* P(E) =0 if and only if E is an impossible event, i.e. it will never occur.

e P(E) =1 if and only if £ is a certain event, i.e. it will definitely occur.

Performance Task

Probability theory was first used primarily in gambling problems. Girolamo Cardano
(1501 - 1576}, an ltalian, wrote a gambler's manual which made use of probability
theory. In 1654, Chevalier de Mere (1607 — 1684), a Frenchman, posed a gambling
problem to his fellow countryman, Blaise Pascal (1623 - 1662). In response to this
problem, Pascal and another French mathematician, Pierre Fermat (1601 ~ 1665),
laid the foundations for the theory of probabitity.

This theory has widespread applications in business and in the sciences. Its applications
range from the determination of life insurance premiums to the description of the
behaviour of molecules in a gas. In fact, it can also be used to predict the outcome
of an election.

Search on the internet for other real-life applications of probability theory. Present
your findings to the class.

@ Chapter 15 Probability of Single Events
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Worked
Example

A card is drawn at random from a standard pack of 52
playing cards. Find the probability of drawing

(i} a black card,

(i) ared ace,

(1ii) a diamond,

(iv) a card which is not a diamond.

Solution:

Total number of possible outcomes = 52

(i There are 26 black cards in the pack.

2
Pidrawing a black card) = '5'—3
i
-2

(i) There are 2 red aces in the pack, i.e. the ace of hearts and the ace of diamonds.

2
{ < ing [4 dc b= =
Pidrawing a red ace} 5

26
(iif) There are 13 diamonds in the pack.
Pidrawing a diamond) = %
i

4

(iv) Since there are 13 diamonds in the pack, there are 52
not diamonds.

13 = 39 cards which are

Pidrawing a card which is not a diamond) = %

Notice that,
Pidrawing a card which is not a diamond} = | - Pidrawing a diamond).

In general, for any event E, we have:

| Pnot £) = 1 - PE)

8 PRACTISE NOW 4 B

A card is drawn at random from a standard pack of 52 playing cards. Find the
probability of drawing

(H ared card,
() an ace,
(i) the three of clubs,

(iv) a card which is not the three of clubs.
OXFORD
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There are 4 sunts in a standard pack
of 52 playing cards, i.c. ciub b,
diamond #, heant W and spade &

Each suithas 13 cards, i.e. Ace, 2,
3, .... 10, Jack, Queen and King,

All the clubs and spades are black
in colour,

All the diamonds and hearts are
red in colour.

All the Jack, Queen and King cards
are picture cards.

Internet
—Resources

-

Casinos make use of probability
theory to set rules to ensure that
they will always be on the winning
side 1n the long run so that they will
not go out of business. Search on
the Internet for examples of how
casinos use probability 1o their
advantage

SIMILAR ;
QUESTIONS

Exercise 15A Questions 5, 12-14
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Worked
Example

A letter is chosen at random from the word ‘MATHEMATICS'.
Find the probability that the letter ts

(i) an A,

(if) a vowel,

(i} not a vowel.

Solution:

Total number of letters = 11
() Thereare 2 'A's.

2

Pian 'A"is chosen) = =

(iiy There are 4 vowels, i.e. 2 °A’s, 1 ‘E"and 1 ‘I".

Piletier chosen is a vowel) = =

(iii) Method 1: There are 26 letters in the alphabets,
5 of them are vowels, namely a’
There are 7 consonants, i.e. 1 °C, 1 ‘H’, 2 "M’s, 1 'S and 2 ‘T’s. o, i, o, and u°,
7

Piletter chosen is not a vowel} = T
Method 2:

Piletter chosen is not a vowel) = 1 — Piletter chosen is a vowel)

4
=
k!
=11
g h [l SIMILAR 1
| PRACTISE NOW 5 i
1. A letter is chosen at random from the word ‘CHILDREN’. Find the probability Exercise 15A Questions 6-10,

15-17
that the letter is ’

iy a‘'D, {:fk

{ii) a consonant, A3

(iii) not a consonant. m
2. A marble is drawn at random from a bag containing 9 red marbles, 6 yellow I}r’:lf)'(’)s;s‘h{zf]::’id{ﬁ: ::L::“i:[:::
marbles, 4 purple marbles and 5 blue marbles. Find the probability of drawing that their next child will be a girl?
(i) a purple marble,
(ii) a red or a blue marble,
(iii) a white marble,
(iv) a marble that is not white.

3. A box contains 24 halls, some of which are red, some of which are green and the
rest are blue. The probabilities of drawing a red bhall and a green ball at random

from the box are —; and é respectively. Find the number of blue balls in the box.

OXFORD
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" Exercise

15A

BASIC LEVEL

1.

A dart board is divided into
6 equal sectors. When a
dart lands on it, the number
of the sector on which it

lands is noted. Write down
the sample space and state
the total number of possible
outcomes.

For each of the following experiments, write down
the sample space and state the total number of
possible outcomes.

(a) Tossing a fair tetrahedral die with faces labelled
2, 3, 4 and 5 respectively

(b) Drawing a card at random from a box containing
ten identical cards labelled A, B, C, D, E, F,
G H 1)

{00 Drawing a disc at random from a bag
containing 5 identical red discs, 3 identical
blue discs and 2 identical green discs

(d) Picking a letter at random from a hox
containing identical cards with letters that spell
the word ‘TEACHER’

(e} Choosing a three-digit number at random

An 8-sided fair die with faces labelled 2, 3, 3, 4,
7,7, 7 and 9 is rolled once. Find the probability
of getting

(i a7,

(i) a3 ora‘4’,

(ii} a number less than 10,

{(iv) a number which is not ‘2",

A card is drawn at random from a box containing
some cards numbered 10, 11, 12, ..., 22, Find the
probability of drawing

() an even number,

(i) a number between 13 and 19 inclusive,

(ii) a prime number that is less than 18,

(iv) a number greater than 22,

(v} a number that is divisible by 4.

OXFORD
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A card is drawn at random from a standard pack of
52 playing cards. Find the probability of drawing
(i) the ace of spades,

(i a heart or a club,

(i) a picture card,

(iv) a non-picture card.

Each of the letters of the word ‘PROBABILITY” is
written on a card. All the cards are well-shuffled
and placed face down on a table. A card is turned
over. Find the probability that the card shows

(i) the letter ‘A,

(ii) the letter ‘B,

(ifi) a vowel,

(iv) a consonant,

A spinner is divided into 5 equal sectors. When the
spinner is spun, what is the probability that the
pointer will stop at a sector whose label is
i P2
(ii} aletter of the English
alphabet?
(ifi) a vowel?
(iv} a consonant?

A bag contains 4 pieces of candy — caramel, chocolate,
gummies and licorice. A piece of candy is removed
at random from the bag. Find the probability that
the candy is

(1 acaramel,

(ii) either a chocolate or a gummy,

(iii) not a licorice.

An envelope contains 40 shopping vouchers, of
which 25 vouchers cach have a value of $50 and 15
vouchers each have a value of $100. Amirah picks
a voucher at random from the envelope. Find the
probability that the voucher has a value of $100.

Chapter 15 @




10. A group ot 30 people consisting of 9 men, 6 women, 12 hoys and 3 girls,
are waiting to get their passport photographs taken. A person is selected at
random from the group. Find the probability that the person is
(i) amale,

(i) cither a woman, a boy or a girl.

11. A two-digit number is chosen at random. Find the probability that the number is
(i) less than 20,
(i) a perfect square.

12. Two Joker cards are added to a standard pack of 52 playing cards. A card is then
cdrawn at random from the 54 cards. Find the probability of drawing
(1 ared card,
() atwo,
(iii) a joker,
(iv) a queen or a king.
Note: A Joker card is neither a black nor a red card.

13. All the clubs are removed from a standard pack of 52 playing cards. A card is
drawn at random from the remaining cards. Find the probability of drawing
(i) ablack card,
{ii) a diamond,

{iii) a picture card,
(iv) a carchwhich is not an ace.

14. Raj wakes up in the morning and notices that his digital clock reads 07 25.

AB
After noon, he looks at the clock again. What is the probability that

(i) the number in column A is a 4¢

(i) the number in column B is an 8?7

{iiiy the number in column A is less than 6¢
(iv) the number in column 8 is greater than 5¢

15. A box contains 2 dozen pairs of contact lenses, of which & pairs are tinted.

A pair of contact lenses is drawn at random from the box. Find the
probability that it is not tinted.

OXFORD
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16. The table shows the number of cach type of school personnel at a school.

Personnel  Management Teaching Laboratory Administrative Maintenance

! Number of

26 62 8 9 12
_personnel

(@) If a school personnel is selected at random, find the probability that the
school personnel is
(1) ateacher,

(i) a management stafi,
(iti) an administrative or a maintenance staff.

(b) Two teachers and an administrative staff resign from the school. A school
personnel is selected at random from the remaining staif. Find the probabitity
that the school personnel is
() an administrative staff,

(i) not a laboratory staff.

17. There are a total of 117 pairs of socks in a clothes bin. Fach pair of socks is placed
in a bag. The probabilitics of selecting a yellow pair of socks and a grey pair of

socks at random from the hin are % and % respectively. Find the number of
pairs of socks in the bin which are

(i) yellow,

(i) neither yellow nor grey.

ADVANCED LEVEL

18. An 1Q test consists of 80 multiple-choice questions. A question is selected
at random. Find the probability that the question number
(i) contains only a single digit,
(i) is greater than 67,
(iii) contains exactly one 77,
{iv) is dlivisible by both 2 and 5.

19. Each of the numbers 2, 3, 5 and 7 is written on a card. Two of the cards are
drawn at random to form a two-digit number. Find the probability that the
two-cligit number is
(i) divisible by 4,

(i) a prime number.

20. A biased tetrahedral die with faces labelled 1, 2, 3 and 4 is rolled once.
The chance of getting a ‘3" is twice that of getting a ‘1. The chance of getting
a ‘2" is thrice that of getting a ‘3". There is an equal chance of getting a ‘2’ and a
‘4’. Find the probability of getting a prime number.

O}:FQRD
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Further Examples

In this section, we will take a look at more examples that involve probability.

Worked Probability involving Groups o1 People
E ample In a class of 30 students, there are 12 girls andl 2 of them
X

are short-sighted. 6 of the boys are not short-sighted.
If a student is chosen at random, find the probability that
the student is

(i aboy,

(i) short-sighted.

Solution:
(i} Number of bovs = 30 - 12

= {H

Pistucent chosen is a boy) = L—?)
=3
5

(i) Number of girls who are short-sighted = 2

Number of boys who are short-sighted = 18 - 6
=12

Number of students who are short-sighted =2+ 12
=14

. . : " 14

Pistudent chosen is shortsighted) = ==

.

]

PRACTISE NOW B
_ auesTioNs

In a class of 40 students, there are 24 boys and 16 of them are not short-sighted.  Exercise 158 Questions 1-2, &
4 of the girls are short-sighted. if a student is chosen at random, find the probability
that the student is

iy agil,
()} not short-sighted.

OXFORD
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W()rked Probabilin involving Angles of Sectors

Example A circle is divided into sectors of difierent colours. A point
is sclected at ranclom in the circle. Find the probability
that the point lies in the
(i) vellow sector,

(i) green sector,
@ity black sector.

Yellow
180" I
|
!
i
Solution:
R . . Areaof the yellowsector . EE
(1) Pipoint selected lies in the yellow sector) = Arcaofthecirc] Since a point is selected at random,
react thecircle any paint in the circle will bave the
X same chance of being selected. We
— Angleoi the yellow sector assume that the point will not tall
360 on any of the lines separating the
180" four sectors,
T 360

l ; j;%
= 5 ey 1y

The number of points in a sector

. . . - " i 15 proportional to the area of the
: = i -
(i} Angle of the green sector = 360" — 180" - 90° - 45 A O TR

= 45° angle of the sector.

T . Areaof the green sector
Pipoint selected lies in the green sector) = — greet
Areaof thecircle

_ Angleof the green sector
360°

45

360°

2w -

Areaof theblack sector

iii) Pipoint selected lies in the black -
(un) Py ed lies in the black sector) Areaof hocirdie

[

0
" Areaofthecircle

=()

O_XFO[}D
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SIMILAR
PRACTISE NOW 7

A circle is divided into sectors of different colours. T Fxercise 158 Questions 3-4

A point is selected at random in the circle. Find the
probability that the point lies in the

(i) red sector,

) blue sector,

(iii) purple sector,

(iv) green or white sector.

b

b

Worked Probability imvolving Algebra
A box cantains x red marhles, (x + 3) yvellow marbles and
E 1 !
xamp { &

{4 — 15) blue marbles,

(i} Find an expression, in terms of x, for the total number
of marbles in the hox.

(i) A marble is drawn at random from the box. Write
down an expression, in terms of x, for the probability
that the marble is blue.

(iii) Given that the probability in (i) is ; find the value

of x.
Solution:
() Total number of marbles = x + (v + 3} + (dv - 15}
=6x-12
. g . L 4x—15
(iiy Pidrawing a blue marble) = —
gl W 4x-15 ]
(iti) Given that rrac il

204y - 15 =612
Br-30 =06x-12

2v =18
=0
PRACTISE NOW 8 SIMILAR
QUESTIONS
1. There are 12 green balls and (x + 2} yellow balls in a box. Exercise 158 Questions 5, 8-13

(i) Find an expression, in terms of x, for the total number of balls in the box.

(i) Aballis drawn at random from the box. Write down an expression, in terms
of x, for the probabhility that the ball is yellow.

(iii) Given that the probability in (i} is g , find the value of x.

2. There are 28 hoys and 25 girls in a school hall. After v girls leave the hall, the

'31 . Find the value of v.

OXFORD
@ Chapter 15 byl

prohability of selecting a girl at random becomes




' EXercise

15B

BASIC LEVEL

1.

A class of 30 students consists of 8 Chinese girls, 5.
3 Malay girls, | Indian girl, 11 Chinese boys, 4 Malay

boys and 3 Indian boys. If a student is chosen at
random to take part in a survey, find the probability

that the student is

i} a girl,

(ii) not a Chinese,

(i) not an indian boy,

(iv) a Eurasian,

Shirley has 5 novels and 5 comic books in her bag.
Three of her books are in Japanese, 2 of which are
comic books. The rest of her books are in English.

If a book is chosen at random from her bag, find -
the probability of choosing

i a book in Japanese,

(i} a novel which is in English.

A survey is conducted to find out which of the four
fruits, apple, papaya, guava
and mango, the students
in a class prefer. The pie
chart shows the results of
the survey. A student is
selected at random. Finct
the probability that the
student prefers

(M apple,

(i) mango,

(iii) papaya or guava.

A regular octagon is dividect
into 4 regions, where @ s its
centre. A point is selected at
random in the octagon. Find
the probability that the point
lies in

(i) region R,

(ii) region S,

(iii) region P or Q.

OXFORD
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There are 15 girls and x boys at a school parade

square.

(i) Write down an expression, in terms of x, for the
total number of students at the school parade
square.

(i) A student is sclected at random. Write down
an expression, in terms of x, for the probability
that the stuclent is a girl.

(i) Given that the probability in (ii) is % , find the
value of x. ’

A class of 38 students went on a short trip to
Bangkok. Of the 18 boys, 6 of them checked in
their luggage at the airport. 8 of the girls did not
check in their luggage. If a student is chosen at
random, find the probabiiity that the student

()} isa girl who did not check in her luggage,

(i) checked in histher luggage.

(@ A class has 16 boys and 24 girls. Of the
16 boys, 3 are left-handed. Of the 24 girls, 2 are
left-handed. If a stuctent is chosen at random to
clean the whiteboard, find the probability that
the student is
(i aboy,

(i) left-handed.

(b) The student chosen to clean the whitehoard
in (a) is a girl who is not left-handed. Another
stucent is sefected at random from the remaining
students to borrow the visualiser from the
class next door. Find the probability that the
student is
(i} aboy who is left-handed,

(i) a girl who is not left-handed.

Santa Claus has (3% + 11) red presents and
{( + 5) white presents in his stocking. Ethan selects
a present at random from the stocking. Given that
the probability that he obtains a red present is

Chapter 15 @
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9 , find the value of h.
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10.

11.

5.

@

Some patients participatect in a clinical trial for a
new drug to treat osteoporosis, A patient is selected
at random. The probability that the patient had

7
no change in his hone mass density is 73, the

probability that he had a slight reduction in his bone
oo -

mass density is - and the probability that he had

a significant reduction in his hone mass density is

1 i .
— . Find the value of &.

2k ‘
A carton contains 15 toothbrushes, of which p have
soft bristles. After 5 more toothbrushes with soft

bristies are added to the carton, the probability of
cdrawing a toothbrush with soft bristles becomes

i’. . Find the value of p.

There are 23 boys and 35 girls on the school’s track
and field team. After ¢ boys and (¢ + 4) girls graduate
at the end of this year, the probability of selecting a
hoy at random to represent the school for an event

2 5
becomes % . Find the value of ¢.

Probability is a measure of chance.

ADVANCED LEVEL

12.

A bag contains 40 balls, some of which are red
some of which are yellow and the rest are black.
The probabilities of drawing a red ball and a yeliow

2
5

) ! .
hali at random from the bag are T and Z respectively.

(i) Find the probability ot drawing a black ball at
random from the bag.

(2x + 1) red balls and (x + 2) yellow batls are added
to the bag while (v - 3) black balls are removed
from the bag. The probability of drawing a yellow

% . Find

(i) an expression, in terms of v, for the total number
of balls in the bag now,
(i) the number of yellow balls in the bag now.

ball at random from the bag is now

There are 50 students in an auditorium, of which 2y
are boys and v are girls. After (v - 6) boys leave the
auditorium and (2x — 5) girls enter the auditorium,

the probabitity of selecting a girt at random becomes

9 . . .
3 Find the value of x andt of v.

A sample space is the collection of all the possible outcomes of a probability experiment.

In a probability experiment with m equally likely outcomes, if k of these outcomes favour the occurrence of an
event E, then the probability, P(E), of the event happening is given by:

P(E) =

_ Number of favourable outcomes forevent £ &

For any event E, 0 = P(£) = 1.

Totalnumber of possible outcomes "

e P(K)=Uif and only if Fis an impossible event, ie. it will never occur,

» Pi£)=1if and only if £ is a certain event, i.c. it will definitely occur.,

For any event E, Pinot £) = | ~ P{£).

Chapter 15
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Exercise
7 15

Each of the numbers 5, 6 and 8 is written on a card. One or more of these cards are drawn at random to form
a onc-, two- or three-cligit number.
(@) For this experiment,

write down the sample space,

(i) state the total number of possible outcomes.

(b) Find the probability that the number formed
(i} consists of two digits,
@i} is a muitiple of 5.

A 6-sicled fair die is rolled once. Find the probability of getting
(i) an even number,

(i) a composite number,

(i) a number that is divisible by 4

All the 26 red cards from a stanctard pack of playing cards are mixec thoroughly. A card is then drawn at
random. Find the probabitity of drawing

() the queen of hearts,

(i} the jack of clubs,

(i) either the six of hearts or the seven of diamoncls,

(iv) a card which is not a nine.

In-a shopping mail, it a customer spends a minimum of $500 in a single receipt, he has the chance to spin
a wheel to win a prize. The wheel is divided into 6 equal sectors. The prizes correspond to the letters on the
wheel.

A: $30 shopping voucher

B: 8§50 supermarket voucher
C: watch worth $60

. umbrella

£: $40 dining voucher

F: 1 kg cheesecake

Find the probability that a customer who
spins the wheel wins

(i) an umbrella,

(i) a voucher,

(i) 5100 cash.

OX }'()!_{l)
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10.

A reel of a fair sfot machine has 22 symbols, of which 4 are cherries, 7 are oranges, 9 are peaches and the rest
are grapes. Find the probability that the reel will stop to show

(i the symbot “orange’,

(ii) the svmbol ‘grape’,

(iii) the symbot ‘pineapple’,

(iv) either the symbol “cherry” or the symbol “peach’.

A hag contains 20 sweets, of which 7 are toffee wrappedt in green paper, 6 are mints wrapped in green
paper, 3 are toffee wrapped in red paper and 4 are mints wrapped in red paper. If a sweet is drawn at
random from the bag, find the probability that the sweet is

(i} a mint wrapped in red paper,

(i) 2 tofiee,

(iii) wrapped in green paper.

A bag contains 7 white staplers and 11 orange staplers.
{a) If a stapler is crawn at random from the bag, find the probability that the stapler is
() green,
(i) cither white or orange.
(b) 12 red staplers are aclded to the bag. A stapler is then drawn at random from the bag. Find the probability
that the stapler is
(i} red,
(i) not orange.

A survey is conducted to find out how the students
in a class travel to school. The students either take
the bus, train, the car or walk to school. The pic
chart shows the results of the survey. A student is
setected at random. Find the probability that the
stuclent travels to schoo

(iy by car,

(i) by train or on foot,

(i) by bicycle.

A bed of flowers consists of 100 stalks of flowers, of which 20 are lilies, /1 are roses and the rest are tulips.
& ] - T : | I
(i Given that the probability of picking a stalk of tulip at ranclom is T finct the value of 4.

(i) 10 stalks of lilies are removed from the hed. A stalk of flower is picked at random from the remaining stalks
of flowers. Find the probabhility that a stalk of rose is picked.

In a car park, there are 125 cars, 3p motorcycles, 2¢ lorries and 20 buses. One of the vehicles leaves the car
park at random.

) .
30 - form an equation in p and ¢.

. torm another equation in p and g.

(1) Given that the probability that the vehicle is a motorcycle is
- - S 1
(i) Given that the probability that the vehicle is a bus is

(i) Hence, find the value of p and ol ¢.




Challenge
Yourself

1. Astandard pack of 52 playing cards is randomly divided into two unecqual piles. Given that the probability of

drawing a picture card from the smaller pile is i while the prabability of drawing a non-picture card from

the bigger pile is g . find the number of cards in each pile.

2. Rui Feng writes 3 letters to 3 of his friends, Farhan, Vishal and Michael. He types each of their addresses on
each of the 3 envelopes and puts the letters into the envelopes randomiv before he sends them out. Find the
probability that
(i) exactly one of his friends receive the correct letter,

{ii) exactly two of his friends receive the correct letters,
(iii} all three of his friends receive the correct letters.

OXFORD
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Statistical
Diagrams

Speed cameras are located atdifferent Sections
along expressways. [he speeds ofithe vehicles
travelling on ' the expressways may be recerded
by these cameras: How canwe use a statistical
diagram to represent the speeds of the vehicles?
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Statistical
Diagrams

Recap (Pictograms, Bar Graphs, Pie Charts and
Line Graphs)

The choice of an appropriate statistical diagram depends on the type of data colfected
and the purpose of collecting the data. e
purp 8 i o

In Book 1, we have learnt the following statistical diagrams as shown inTable 16.1. ‘Data’ is the plusal of “datum”.

I
i A

Aples 0 @ @ @ @ o —

Honeydew OoOde
Pears é é ‘
Watermelons ... .. . . ‘

Students’ Favourite Fruit Students’ Favourite Fruit ‘

Number of students

Apples Honeydew Pears Watermelons Oranges

Oranges C NN NN B Type of Fruit

Pictogram Bar graph ;
Students’ Favourite Fruit Rubber Consumption
x50 tlldt

Oranges Apples 7
=
=R TSN = - x -
=
=
= \/\
2 tsome- —— |
=
=N

Honeydew E \\
Z2 mme—
|~
=
)
S0 e
Watermelons Pears
0 - - : E
January Februany  March  Apnl May
Month
Pie chart Line graph

Table 16.1

in this chapter, we will learn about dot diagrams, stem-and-leaf diagrams and histograms.

@ Chapter 16
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A dot diagram consists of a horizontal number line and dots placed above the
number line. The dots represent the values in a set of data.

Worked (ot Diggram

E 1 The table shows the time taken, in minutes, for 12
Xampie employees of a company to travel from their homes
to the office.

20

35
[

21 21

[R5 R o]
o

30

553

22 23

[ R=]

(i} Represent the data on a dot diagram.
{ii) Brietly describe the distribution of the data.

Solution:
(i) Step 1: Identify the range of values, i.e. 18 minutes to 30 minutes.
Step 2: Draw a horizontal number line with cqual intervals to represent the
range of values identified in Step 1.
Step 3: Using the data from the table, plot cach datum with a dot over its
value on the number line,

[ ] [ ]
L ] o @ ®
L ] ® & o o L ]
18 19 20 21 22 23 24 25 26 27 28 29 3

(i) The time taken for the 12 employees to travel from their homes to
the office ranges from 18 minutes to 30 minutes. The time taken is
clustered around 20 to 23 minutes. There is an extreme value of 30 minutes.

PRACTISE NOW 1

The table shows the marks obtained by 16 studlents in a class for a Mathematics test.

3 I8 20 19 14 9 8 13
16 19 14 10 4 10 12 10
(i} Represent the data on a dot diagram.

(i) If 50% of the students passed the test, find the passing mark for the test.
(iii) Briefly describe the distribution of the data.

OXFORD
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312)1 Dot Diagrams____

The values on the number line
should always be at equal intervak
For example, the dot diagram in
Worked Example 1 should not be
drawn like this

® ®
e o & o
® & & o o o
t I L i } i
I8 20 21 22 23 30

Tesahescribe a distribution, we may
comsider the tollowing.

* Range (variation ol datal

* Clusters (data that is visually
grouped about cortain values)

+ Extreme data idata that deviates
significantly from the other datat

* Symmetry icqual number of data
on cach side of a value:

SIMILAR
QUESTIONS

Exercise 16A Questions 1, 4, 12

Chapter 16 @




'W'orked Dot Diagram

The dot diagram represents the masses, in kg, of 24 students.
Example

An adhantage of o dot diagram is
that 11 15 an easy way to display
small sefs ot data that do not
contain many distinet vakues.
A disadvantage is that 1t & set ol
datais too large. the diagram ma

40 appear packed

1eceeee
.
s L
100
°
°

'l
Pt
-

¢
25

(i) What is the most common mass?

(iiy Calculate the percentage of stuclents who have a mass
of more than or equal to 32 kg.

(i) A student is selectedt at random. The probability

. .
that the student has a mass of at least v kg is .

Find the value of 1.
(iv) Briefly describe the distribution of the data.

Solution;

() The most common mass is 32 kg.

(i) Percentage of students who have a mass of more than or equal to 32 kg
g i L

15
=5 100%

= 62.5%

{iii} Number of students who have a mass of at least v kg

» 24 isince probahilin

| —

=8

Sinced+2+14+1 =8,

® | i

® | i

¢ @ :O !

e o @ i

ee © o0 i

® 00000000 .
25 30 L35 40

- Value of v = 34

(iv) The masses of the 24 students range from 25 kg to 40 kg. The masses are
symmetrical about 32 kg. The extreme masses of 25 kg and 40 kg deviate
considerably from the other masses recorded.

OXFORD
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! PRACTISE NOW 2 & ¥ QUESTIONS F

The dot diagram represents the ages, in years, of contestants who join a karaoke contest.  Exercise 16A Questions 2, 5-6
.
se
L 2 J
oo
. XX X
® ] L X R R L ®
] l L L + + " d
10 15 20 25 30

(i) How old is the youngest contestant?
(i) Find the total number of contestants who join the karaoke contest.
(i) A contestant is selected at random. The probability that the age of the contestant

. I
is less than or equal to x years is 7 Find the value of x.

(iv) Briefly describe the distribution of the data.

16,3 g &

A stem-and-leaf diagram consists of a few stems, each with a different number of

leaves. Fig. 16.1 shows an example of a stem-and-leaf diagram.

Stem Leaf *In a stem-and-leaf diagram
2 0O 4 4 5 5 & 9 the stems must be arranged 1n
300066777777 88899 pumefical order

* The leaves must be recorded
4 0 4 4 3§ in ascending order. Do not use

commas to separate the lcaves

Key: 2 | 4 means 24 The number of leaves must tally

Fig. 16.1 with the total number of data
collected.

An advantage of a stem-and-leaf

diagram s that the individual

In Fig. 16.1, each stem represents a digit in the tens place and each

leaf represents a digit in the ones places (refer to the keyl. For example, all the data values are retained:
numbers 20, 24, 24, 25, 25, 2% and 29 have a common stem 2. What is the O UA S RO O

are used. the shape of the
common stem of 40, 44, 44 and 4%? data distribution can be easily

observed.

A disadvaniage is that it is not
useiud it there are extreme values
in a set of data as many stems
with no [eaves will be present

OXFORD
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Worked St

E 1 The table shows the masses, in g, of 10 salt containers,
xample

56 58 67 12 ol

63 16 30 64 i

Represent the data using a stem-and-lear diagram.

-
Solution:
Stem Leaf
arrange the stems 5 10 6 8 arrange the leaves
B B | N B
in numerical order 6 I3 4 7 in ascending order
7 2 69

Key: 5| 6 means 56 ¢

PRACTISE NOW 3

The table shows the number of text messages sent by a group of students on g Frerdise 163 Questions 3, 14

typical weekend.

20 33 30 59 L4 41
56 12 37 44 23 a5

Represent the data using a stem-and-leaf diagram.

Sometimes, a stem-and-leaf diagram may have more leaves on some stems,
such as the leaves corresponding to the stem 3 in Fig. 16.1. When this happens,
we can break cach stem into two halves — one for the leaves numbered 0 to 4
and the other ior the leaves numbered 5 to 9. We will then obtain a stem-and-leaf
diagram with split stems (sce Fig. 16.21.

Stem Leaf

2 |0 4 '

? 5 5 8 9

3 0 0 0

i |6 06 7T 7T 7T T T 7T 8 8 8 4w 9
-l 0 4 4

4 8

Kev: 2 | 4 means 24
Fig. 16.2

ONFORD
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Worked sterm-anddLeat Diagram with Split Stems;
Example The stem-and-leaf diagram represents the amount of

money, in dollars, collected by a group oi students
during a charity run,
Stem | Leaf

4 0 4 8 9

5 3447 9 9 9 9 9

6 00 0 5 6 7 9
Key: 4 | 8 means $48

12

(i Construct a stem-andl-leaf diagram with split stems.

(i What is the amount of money that was most
commonly collected?

(iii) Find the ratio of the number of students who
collected more than $40 but less than $55 to the
total number of students,

Solution:

() To construct a stem-and-leaf diagram with split stems, we separate the stems into
smaller number of equal-sized units.

Stem Leaf
4 0 4 consists ot values from -0 - 44
4 8 9 tconsists of values from 435 - 49
5 2 3 4 4 iconsists of values from 30 - 34
5 79 9 9 9 9 consists ot values from 55 - 59
6 0 0 0 fconsists of values trom 60 - 64
6 5 6 7 9 consists of values from 63 - 69

Key: 4 | 8 means $48

(i) The amount of money that was most commonly collected is $59.
{iii) Required ratio =7 : 21

=]:3
PRACTISE NOW 4
. QUESTIONS
The stem-and-leaf diagram represents the masses, in kg, of some hoxes. Exercise 16A Questions 7-9
Stem Leaf

¥ ¢ 3 4 6 6 6 7 8 8 9 9

G 0o o0 0 1 1 22 56 779

m 0 1 2 4 4 6 8§ 8

Key: 8 | 3 means 83 kg

(i Construct a stem-and-lcaf diagram with split stems.
(i) What is the most common mass?
(iii) Find the percentage of boxes with a mass more than 85 kg but less than 90 ke.

OXFORD
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When two sets of data are given, we can use a stem-and-leaf diagram with a common
stem to represent the data. This is known as a back-to-back stem-and-leaf diagram.

Worked

The lengths, in mm, of terrapins trom twao ditferent habitats

Example are recorded in the table.
bt g 0T 70 69 53
tat
! S0 55 62 S8 64 65
b g P % G N7
abitat
64 69 15 72 70 55
(i) Represent these two sets of data by a hack-to-back
stem-andl-leaf diagram.
(ii) Which hahitat is more suttable for the growth of
terrapins? Explain your answer.
Solution:

i) A back-to-back stem-and-leaf diagram consists of a stem and leaves on both
sicles of the stem.
Step 1: Construct a stem-and-leaf diagram for Hahitat A.
Step 2: Using the same stem, construct the stem-and-leai diagram for
Habhitat 8 on the left side of the stem.

Leaves for Habitat B Stem Leaves for Habitat A
9 5 D 0 0 3 5 5 8
Y 9 hi 4 3 0 6 0 2 4 5 9
7 5 2 0 7 0 1

Key: 5| 5 means 55 mm

The leaves corresponding to
. i X i Habitat # are arranged in ascendling
with greater lengths (between 70 and 77 mm) in Habitat 8 than in Habitat A, order front the right to the Teft.

i iy
PRACTISE NOW 5 | QS'EIS%JF:JS

The times, in minutes, Michael and Khairu! spent using their tablet computers for  Frercise 16A Questions 1015
the past 20 days are recorded in the table.

(i) Habitat B is more suitable for the growth of terrapins as there are more lerraping

H3 59 83 89 7N Bl 91 98 58
#3047 065 65 84 B8 Wl %9 99
41 79 52 90 85 78 82 33 84 49
43 42 92 49 B2 46 52 46 95 78

Michael

Khairul

(i) Represent these two sets of data by a back-to-back stem-and-lear diagram.

(i) Who used his tablet computer for the longest time in a day?

(i) Who used his tablet computer for the shortest time in a day?

(iv) Who used his tablet computer for a longer duration of time? Explain your answer.

OXFORD
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enquiry by comparing the two sets of data. Values of the two sets of data are recorded
in pairs and these are plotted on a graph just like plotting a pair of x-y coordinates.

If these pairs of coordinate points tend to lie on a straight line, we can conclude that

A scatter diagram s also known
as a scatter plot or @ scaner graph

there is a close relationship or correlation between these two sets of data.

The marks of 12 pupils scored in Paper 1 and Paper 2 of a mathematics examination
marked out of 60 are shown in the table below.

Paper1 55 45 _ 20 | 34
26 48

Paper2 47 42

Fig. 16.3 shows the scatter diagram when the set of data is plotted. We usually plot
the independent variable on the horizontal axis and the dependent variable on the
vertical axis. In the case above where there are no clear independent and dependent

53 38 38
51 31

15
12

29 | 18 | 27
23 16 24

An advantage of a scanter diagram
15 that it can be castly drawn to
represent large quantities of data
between two variables that are
being measured. A disadvantage
is that it does not give the exact
extent of correlation.

variables, we plot the first variable on the horizontal axis and the second variable

on the vertical axis.

.
{'IU""'" I - + t +
.5{].——.. H . + 1 4 X |
x|
X
kS
2 40+ | i ]
~
E |
~ + T + + + 1
o
j= I
g- 3 == 4 } 4 4 }
S 1 4 '
%
ul 2“._._. 4 il i
x
14 | 5= Sl {
: >
0 10 & 40 50 60
Paper 1 marks
Fig. 16.3
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EOWEVE RALTE PEEYY

Chapter 16 @




Fig. 16.3 suggests that there is a close relationship between the scores Tor Paper
1 and Paper 2. The higher the Paper 1 marks, the higher the Paper 2 marks.
This is called a positive correlation. We may also use the term “strong”, “moderate”
or “weak” to give a clearer indication of the correlation.

We can also show the general trend by drawing a line that will pass through most
of the points or as close to most of the points as possible. This line is called the
line of best fit as shown in Fig. 16.4.

B, vk S M s L e

i
i . |
— | — e ] o When data poiats are more
i i ' | scattered, the correlation between
: E i H = | 1 the fwo vartables weakens.
- 1

' L~
5 SR |
I e i ey s ki P E [y SSk L 745 ==
5| Fodd BiRET e kanBd :
NI 1 {é |
g | i e |
Flaod— | s &l danad st Lo 1YL | E:
! i : | /_,.r; |
4 V_x pi

0 |!u [TEE 1iu , T} %0 40 4

. | : $E="1il=3+]

Paper 1mmarl-«s-
Fig. 16.4

As most of the marks lie very close to the line of best fit, we say that there is
strong positive correlation between Paper T and Paper 2.

We can use the line of best fit to predict the performance of a pupil who was
absent from sitting Paper 2. For example, if a pupil scored 48 marks in Paper 1 but
was ahsent for Paper 2, we can use the graph to determine the likely score he might
score in Paper 2. Draw a vertical line at 48 marks for Paper 1 to cut the line of
best fit and read off the value for Paper 2 by drawing a horizontal line across which
reacls 41 marks.

OXFORD
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- @Thinking
q/ Time

Earlier in chapter 2, we have learnt that the equation of a straight line is v = mx + ¢,
where the constant s is the gradient of the line and the constant ¢ is the v-intercept.
Can we apply this to find the equation of the line of best fit?

From the thinking time, we can conclude that we can obtain the equation of the line
of best fit in the same way that we do for any other straight line.

WOI’de (Scatter Diagram with Positive Correlation

E 1 The table below shows the marks scored by 15 pupils in a Mathematics and Physics
Xampice .
examination.

=

Math (85 (67 |65 |84 53 (80 |70 |87 [79 |74 [90 [60 |76 |57 |77
:I_P}!ys.i.cst72 I()() i54 i()‘)-148 :64 P%x 75 j68 r6~1 j?() ?5] :67 ;4() -T(ﬁ _

{i) Draw a scatter diagram for the above data.

(i} What type of correlation is shown in the scatter diagram?

(iti) Draw a line of best fit on the scatter diagram.

(iv) Use your line of hest fit to estimate the number of marks that a pupil who scored
56 in Physics is likely to score in Mathematics.

(v} Given that the equation of the line of best fit is in the form v = my + ¢, where m is
the gradient and ¢ is the v-intercept, find the equation of the line of best fit.

(vi) Would it be reliable to use your line of best fit to estimate the number of marks
that a pupil who scored 45 in Mathematics is likely to score in Physics?
Explain your answer clearly.

OXFORD
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Solution:

{i}
i
FE
x
20
17}
“.- £ b
£
I8 m_‘ .‘
17/}
G- S NN S — R— .
& :
50} - Z
1 'y
404
g | | B S O I
0 50 0 jo 80 90

Mathematics marks

(i) At first glance these values suggest that there is close connection between the
Mathematics and Physics marks. The higher the Mathematics marks, the higher
the Physics marks. It is a strong positive correlation.

(i) The line of best fit is drawn with approximately hali of the plots lying above
the line and the other half lving below the line of best fit.

(iv) Using the line of best fit on the scatter diagram, a student who scored 56 in
Physics is likely to score 66 in Mathematics.

(v) Take two points on the line and draw dotted lines to form a right-angled triangle.
Vertical change (or rise) = 69 — 35

=34
Horizontal change {or run) =82 -0
Since the line slopes upwards from the left to the right, its gradient is positive.
rise

rin

34

82

17

41

From the diagram, v-intercept = 35

Gradient

. The equation of the line of best fit is v = 17 ¢4 35,

41
@ Chapter 16

The jagged lines near the origin are
used 1o indicate a broken scale
They are used when values Close
to 0 are not reeuared. Inthis case
we stanl with 30 marks on the
horizontal axes and 40 marks on
the vertical axis

Some points o take note of when

drawing the line of best fit;

* The line drasen may pass through
all the paints, some of the points
or none ol them at all

= The data pomts have to be evenly
distributed on cither sides o
the line of best Tl

* Lise a transparent ruler to deaw
the line of best fit so as 1o gauge
the best position to fit the line.
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(vi) It would be unreliable since the score of 45 lies outside of the range as no pupil
had scored less than 50 marks for Mathematics.

| PRACTISE NOW 6 |

| SIMLAR
| QUESTIONS

Exercise 1HA Questions diby, (o),

The fuel consumption of a small truck measured against the total mass of the truck
514

and the mass of goods it carries is shown in the table below.

Mass (tons) 300 304 226 270 310 250 280 256 284 230 290
Litres/ 100 km 148 152 112 133 151 121 135 127 138 112 145

Mass (tons) 232 244
Litres/ 100km 1.7 119

(i) Draw a scatter diagram for the above data.

What type of correlation is shown in the scatter diagram?
Draw a line of best fit on the scatter diagram.

Use your line of hest fit to estimate the number of litres of petrol that a truck
with a total mass of 2.62 tons will need to travel 100 km.

Given that the equation of the line of best fit is in the form v = mx + ¢, where m
is the gradient and ¢ is the y-intercept, find the equation of the line of best fit.

Would it be reliable to use your line of best fit to estimate the number of litres

of petrol that a truck with a total mass of 4.8 tons will need to travel 100 km?
Explain your answer clearly.

OXFORD
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Worked
Example

@ Chapter 16

The tahle below shows the number of years that people of various ages in an Asian
country are expected to live out their remaining years in life.

Present Age (years) 10 20 30 40 50 60 70 | 80

Number of years expected

A 732 628 543 407 345 2510 187 83
to live

(i) Draw a scatter cliagram for the above data.

(i) What type of correlation is shown in the scatter diagram?

(iii) Draw a line of hest fit on the scatter diagram.

(iv) Use your line to estimate the number of years that a person aged 46 is expected
to live.

(v} Given that the equation of the line of best fit is in the form v = my + ¢, where m is
the gradient and ¢ is the y-intercept, find the equation of the line of best fit.

(vi) Would it be reliable to use your line of best fit to estimate the number of years that
the oldest person in the country aged 105 is expected to live? Explain vour answer.

Solution:
)

‘I.
_.i.
-
4
1
i
|

70

— ]
4
|
b
|
|
-+ 4
—11

z
1
1
1
4

-]
2 + 4 4
2
- 5{}-——- 4 4 e
@
9 ||
o
=9
: N
z - |3 o ituins ihehdie sttt el skt et ] Tttt ekt v
= | |
g.." e 1 b
E]
50T —T
r4 !
T 1

L .m,_... T. : e

r I:'n_.. - { 08

| L | :

L i | [ = —L 1 1 [
'} ] ] T T 1 ] = e 1 Lt
] 20 30 40 50 i) T 80

Present Age (years)
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() The data shows strong negative correlation.

(iii) The line of best fit is drawn passing through as many points as possible and
as close as possible to all the other points.

(iv) Using the line of best fit on the scatter diagram, a person aged 46 is expected
to live for another 40 years,

(v) Take two points on the line and draw dotted lines to form the right-angled triangle.
Vertical change (or rise) = 83 - 20

= 63
Horizontal change (or run) = 67 -0
=67

Since the line slopes downwards from the left to the right, its gradient is negative,
Gradient = - 225

run

63

T 67

y-intercept = 83
. . - 3
= The equation of the line of best fit is v = 2_] v+ 83

(vi) No, it would he highly unreliable as it lies outside the range since there are
no person with present age of more than 100 in the study.

I SIMILAR |
ﬁ PRACTISE NOW 7

The table below shows the time taken (in seconds) by 15 pupils aged between 11 Exercise 16A Questions 41al, 15
and 16 years to run the 100 m race.

122148 117 149

Age (years) 133 153 136 155 140 143 153
146 131 147 121

128
Time (s) | 139123 132 116 131 123 123139

Age (years) i25 132 .
Time (s) 145 133 152

() Draw a scatter diagram for the above data.

(i) What type of correlation is shown in the scatter diagram?

(iii) Draw a line of best fit on the scatter diagram.

(iv) Use your line to estimate the time that a pupil aged 14.5 vears is expected
to complete the 100 m race.

(v} Given that the equation of the line of best fit is in the form v = mx + ¢, where m
is the gradient and ¢ is the y-intercept, find the equation of the line of best fit.

(vi) Can we use the above data to predict the time that a pupil aged 17 years old
will take to complete the 100 m race? Explain your answer.

OXFORD
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Class

Discussion

Scarter Diagram with No Correlation

Work in pairs.

The tahle below shows the height of a group of pupils and the number of marks they scored in an Fnglish examination.
Height (cm) 123 124 125 129 135 137 142 145 149 153 53 157 160 164 167 168
English (marks) 62 85 45 67 55 40 52 78 47 38 89 64 45 71 53 42

1. Draw a scatter diagram for the above data.

2. Describe the correlation shown in the scatter diagram.

From the class discussion, we observe that the scatter diagram for two variables with no correlation will have plots
with no visible upward or downward trend.

What sort of correlation (if any) would you expect between cach of the following? Explain your assumptions.
The number of hours one spends doing mathematical problems and the number of marks in the examination,
The number of cars on the road and the number of traffic accidents.

The number of hours one spends watching television programme and his Intelligence Quotient score (1Qy.

The weight of a person and the house number that they live in.
The amount of money one has in the bank and the amount of interest he will earn.
The price of a shirt and the colour of its buttons.

The size of a cup-cake and the number of cup-cakes Michael can eat.

The height of a man and the number of fingers that he has.

h

R I N

The speed of a sprinter and the number of races he wins.

Journal
Wiriting

If you are required to find the correlation between two quantities, write down the steps that you would need
to prepare. Do you have pre-conceived results that you expect to ohserve! How do you intend to set about
finding data to support your investigation? Explain some of the difficulties that vou encounter in your investigation
and some steps to avoid if you were to carry out another investigation.
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- Exercise

~ 16A

BASIC LEVEL 3. The table shows the time taken, in hours, for 20
students to complete their Social Studies project.

1. Thetable shows the masses, inkg, of 16 bags of rice. 15 70 48 28 55 68 66 55 45 25
43030 2 25 36 25 36 36 65 36 33 40 35 75 48 65 64 28
25 3% 30 20 15 20 15 23 {i)  Representthe clata using a stem-and-leaf diagram.

(i) Find the percentage of students who spent less

(i) Represent the data on a dot diagram.
than 3 hours to complete their project.

(i) What is the mass of the lightest bag of rice? B
(i) Students who spent more than 6 hours to
complete their project had 2 marks deducted.
What iraction of the students had 2 marks

declucted?

(iii) What is the most common mass?

(iv) Bags of rice with a mass of less than 30 kg
have to be refilled. How many bags have to
be refilled?

4. State the type of correlation for each of the scatter

2. Thedot diagram represents the time taken, in minutes, diagrams below.

for a group of people to complete a questionnaire.

(a)
s § 14 -
® o %
® o0 = 12 g
9000 000G OPOOGOETS £ X
s000OOOOBOOBLOYS w 0+ XX
— t t +—+—| o X
0 5 10 15 - & X
- X
o6
. . = X
(1 What was the most common time taken? 5 .
4
(ii) Find the difference hetween the shortest and & %
. -
the longest time taken to complete the E 2 X
questionnaire. 2 o1 : i Nt 1.—-{—4—4(—;-
(i) Findthe total number of people who completed 12345 6 78
Amount of exercise in a week (hours)

the questionnaire.

(iv) Find the ratio of the number of people who
took 10 minutes or longer to complete the
questionnaire to the total number of people
who completed the questionnaire.

OXFORD
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ib) 4 5. The scatter diagram shows the monthly income
100 - carned by individuals with varying years of experience.
s The line of best fit for the scatter diagram has been
= NT drawn.
e
=0 80 T
I-ch -~
= 70T
£ 601 0T
-
0T 91
2] -
=401 5
s 10 - Q:v o
20 + /
b3 = 7= 4
10 4 £ ¥
] | ] | | ! | g’; /
ol T T 17 a6 x
| 2 3 4 5 6 7 8 £ /
Time spent on English tuition weekly (h) =3 S B /
ey
(c) A % y/
£ 204 X S YT
£ w X = o
gn‘: Ea > 3 /
ES 10+ X 1,
oS, N /
Vo A R
Z 5 . X
—————
o v 2 3 456 7 89 e
Number of cans of soft drinks per day !
1
(d) 5 10 15 20 25
Y
100 1+ - x Experience (Years)
ﬁ ¥
& 901 Using the line of best fit, estimate the monthly income
g 80 + » carned by an individual with 18 years of experience.
&
‘g 70 —4- s
17 ]
™
e O @
T 504 :
= 40 z 6. The average daily temperature (in °C) of a city in
35 autumn is recorded in the table.
30 + *
< 22 2022 19 23 17 21 18 20 21
s 201
= 20 20 1% 21 19 20 19 19 21 19
10 +— g .
1 : i) Represent the data on a dot diagram.
! ] 1 1 | | | S
I R NN TR N R S R N T s e , .
0 | 2 3 4 5 6 7 & 9 (i) Find the percentage of temperatures recorded

* . < [4 ¢ 2 " -
Litres of water consumed in a day LEIGEEE LTI

(iii) Comment on the distribution of the data.
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7. The dot diagram represents the attention span, 9. The stem-and-leaf diagram represents the number

in minutes, of 22 pre-schoolers, of chocolates in some packets.
® Stem Leaf
: . 2 024445666667 89979
oe oeee ° e ocoece ® ® oece ® 3 1122344557788
o H L " 4 0123335568

0 5.0 6.0 7.0

s . : Key: 2 | 2 means 22
(i)  What is the most common attention span?

(iy Construct a stem-and-leaf diagram with split

(i) A pre-schooler is chasen at random. Find the
stems.

probability that the attention span of the

pre-schooler is not more than 5.5 minutes (1)  Whatis the most common number of chocolates?
P < . -

(i) Find the percentage of packets which have
more than or equal to 25 chocolates but fower
than 32 chocolates.

(i) Briefly describe the distribution of the data.

8. The dot diagrams represent the results of a

Mathenatics test by gender.

o 10. The times, in minutes, for 20 sportsmen to complete

e @
@ i ® ee @& o0 o a running test are recorded in the table.
0 5 i‘() 15 20 25 30 79 83 78 85 74 83 70 81 83 85
Resultsofthegirls 80 94 74 85 75 98 8.1 7.7 94 83
oo (1 Construct a stem-and-leaf diagram with split
XY
. ° oo e o Rems.
IShemte it A e e e (i) What were the fastest and the slowest
5 10 15 20 25 30

time taken?

METDEH G (iii) Find the percentage of sportsmen who took

(@ If the passing mark for the test is 15, how many at least 8.5 minutes to complete the test.

hoys failed the test? {iv) A sportsman is selected at random. Find the

(b) Distinctions are awarded to students who scored probability that the sportsman failed the test if
25 marks and above in the test. the passing time is 8.4 minutes.

(i Express the number of girls who scored
distinctions as a percentage of the total
number of girls in the class.

(i) Express the number of boys who scored
distinctions as a percentage of the total
number of hoys in the class.

{c) Which gender performed better in the test?

Explain your answer,

_()_X FORD
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11. The table shows the unemployment rates in a
country from 2002 to 2012,

Year Unemployment Rate (%)
2002 35
2003 4.0
2004 3.5
2005 32
2006 27
2007 20
2008 22
2009 2.9
2010 22
2011 2.1
2012 20

{a) If we say that a year is ‘good’ when the
unemployment rate is less than 2.5%, which
years are considered ‘good’?

(b) Construct
(i} a dot diagram,

(i) a stem-and-leaf diagram with split stems.

(c) State an advantage of using
) the dot diagram,

(ii) the stem-and-leaf diagram with split stems,

to represent the employment rates in the
country from 2002 to 2012.

12. The back-to-back stem-and-leaf diagram represents
the scores of the students in two different schools
for a common Geography quiz. In each school,
24 students sat for the quiz.

Leaves for School P Stem Leaves for School Q
4 0 5 2689
996 6 2588949
985320 7 467889
V9O T760642 8 0344677
YUEKTOH66320 9 0278
10 0o

Key: 6 | 9 means 69 marks
(i)  Which school had the highest scorer?
{ii)  Which school had the lowest scorer?

(iiiy Which school performed hetter in the quiz?
Explain your answer.

@ Chapter 16

13. The results of a Mathematics examination of two
Secondary Two classes are recorded in the table.

77 70 31 45 39 45 59 63 47 68

69 50 68 98 66 85 60 55 350 70

68 90 42 B0 82 88 09 67 69 75

55 94 79 92 66 72 78 70 BT 63

() Represent these two sets of data by a back-to-
back stem-and-leaf diagram.

Class A

Class B

(iiy Find the percentage of students who scored
distinctions, i.e. 70 marks and above, in
each class.

{iii) Which class performed hetter in the examination?
Explain your answer.

14. The following table shows the age and their
systolic blood pressure of 14 women.

Age 45 51 75 33 52 55 68
BP(mm Hg) 123 127 151 107 135 131 152

55 | 48 62 | 35 65 | 42
125 134 130 138 113 145 117

*

(il Draw a scatter diagram to show the age and
blood pressure of the 14 women.

(ii) Describe the type of correlation between the
age and the blood pressure of the women in
the study.

(i) Draw a line of best fit for this set of data.

(iv) Mary is 58 years old. What would her blood
pressure he?

(v) Mr Cook is 86 years old. Would it be reliable
to use the line of best fit to predict his blood
pressure? Explain your answer clearly.

OXFORD
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15.

The table below shows the number of cigareites
smoked per day and the lite expectancy of a group
of smokers.

Numberof | . | \2 /45’ 231 40 38 16

 cigarettes smoked
Lifeexpectancy 56| 750 33| 71 51 sy 73

16.

56127 8|35 53|33
61 44 64 77 55 86 63
(it Draw a scatter diagram to show the number

of cigarettes smoked per day and the life
expectancy ot this group of smokers.

(i) Describe the type of correlation hetween
the number of cigarettes smoked per day and
the life expectancy of this group of smokers.

{iii) Draw a line of best fit for this set of data.

(iv) Johnny smoked 25 cigarettes per day, what
would his lite expectancy be?

(v} Given that the equation of the line of hest fit
is inthe form v = mx + ¢, where mis the gradient
and ¢ is the y-intercept, find the equation of
the line of best fit.

(vi) Would it be reliable to use the line of hest fit
to predict the life expectancy of Mr Ong who
is a non-smoker? Explain vour answer clearly.

The table below shows the mass of a group of
pupils and their respective intelligence quotient
Q1 score.

Mass (kg) 66 | 62 56 75 50 43 90
IQscore 111 95 113 94 | 107 92 9]

56 47 88 67 82| 8 72
91 102 101 90 106 115 104
(i} Draw a scatter diagram for the above data.

(i) What type of correlation is shown in the
scatter diagram?

OXFORD
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17. The table shows the total number of goals scored
at full-time in cach match from the round of 16 to
the final in the FIFA World Cup hosted by South
Alrica in 2010.

Number

Match of goals

scored
Uruguay : Korea Republic 3
USA : Ghana 2
Germany @ England 3
. Argentina @ Mexico 4
Round of 16 Nuthorlands - Slovakia 3
Brazil : Chile 3
Paraguav : lapan 0
Spain : Portuga 1
Netherlands : Brazil 3
al Uruguay = Ghana 2
Quarterfinals Argentina - Germam 4
Paraguay : Spain I
i Uruguay : Netherlands 5
Semitinals Germany : Spain I
M‘“Ch for Uruguay @ Germam, 5

third place

Final Netherlands @ Spain 0

(i Represent the data on a dot diagram,

(i)Y What are the most common number of goals
scored?

(i) Express the number of matches that have at
Icast 3 goals scored as a percentage of the total
number of matches from the round of 16 to
the final.

(iv) Consider the matches from the round of 16
to the final of the FIFA World Cup. From the
World Cup in 2006 to that in 2010, there was
a decrease of 37.5% in the number of matches
that have not more than one goal scored at
iull time (hefore penalty shootouts), Find the
number of matches with more than one goal
scored {excluding penalty shootoutst in the
2006 FIFA World Cup.

18. Some plants are grown by a group of students for
an experiment. The table shows the heights, in cm,
of the plants after 8 weeks,

45 B6 56 55 Bl 44 65
81 47 72 60 33 72 738

Explain clearly whether you would use a dot diagram
or a stem-and-leaf diagram to represent the data.

O
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4 42 [= Histograms for N AF
1J @gf) Ungrguped Data

8 6 4 3 5 5 2 9 2 7
9 3 7 i 5 8 3 3
8 7 8 2 4 6 2 4 ]

6 2 6 4 4 6 10 §

Table 16.2

We arrange the scores in order of magnitude before going through the list of scores and keeping a tally as shown
in Table 16.3. The number of times each score appears is called its frequency. Table 16.3 is known as a frequency
table as it shows the frequency of cach score. The frequency table also shows the distribution of the scores obtaine
by the 40 stucdents in the test.

Scme: Tally  Frequency

0 | {)
i |
e Ht 5
3 H 5
4 il 6
5 | 3
6 { HH | 6
7| T
8 4
9 7 _ 2
w | s |
Total frequency 40

Table 16.3

Bascd on the information provided in Tahle 16.3, we can construct a dot diagram as shown in Fig. 16.5.

OXYORD
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Fig. 16.5

Is there another type of graphical representation which we can use to display the data clearly? We can also construct

a histogram (see Fig. 16.6) to display the information given in Table 16.3.

!
T
)_‘6
¥
g5+
=
g 41
I-l.-:_;..F
2--
]._
»
ulZ?‘rélSﬁ?R‘?ll}
Score
Fig. 16.6

In a histogram, the areas of the rectangles, and not the heights, are proportional to the frequencies they represent.
In Fig. 16.6, the bases of the rectangles are equal. Hence, the heights of the rectangles are proportional to the

frecuencies.

In contrast to a bar graph, there are no spaces hetween the rectangles in a histogram. Another important difference
is that while the categories on the horizontal axis in a bar graph can be arranged in any order, the horizontal axis

in a histogram is a number line where the values have to he arranged in a certain order.

Journal
Writing

1. Discuss some similaritics and differences between a dot diagram and a histogram.
2.  When representing ungrouped data,

(@) when is a dot diagram more appropriate than a histogram?
{b) when is a histogram more appropriate than a dot diagram?

(?_._VF(I)RI)
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Worked

Example

the tablie.

o

A

3
9
9

(i) Construct a frequency table for the data.
(i) Draw a histogram to illustrate the data.

7 6
3 10
5 7
8 8
4 10

Kl
O
5
5
9

h
6
2
]

6

The average amount of sleep, in hours, that 30 students
in a Secondary Two class get on a weekday is given in

o e

v ]

(iiiy Calculate the percentage of students who get an

average of at least 8 hours of sleep on a weekday.

(iv) Huixian savs that the most common average amount
of sleep the students get on a weekday is 7 hours,
Do you agree with her? Explain your answer,

Solution;

(1}

Average amount of sleep 3
(hours) '

Frequency 2

(ii)

A

Frequency
Wk

12
L

0.

i 2 3 4 5 6

v

7 8 9 10

Average amount of sleep (hours)

10

3]

(iii) Percentage of students who get an average of at least 8 hours of sleep on

{iv)

=]

wecekday
I

P Ly
30~ 1005

2
= 363‘/(

No, | do not agree with her. The most common average amount of sleep

the students get on a weekday is 5 hours.

OXFORD
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The number of mistakes madle by 30 students in a Primary One class for a vocabulary
test is given in the table.

3 4 6 0 2 s 4 3 5 3
2 2 3 1 5 0 4 5
4 3 4 0 3 2 6 3 ! 0

(i Construct a frequency table for the data.

(i) Draw a histogram to illustrate the data.

(iil) Among these students, what is the most common number of mistakes macle?
{iv) Find the fraction of stucdents who made at most 3 mistakes in the test.

Class

Discussion

b2 _ALEA
£ 1

S v
L]

Evaluation of Statistical Diagrams

Work in pairs.
1. Nora conducted a survey to find out the favourite ice-cream flavours of
her classmates. She presented the data on a dot diagram as shown in Fig. 16.7.

Chocolate Strawberry Vanilla  Durian  Mango

Fig. 16.7

Comment on the suitability of the choice of a dot diagram to present the

clata collected.

Hint: You may wish to search on the Internet to find out about the two main
types of data in Statistics - categorical data and numerical data, and
the types of statistical diagrams that are used to display each of these
types of data.

OX l*'_() RpD
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2. Fig. 16.8 shows a histogram that illustrates the number of smartphones owned
by 525 houscholds in a housing cstate.

A
200 -
1o
[~
]
=2
o
2
= 100 1
Sl »
& 1 2 3
Number of smartphones
Fig. 16.8

Jun Wei says that there are three times as many houscholds which own
2 smartphones as that which own 0 smartphones and that which own
[ smartphone. He also says that the number of households which own
3 smartphones is half of that which own 2 smartphones. Is he correct?
Explain your answer.

16.6 croufeabata

In Section 16.5, we have learnt how ungrouped data can be presented in a histogram.
In this section, we will learn how to display grouped data in a histogram to allow the
information to be interpreted meaningfully.

"t Histograms for Grouped Data with Equal
Class Intervals

Tahle 16.4 shows the approximate lengths, in mm, of 40 leaves taken from
different plants of a certain species.

40 34 25 50 58 43 47 49 30 28
52 31 52 41 47 44 46 39 41 59
49 38 43 48 43 43 40 3l 40 36
31 53 44 37 35 37 33 38 46 30
Table 16.4
These measurements can be confusing and may require an orderly arrangement

for interpretation. One way to do so is to group the data into class intervals.
If possible, all the intervals should be of equal size.

ONFORD
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Step 1: Group the data hased on the class intervals and set up a frequency table
as shown in Table 16.4.

Length (¢ mm) Tally  Frequency

25 =0 <30 /" 2
0 =x<35 i 4 The interval 25 = < 30 incJudes
wec<io w7 e b 5 s
40 = v < 45 HH Hit 10
45=x<50 I 8
50 = v <55 1 6
35 =0 <60 i 3
Total frequency 4}

Table 16.4

Step 2: Draw a histogram (see Fig. 16.9) with the frequency as the vertical axis and
the lengths of the leaves as the horizontal axis.

e

* An advantage of using a
histogran to present ungroupee
or grouped data is that the data
sets with the lowest and the
highest frequencies can be easily
identified while a disadvantage
is that it is difficult 1o compare

4 V—¢—+—+—-l——}—-H+—-l-—y- more than two histograms that

display different sets of data,

25 30 35 40 45 50 55 60

frequency
= > o
K

[

I.ength (mm) * Another advantage of using a

i histogram to present grouped

Fig. 16.9 data is that it can be used to

display a large sct of grouped

If we construct a stem-and-leaf diagram with split stems to display the information data clearly while another

given in Table 16.4, what will we notice about the shape of the stem-and-leaf disadvantage is that it is not

. . . . " : possible to obtain the exact
diagram with split stems and that of the histogram in Fig. 16.9? values of the original data.

Journal
Wiriting

When representing grouped clata,
(@ whenis a stem-and-leafl diagram more appropriate than a histogram?
(b) when is a histogram more appropriate than a stem-and-leaf diagram?

OXFORD
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Worked
Example

Solution:

(i)

: Len_g_th {r mm) .

120 = x < 130

130 < v < 140

140 = v < 150
150
160

=
=

1+ <170

X< 160 |

The table shows the lengths, v mm, of 30 leaves taken from various rubber trees.

|37
147
157

132
136
141

147
146
146

134 147
142 162
147 163

141 157 132
169 149 135
133 148 150

153 160
166 148
136 127

(i) Using the class intervals 120 = v < 130, 130 = 1 < 140 and <o on, construct a

Tally

frequency table for the data.
(i) Draw a histogram to illustrate the data.

- Frequency

H
Hit

Total frequency

f
| PRACTISE NOW 9

!

-
2

|

=l

30

(i)

Frequency

Ll

T T T T

120 130 140 150 160 170

Length (mm)

The table shows the waiting time, v minutes, for 36 patients at the pharmacy of
a hospital.

12
14
51
44

17

27

25
+5
19
16

34

48
23
9

46
35
29
10

1
23
3
16

8
37
43
39

13
16

16
29

(i) Usingthe class intervals 5 = x << 10, 10 = v < 15 and so on, construct a frequency

table for the data.
(i Draw a histogram to illustrate the data.

[
T Ll

SIMILAR
i DUESNS |

Exercise 168 Quostions 3-0, 1Ek-1
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Performance Task

1. Measure the length. correct to the nearest cm, of the right shoe worn by each of your classmates.
2. Record your findings and arrange them in the form of a frequency table.

3. Display your data using a histogram.

4. Give an interpretation of your data.

5. Present your findings to the class.

We have learnt how to draw histograms for grouped data with equal class intervals.
We will now learn how to draw a histogram for grouped data with unequal class intervals,

-: Histograms for Grouped Data with Unequal Class Intervals

Class

Discussion

A survey was conducted to determine the income distribution of the people in a certain town.

Table 16.5 shows the annual income of 100 houscholds in 2013 and Fig. 16.10 shows the histogram for the
distribution. Notice that there are gaps along this distribution.

Income ($x, in thousands)  Frequency

0=x<20 p:
W=xv<40 0
40 = v < 60 4
60 < v <80 | 7
80 = v < 100 30
100 = v < 120 34
120 = v < 140 20
140 = v < 160 0
16D = v < 180 0
150 = v < 200 5]

Table 16.5

If we combine some of the class intervals to remove the gaps, we will obtain the distribution in Table 16.6. Does
Fig. 16.11 or Fig. 16.12 give a more accurate representation of the data?

Income ($x, in thousands) Frequency
(= x<nd O
60 = v < 80 7
80 =1 < 100 30
100 =1 < 120 34
120 = v < 140 20
140 = x < 200 3

Table 16.6

OXFORD
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Frequency

—_— —_— [ TR o R o R
RN T - e
L T T e

+

- =

i

—- 4

4
T

{0

Frequency
F 3

36 1

k
T

200 40 60 ®O 100 120 140 160 180 200 ($x, in thousands)

S WP | W N Y N— *Income

Fig. 16.10

3 i ' L i

—t——+—+ *Income

Frequency
4

36+
32
28 1
24 +
20 ¢
16

12 -

8

=y

+

0

60 80 100120140 200 {Sx, in thousands)
Fig. 16.11

A W ot il +——# [Income

60 80 100120 140 M) (%x, in thousands)
Fig. 16.12
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Flow are the heights of the rectangles in Fig. 16.12 obtainect?
Recall that in a histogram, the arca (and not the heighti of each rectangle is proportional to the frequency. A more
common approach to constructing a histogram with unequal class intervals is to use frequency densities for the

heights of the rectangles as shown on the next page.

1. Complete Table 16.7 to calculate the frequency densities for cach class interval.,

Incage Frequenc Frequency density = Frequency
(§x, in thousands) | ) 1 4 Y= Size of class interval
t=xy<o) ) 5 =0.1
00
60 = 30 7 - 0.35
W =<y 0 -0
B0 = v < 100 30
100 = x < 120 34
1200 = v < 140 20
140 = v < 200 3

Table 16.7

2. Draw a histogram with irequency density as the vertical axis to illustrate the data.

Frequency density
F 3

20+
1.8 +
1.6+
1.4 +
1.2 +
LO+
08 T
0.6+
04+

0.2+
Income

> {$x, in thousands)

Il 1 Il I Fl I\ i

0 210 T T T T T T L

40 60 80 100120140 160 180 200

3. Findl the area of each rectangle in the histogram in Question 2. What do vou notice about the frequencies in
Table 16.7 and the areas of the rectangles?

L. Suggest why the histogram with unequal class intervals as drawn in Question 2 is preferred over the histogram
with equal class intervals as shown in Fig. 16.10.

b Discuss with your classmates other examples where unequal class intervals are used in histograms.

OXFORD
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Worked Example 10 illustrates how to construct a histogram with unequal class intervals using the heights of the
rectangles and frequency densities.

I 0 The table below shows the heights of 44 stuclents.

Worked
Example

Solution:

Height (cm) [30<y<145 45<x=150 150<x =135
Frequency Y 7 8
Height (cm) [55<a =160 [60<y= 170 170 <= 180
Frequency 6 20 4

Construct a histogram representing this distribution.

Method 1 (Using the heights of rectangles):

The table below shows the calculation of the heights of the rectangles.

Height
130 < v = |45
145 < v = 150
150 < x = 155
155 < v = 160
160 < x = 170
170 < v = |8}

@ Chapter 16

. Rectangle’s
Class width Frequenc .
1 Y height
15 3 x standard 9 9=3=3
5 I x standarcl 7 T+1=7
5 1 x standardl 5 8+1=8
5 | » standard 6 6=1=6H
10 2 x standar 10 10=2=5
It 2 x stanclard 4 422=2
A
8 -
T -+
L
26
&
2 s {
° 44
z
2004
-7
I J
I +4
0 U\/ } — } —»
130 145 + 155 ¢ 170 180
an 160

Height (em}

>

i examining the sizes ol the
classes, we find that the interval
size o1 5 is the smallest. Three
class intervals are ot this size
145 < v = 150, 1300 < v = 155 and
155 <y = 160, The class intervals
160 < v= {1 T0and 170 <x = I8 are
each of size 10 and therefore thes
contain 2 class intervals of size §
grouped together. The size of the
class interval 130 <x = 14545 15,
i.c. there are 3 class intervals ot
size ot 3 grouped together

O\ I-(_)l(l)



Method 2 (Using frequency densities):

The table below shows the calculation of the irequency density in the distribution of the heights of 44 stuclents.

. . : Frequenc
Height (cm)  Frequency  Class width  Frequency density = aas(:_wm%;?
130 < v = 145 9 |5 G+ 15=00
145 <v = 150 1 5 T=5=14
i50 < v =153 8 5 8+5=10
155 < x = 160 6 5 6+5=12
160 < v = 170 10 10 0+ =1
170 < v = 180 + 10 4=-10=04

Height of 44 Students
1.6
1.4
=12
o
£ 10
G084
5
206
g
- (4
0.2
0 !.rf 1 A + 3
130 145 $ 155 ¢ 170 180
150 160
Height (x cm)
' PRACTISE NOW 10 E i QLSJIE%I%IAO%S [

The circumferences, in ¢m, of the trunks of 100 beech trees from a certain forest are  Exercise 168 Questions 79
measured.

Circumference (x cm) Number of trees
HW<r=70 33
70 < v = 80 27
80 <y = (0 30
100 <x = 110 6
110 <x = 120 4

Construct a histogram representing this information.
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¢ Frequency Polygons

The value mid-way between the class boundlaries of a class is called the class mark, or the mid-value,

of the class.

Table 16.8 shows the fluoride levels of treated drinking water and Fig. 16.13 shows the histogram for
the distribution. The table shows the mid-value for cach class interval in the trequency distribution of the

fluoride levels.

_ Fluoride levels (PPM)

071 =075
0.76 - 0.80
0.81 —0.85
0.86 - 0.90
091 - 095
0.96 - 1.00
LO1L =105

In general, the mid-value of a class or the class mark is given by

Class boundaries

0.705 - 0.755
0.755 - 0.805
(.805 = 0.855
0.855 - 0.905
0.905 - 0.955
0.955 - 1 .005
1.005 — 1.055

Mid-value

0.73
0.78
0.83
(.88
(093
.98
1.03

Total frequency

Table 16.8

Tally
Ht

HEW 9
#Hit

1

2

3

Frequency

Lower class limit + Upper class limit or Lower class boundary + Upper class boundary

2

2

Frequency

]

LTE R T - |

5%

&

et

I' i‘().?()ST().?SSTO.SOSTO.855T0.9()5T0.955T ] .()()ST ] .055‘[‘

068 073 078 083 088 093 098

Fluoride levels (PPM)

Fig. 16.13

1.03 108

A frequency polygon is drawn by joining all the mid-points at the top of each rectangle. The micl-points at
hoth ends are joined to the horizontal axis to accommacdlate the end points of the polygon. This makes the
graph neater with the end points falling off to zero on the horizontal axis.
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Worked
Example

The table shows the masses, in kg, of 50 boys.
Mass (xkg) | H0<r=45 45<r=50 S0<v =55 55<yv=060

Frequency 4 5 10 14

Mass (x kg) G0<y=65 65<v=70 TW<r=75
Frequency 8 6 3

Draw a frequency polygon of the distribution.

Solution:

The table below shows the mid-value of each class. >
Mass (x kg) Mid-value Frequency We can _(Imw the requency
=T ——— | polvion of a distribution without
40 <x =45 425 4 first drawing the histogram. We
' 1ot each class frequency against
S5<x<$ 5 5 | :
A< v s S el the mid-value ot the class or the
50 <« v = 55 5325 10 ¢lass mark to abtan pormnts which
- we jon by straight lines to form
55 < =60 575 14 the trequency polygon,
60 < v =< 65 62.5 8
65 <y =70 67.5 6
TD<x =75 725 3
The points to he |)I0tte(| are (37.5, 0), (42,5, 4), (475, 5), (52.5, 10y, (57.5, 14), The first and last points are added
{62.5, 8), (675, 6), {72.5, 3) and (77.5.0). to give a complete polygaon,
] ! T T I Fa F , T T ]
| | ! | e | |
| | [ |
|--—-iq--|-|-'- — t r..__ 5 4- B — 1
.1 | | | i | | Afrequency polygon is often useful
| { | : | | | [ when we wish to observe rends,
| _lg____ . I i i | L 4‘, I 4 —_— .
T | 1 i 1 ! i For example, we can answer
| i § | | | questions such as
H { ] { | | .
T 0 e I | 7l [ | | | = What do vou notice from the
[ | 1 | \\ | | frequency polygon about the
g | ; \ | | relaticnship between the masses
X 4 | ~ : i i ; ; ‘._i.f\ . ! and the number u_f bhoys?
S | { / [ ; [ | * Docs the number of boys increase
iI p : B | |/ | I | \ 1 | | j as the mass increases? It yes, 1s
- T t I T 1 =f=3 | | o | T this trend maintained throughout?
| /1( | | ] | If not, after what mass does the
T i = .::“’ Sl fEt | ¥ A | LB number of boys start to decline?
[ [ /i [ 1
[ [ A | [ | f . . 3
| B ! | ! | \|\ ] | Afrequency polygon is also useful
3 2t 1 = | = B I when we wish to compare two
| ! >/ [ I | | b | [ distributions by displaving two
i A A ‘ ) i i I k] . n\-cr!appingfroquency|x1lvgunsun
ov | ! T ! / F ! fiL ! L the: same set of axes. For example,
| i
[ ET—S 4? J 4-?'5 5‘?-5 5-[ 5 61-5 67.5 ?3-:" ?Tj | we may want to compare the nrass
L L : L ! s 5 i | distributions among bovs and girls
Mass (kg) of a particular age group in this
way.
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H PRACTISE NOW tt

The following table gives the frequency distribution of the marks obtained by Evercise 166 Questions 14,15

40 stucents in an English test.

Mark (x) Number of students
20 < v = 30 2
WN<y=40 3
H < x =30 8
50 < v = 60 9
60 <y = T0 11
70 < x = 80 5
80 < v = 90 2

(a) Write down the mid-value of the class interval 40 < x = 50.
(b} Draw the frequency polygon of the distribution.

“Exercise

16B

BASIC LEVEL

1. A survey is conducted to find out the average number of hours the teachers in a school spend on marking their

students’ assignments each day. The data collected is given in the table.

(M
(i)

(i)

(iv)
(v)

6 4 3 I 2 2 3 ]
| 2 5 3 4 5 2 2 3
8 | 22 3 1 4 2

Construct a frequency table for the data.

Draw a histogram to illustrate the data.

What is the most common average number of hours the teachers spend on marking their students’
assignments cach day?

Find the number of teachers who participated in the survey.

Find the fraction of teachers who spend an average of 3 hours marking their students” assignments
cach day.

2. The number of fire incidents that occurred in a city each day over a period of 60 days was recorded.

(i)
(i)

(iii)

Number of fire incidents 0 | 2 3 4 5 6 7

Number of days 161201196 | 222
Draw a histogram to illustrate the data.
Find the ratio of the number of days which had no fire incidents to the number oi days which had
more than 5 fire incidents.
Rui Feng says that the most commaon number of fire incidents is 16. Do you agree with him?
Explain your answer.

OX FORD




3.

The number of laptops sold cach day over a period of 19 days was recorded,

Number of laptops (x) Frequency
O=sx<5 9
5= <0 5
0=y <15 2
15=<xv<20 2
20 =xy<25 !

(i) Draw a histogram to iltustrate the data.
(i) On how many davs were the number of laptops sold more than

or equal to 152

The histogram shows the number of hours spent on revising Mathematics by all the Secondary Two students

in a school during the week before the common test.

60
50

P

Frequency

i 4 i 'l L

4 6 8 10

Time (x hours)

~o

.
»>

(i)  Using the class intervals 0 = v <2, 2 = v <4 and so on, construct a trequency table for the data.
(i) State the number of students who spent more than or equal to 4, but less than 6 hours, on revis ng

Mathematics in that week.
(iii) Find the total number of Secondary Two students in the school.

(iv) Find the percentage of stucents who spent less than 6 hours on revising Mathematics for the common test.

5. The following table shows the distribution of marks of some students who took part in a Science quiz.

Marks Tally
36-60 #Hit )I
61-65 Hif 1]
66-70 Hit
71-75 Hit
76-80 it
Bi-85 H
86-90 i
91-95 W
96-100 il

(@) Copy and complete the table.
(b) To which classes do the marks 90.9, 66.2 andt 81.5 belong?
(€©) Draw a histogram to represent this distribution.

OXFORD

| Lower class boundary  Upper class boundary  Frequency




6. In a survey on the different prices of an article sold in the shops of a certain city, the following results were

obtained.

Cost (x cents) Frequency
90 = v <95 4

95 = x < 100 11

100 = x < 105 15

HIS = v < 110 24

1O =x <115 18
15 =x<120 9

120 =x< 125 3

(@ How many shops were included in the survey?
(b) Construct a histogram to represent the clata.

7. (@ Copy and complete the following frequency distribution table.

Class interval Class width Frequency  Height of rectangle
10 - 14 5 1 x standard 5 f+l1=5
1524 . ! .

25-29 | | 6
30 - 34 I
35-39 13
40 ~ 54 3
55-064 10 2 x stanclarcl 4 | 4+2=12

(b) Construct a histogram to represent the distribution.

8. (a) Copy and complete the following table.

Frequency

Class interval = Class width | Frequency Frequency density = Class width
0<x=<20 | 0 | 4 ' 4:20=02

2 <x<30 _ 12 '

Wex<d0 | 10 ' 14 ' 1410=14
W0<x<50 | ' ¥ '

50 <x < 70 ' %

0<x=< 100 6

(b) Draw a histogram to represent the distribution.

9. (a) Draw a histogram representing the distribution in Question 7 using frequency densities.
(b) Draw a histogram representing the distribution in Question 8 using the heights of the rectangles.

OXFORD




10. The table shows the average amount, $x, Singaporeans spend on taxi fares in a week. The amounts are given
to the nearest dollar.
19 56 67 2% 60 99 108 100 24 1]
I5 88 68 120 97 42 94 82 27 58
2 74 79 36 77 65 28 45 40 52
95 33 63 38 44 d0 101 108 30 38

(i) Using the class intervals ¢ < v < 20, 20 < x < 40 and s0 on, construct a frequency table for the data.
(ii) Draw a histogram to illustrate the data.

11. The table shows the gold-medal times (in secondls) for the women's swimming 100-m freestvle event in the
Olympic Games from 1920 to 2012,

. Year | Time  Year Time
1920 736 1972 58.59
1924 | 724 | 1976 | 55.65
1928 710 1980 | 5479
1932 | 668 1984 | 5592
1936 | 659 1988 | 5493
1948 | 663 1992 5464
1952 668 1996 5450
1956 620 2000 = 5383
1960 612 2004 53.84
1964 595 2008 | 532
1968 | 600 2012 | 3300

(  Complete the frequency table for the data.
Time (x seconds) Frequency

S0=x <55

= <ol

60 = v <65

65 < x <70

FO0=x <75

i

A

(i) Draw a histogram to illustrate the data.

(iii) Express the number of women who won the gold medal with times of less than 55 seconds in the swimming,
100-m freestyle event as a percentage of the number of women who won the gold medal with times of
at least 65 seconds in the same event in the Olympic Games from 1920 to 2012.

(iv) Comment on the trend in the gold-medal times from 1920 to 2012. Provide a reason for this trend.

12. The daily wages of 50 workers, in dollars, are given helow, Construct a frequency table with class intervals
10 =14, 1519, 20 - 24, and so on. Draw a histogram to represent the data.

1221 13 17 29 33 26 47 10 17 36 31 32 27 25 16 36 29 22 24 2] 25 45 18 37
42 35 28 20 344 34 43 22 36 34 20 15 26 17 21 25 30 27 32 26 28 30 38 19 26

(_)?(l(_)l{l) @




13. The table shows the waiting time, ¥ minutes, for 60 patrons at a certain restaurant,

12 5
16

26

53 8 20
72 36 13
35 27 48

19
I
536

73
a1
29

67
39
20

79 34

(a) Using the class intervals ¢ <y =
the data.
Draw a histogram to illustrate the data.

(b)

10, 1) <x =

18 87 42 6 21 14 19 12 15 13 36
32 3 47 6 22 68 25 98 23 45 22
32 62 80 41 58 17 54 15 w7425
20, 20 < v = 30 and so on, construct a frequency table for

14. 120 teachers have been in the teaching service for 10 years or longer. The following table gives the frequency
clistribution of the length of service of these 120 teachers.

Length of service (x years) 10 = 1< 15 13=0<20 20=y <23 25=vx<30 30 =yv<d) J0=1<50

Number of teachers 32

(a)

40

25 12 7 4

Draw a histogram for the frequency distribution.

{b) Using the same diagram, draw the frequency polygon of the distribution.

15. Copy and complete the following table which gives the frequency distribution of the lengths of 40 fishes of a
certain species, measured to the nearest mm. Draw the frequency polygon of the distribution.
Length (mm)  Mid-value Frequency
25-29 27 2
30 - 34 4
35-39 7
40 - 44 10}
45 - 49 8
50 - 54 )
35 -39 3

ADVANCED LEVEL

16, 100 crates of oranges imported from Country A are inspected. The number of rotten oranges in the crates is

recorclec.

0 I
4 9 |

Rotten oranges
Number of crates

9
|

h

12
[ B

Another 100 crates of oranges imported from Country B are also inspected. The number of rotien oranges in

the crates is recorded.

( 1
30

Rotten oranges
Number of crates 51

ity

2

#

N

G

R
[ B*]

Draw a histogram to illustrate each set of cata.

(i) State the largest number of rotten oranges found in a crate from each country.

(iti) Find the total number of rotten oranges from

cach country.

(iv) A crate is selected at random from the crates of oranges imported from Country A. The probability that

the crate contains no fewer than p rotten oranges is

@ Chapter 16

3 .
T Finc the value of p.
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[Eummnery

1. Data in a dot diagram are represented by dots above a horizontal number line.

2. The values in stem-and-leaf diagrams are split into two parts, the stems and the leaves. There are variations of
the stem-anch-leaf diagrams such as those with split stems and the back-to-back stem-and-leaf diagrams.

3. Data in a scatter diagram arc represented by plotting pairs of coordlinates on a Cartesian planc. A line of best
fit is often drawn, passing through the middle of all the data points, on the scatter diagram to determine
the strength of correlation.

4. Ina histogram, the arcas of the rectangles, and not the heights, are proportional to the frequencies they represent,
If the bases of the rectangles in a histogram are equal, then the heights of the rectangles are proportional to
the frequencies.

5. I the mid-points of the tops of the consecutive bars in a histogram are joined by line segments and the
micl-points at both ends are joinedt to the horizontal axis, a frequency polygon is obtained.

b. The choice of an appropriate statistical diagram depends on the type of data collected andt the purpose of

collecting the data.

* A dot diagram is most suitable when we want to display a small set of data that does not contain many
clistinct values.

* A stem-andl-leaf diagram is most suitable when we need to know the exact values of the original data.

* Ascatter diagram is most suitable when we need to determine the correlation between any two sets of data.

* For ungrouped data, a histogram is most suitable when we are interested to know the exact values of the
frequencies of the data sets anct we want to identify the clata sets with the lowest and the highest tfrequencies.

* For grouped data, a histogram is most suitable when we want to clearly display a large set of data and when
we do not need to know the exact vatues of the original data.

R@W/ﬂ@w

16

1. The table shows the time taken, measured to the nearest minute, for 30 students to read a passage.

2 l 4 2 7 ] I 3 3 4
1 2 ! 4 2 3 2 e |
2 | 5 4 | 2 2 | 4

(1) Represent the cata on a dot diagram.
(ii) What were the most commaon time taken?
(i) Find the percentage of students who took at most 3 minutes to read the passage.

(iv) Briefly describe the distribution of the data.

OXFORD
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2. The dot diagram represents the results of a survey conducted on a group of primary school children to find out
the average number of sweets they cat in a wecek.

®

.

®

.

] °

® ® .

® ° . .
° . . . . ®
* ° . . ° °
b l f i + o
0 1 2 3 4 5 6

(i) How many sweets do most children eat in a woeek?
(i) What is the greatest number of sweets the children eat in a week?

(i) Find the fraction of chilcdren who do not eat sweets in a week.

3. The table shows the lengths, in cm, of some metal rods in a factory.

146 130 158 165 133 153 145 131 132 145
141 150 130 145 152 147 165 131 146 141

(i) Represent the clata using a stem-and-leaf cliagram.
(ii} What is the length of the longest metal rod?
(in What is the most common length?

tiv) Find the ratio of the number of metal rods that are shorter than 146 cm to the number of metal rods that
are at least 152 cm long.

4. The stem-and-leaf diagram with split stems represents the speeds, in km/h, of some vehicles as they drove pasi
a particular section of an expressway. The speeds of the vehicles were recorded by a speed camera located at
that section.

Stem Leaf
5 3
5 5 9
6 ( 3
4§ 6

7 9

b 2 == )
[ ST N
NS
-
fm

7 |5 6 6 8§ 8 9 9

g (0 1y 2 2 2 2 2 2 2 3 3 3 3 4 4
8 |5 55 6 6 6 7 7 7 7 7T 89

9 0 0 1 2

g Ju

Key: 5 | 2 means 52 km/h
(i) What was the most common speec?
(i) The highest speed limit for vehicles on an expressway is 90 km/h. Find the percentage of vehicles that
exceeded the speed limit.
(iii) A vehicle is selected at random. The probability that the speed ot the vehicle exceeds v km/h is I?) .
Find the value of x.
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5. The average amounts of money, in dollars, saved by two groups of students in a month are recorded in
the table.

73 70 30 36 68 55 42 66
CroupA | 64 96 74 68 85 51 30

39 80 k) 27 60 59 35 59
Group 8 | , 38 45 61 16 32 73 36

iy Represent these two sets of data by a back-to-hack stem-and-leaf cliagran.
(i) What is the greatest average amount of money saved by the stuclents in each group?

(i) Which group of students saves more money in a month? Explain your answer.

6. The following table shows the number of rainy days, x, for different months and the number of road accidents,
¥, for vach of the months,

X

v

2 24
2 13

[ O]

5 8 [ 10 [ 14 [ 8 [ 20 [ 2
3 5 5 7 8 T

(@ On a sheet of graph paper, using a scale of 2 em to represent 2 dlays on the horizontal axis and 2 ¢m to
represent 1 accident on the vertical axis, plot the values given in the table above.

(b) Draw a line of hest fit for the scatter diagram.

(c) Using the line of hest fit drawn, estimate the number of road accidents on a month with
(i) 17 rainy days, (i) 27 rainy days.

(d) Find the equation of the line of best fit drawn.

(e} Describe the correlation hetween rain and road accidents.

7. Describe the correlation in the following scatter diagram and suggest a 3
possible scenario to produce such a result. '

8. The number of hours 60 factory workers workedl in a particular week is recorcled.

Numberof hours | 41 | 42 | 43 44 45 | 46 | 47 48 49 | 50
(Numberofpeaple | 2 | 3 4 1018 11 3 5|2 2
() Draw a histogram to illustrate the data.
(ii) Find the fraction of workers who worked no more than 45 hours in that week.

(i) The table shows the hourly wages of each worker.

;For the first 42 hour.sr . $6
 Thereafter ¥

Calculate the total salary paid to the workers who worked mare than 48 hours in that week.

OXFORD
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9. The table shows the amount, $x, spent by some familics at a shopping mall over a particular weekenc.

74 85 63 88 80 54 78
S8 73 70 72 67 75 75
a6 70 80 74 106 69 80
80 80 75 63 62 90 60
78 55 68 95 85 71 62

(i) Using the class intervals 50 = x < 60, 60 = v < 70 and so on, construct a frequency table tor the data,

(i Draw a histogram to illustrate the data,

(i) Familics which spent more than $80 were given a chance to participate in a lucky draw. If a family is
selected at random, find the probability that the family selected is eligible ior the lucky draw.

10. The heights of high-rise flats (in metres) in a certain housing estate are represented by the frequency

polygon helow:

I'j"‘"" T ¥
R o
.5.3__._ -1
X
g6+ - “ .
b -
- ;3
4+ \-.
-
2 x W
¥
k 1 1 1 1 [ 1 L d [
i '{ [] 1 1 | I T T T Ll
7.5 125 175 225 275 325 375 425 4715

Height (m)

(a) Copy and complete the following table,

Height @xm)  Number of flats
0<y=15 2
15<xy =120 3
. 6
25« =30

(b) Find the total number of flats in the distribution.
(€} Using the graph, construct a frequency table for the distribution.

() Draw the corresponding histogram, using a separate diagram,

OXFORD
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11. The time, in minutes, taken by an auditing firm to audit each of the 60 accounts is given below:

51 3052 36 36 57 57T 3% 01 R
21 31 41 25 44 4] 33 42 39 48
52 41 41 45 22 28 38 46 42 35
43 53 35 39 44 3t 47 47 27 25
31 5042 47 32 43 46 35 42 3
58 4l 31 44 39 42 42 3] 33 38

(@) Construct a grouped frequency table for the information using a class width of 5, the first class having
a lower limit of 20,

(b) Draw a histogram to represent the information,

(c) Using a separate diagram, draw the frequency polvgon representing the data.

Challenge
Yourselr

The marks obtained in a Science quiz by 36 students in a class were recorded. The total score of the quiz is 10.

Marks obtained 0 | 2 3 4 5 6 7 8 9 10

Number of students O 0 | . “ vt xfx+3|aes| ML 4

Additional information is given as follows:
= 25% of the students in the class scored at least 9 marks.

* If a student is selected at random, the probability that the student obtained more than 4 marks but not more

2
than 9 marks is % .

* The average marks obtained by the students who scored more than or equal to 4 marks but less than or equal
to 6 marks is 4.8.
Use the above information to draw a histogram to represent the data.
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Statistical Data

tn 2011, the total ferility rate of the resident population
was 1.20. Do you know how this average is obtained?

OXFORD
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Seventeen

LEARNI NG OBJECTIVES
At thg’ngd of thls chapter, you should be able to:
find the mean ‘the median and the mode of a set of data,
' Lculate an estimate for the mean, find the class interval
o me the median lies and state the modal class of a set
'l' Cof ' grouped data,
: A -*evaluate the purposes and appropriateness of the use
ENL ™ .".:-Of mean, median and mode.

T
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1‘79}1 Mean 3 4%

‘it Averages of Statistical Data
In Book 1 and in Chapter 16, we have learnt how to use statistical diagrams

to display a set of data. A set of data can also be summarised using numerical
measures.

In this chapter, we will learn about the three most common numerical measures,
i.c. mean, median and mode. These measures are also known as averages in
statistics. They are indicative of the central tendency or centre of a set of data.

[ ]

[ ] L
.t Mean
Consider the heights of 6 students:

1.56m, 1.67m, 149 m, 1.55m, 1.7l m, |.68m

The idea of the mean is 1o even
out the data. It we replace cach
height of the students by their mean
students, we would divide the sum of the heights of the students by the number  height. the sum of their heighes

Recall that in primary school, if we are required to find the average height of the

s, . . . s marns the same.
of students. In statistics, this average is called the mean and is given by: remans e same

Sum of data

Me’]n o ———sm—
‘ Number of data |
|

Worked
Example

The heights of 6 students are 1.56 m, 1.67 m, 149 m,
1.55m, 1.71 m and 1.68 m. Calculate the mean height of
the students.

Solution:

Sum of heights
Sumber of students

156 +1.67+149+ 155+ 171 +1.68
6

Mean height

9.60
6

1.61m

| PRACTISE NOW 1 | pfna

The scores of & students in an English test are 79, 58, 73, 66, 50, 89, 91 and 58, Excrcise 17A Questions 1-2
Find their mean score.

()_}C FOI_{I?
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Worked
Example

The mean of $10, $15, $12, $20 and $xis $13.
Calculate the value of x.

Solution:
l()+15+]2+2()+.n__13
5

10+ 154 12+204+ v=65

57T +x=065
| PRACTISE NOW 2 |
J | ! QUESTIONS |
The mean of 44, 47, y, 58 and 55 is 52. Find the value of v. Exercise 17A Question 3

Worked
The mean of 6 numbers is 17. Four of the numbers are
Example 15, 17, 20 and 22. The remaining two numbers are each
equal to x. Calculate
{i) the sum of the 6 numbers,
{ii) the value of x.

Solution:

(i) Since mean = UM of the 6 numbers

3 .

then sum of the 6 numbers = 6 x mean
=6x17
=102

(i 154 17+20422+x+x =102
74 +2x =102
v =28

=14

| PRACTISE NOW 3 §

1. The mean of 7 numbers is 11. Five of the numbers are 3, 17, 20, 4 and 15, E‘)).((]‘r]f.fi.‘-tt;‘w.r\Qucsmms-l 5,
The remaining two numbers are each equal to v. Find )
(i) the sum of the 7 numbers,
(ii} the value of y.

2. The mean height of 20 boys and 14 girls is 161 cm. If the mean height of the
14 girls is 151 cm, find the mean height of the 20 hoys.

3. Given that the mean of 16, w, 17, 9, x, 2, v, T and z is 11, find the mean of
w, ¥, vand z.

OXFORD
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Worked
Example

recordech.

| Weekly
salary $) |
Number of 20

| h 10
 employees

Calculate

1000 1 100 1200 2100

The wecekly salaries of the employees in a company are

2500

(i) the total number of employees in the company,
(i) the total salary paidt to the employees in a week,

(i) the mean weekly salary of the employees.

Solution:

(i) Total number of employees =20+ 8+ 10+ 7 +5
= 50}

(i) Total salary paid to the employees in a week
=20 x S1000 + 8 x S1100 + 10 x $S1200 + 7 x $2100 + 5 x §2500

= $68 000
68 ()0
(iii) Mean weekly salary = $‘i—()
= 51360

PRACTISE NOW 4

The amount of money spent by the visitors at a carnival was recorded.

- . r -

. Amount spent % 40 60) 80 100 160
+ £ bt A . - + -
 Number of visitors | 2 32 | 34 | 6% | 1%
Find

(i} the total number of visitors who were at the carnival,
(i} the total amount of money spent by the visitors at the carnival,
(i) the mean amount of money spent by the visitors at the carnival.

200
16

| SIMILAR
QUENS

Exercise E7A Questions b-7, 12
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In general, a setof data v, v, v, .., v, with the corresponding frequencies /., 1, 1.,
./, is usually displayed in the form of a frequency table as shown in Table 17.1.

X .\'l A, RN E e
pr——— -+ + - | n

f | A £ _ I - . L
Table 1701

The mean of the distribution is given hy:

Sy + fonn 4 fixg+ o+ fox,

h+h+fito+ ],

Mean =

If we write the sum of fvas £ v and the sum of fas = f, then we have

X {sigma) is the upperease of the
eighteenth letter of the Greek
alphabet. In Mathematics, Xis used

. . . as the symbol tor the summation
where T is the mean of a set of data. operator,

Worked
Example

14 boxes are to be shipped from Korea to Taiwan. The dot
diagram represents the masses, in kg, of the boxes.

®
e o
[ 3 [ ] [ ]
L ] ® [ ] ® @& @ o L ]
28 29 30 31 32 33 34 35 36 37 3% 39 40

Find the mean mass oi the boxes.

Solution:

AY
viean mass = 2—"

2/

28+ 1% 30+2%x 3144 x33+3x3d+1x35+01x 36+ x40

) . -

465 Since the question states that there

= Tl are 14 boxes, ¥ f = 14, There is no
need to count the number of dots

in the dot diagram to obtain the

332kg(to 3 s.f) value of ¥ f

OXFORD
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d PRACTISE NOW 5 §

1.

Z.

3.

The dot diagram represents the number of siblings 15 students have,

=~ X X N
— 1900608

v+ 988

&
L

}
3

=1 e

Find the mean number of siblings the students have.

In Chemistry, pH is the measure of the acidity of a solution. The stem-and-feat
diagram represents the pH values of 20 acidic solutions.

Stem

= T I

Kev: |

4
3
]
l

Leaf
4 9
6 3 i
6 6 6 9

2 2 5 5

9 means 1.9

Find the mean pH value of the solutions.

The histogram shows the time taken, in minutes, for a group of students to

pack for a camp.

10+

x
|
T

Frequency
>
J
T

Ny
1
T

b

9

Y

0,

Find the mean time taken by the group of students to pack for the camp.

20

0 40 50
Time (minutes)

60

i SIMILAR
l QUESTIONS

Esercise 17A Questions Hiaeig
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In Chapter 16, we have learnt how to group a set of data into class intervals. We shall
now learn how to estinnate the mean of a set of grouped cata.

The number of magazines sold in different shops in a week was recorded.

Number of magazines sold (x) Number of shops
=y <75 4
75 =< 80 1
80 = v <85 15
85 < v < 90 24
90 = v <95 18
95 = ¢ < 100 9
100 = v < 105 3

Tahle 17.2

We are only able to estimate the mean of the number of magazines sold in the shops.
This is because, for example, we only know there were 4 shops which sold more than
or equal to 70 but fewer than 75 magazines, but from Table 17.2, we do not know the
exact number of magazines sold in each shap.

To estimate the mean of a set of grouped data, we need to represent the data in each
of the class intervals by a value that best represents the class interval. For example,
in the class interval 70 < v < 73, we cannot use 70 because most of the data could
be more than 70. Hence, a value that best represents the class interval 70 = v < 75 is
its mid-vatue, i.e. 075 Z 725,

To estimate the mean number of magazines sold in the shops, we follow the steps
shown:

step 1: Find the mid-value x and fv for each class interval.

Number of magazines sold (x) =~ Frequency ()  Mid-value (x) Sfx
0<x<75 4 725 290
75 < v < 80 ' ¥ 71.5 8525
80 < v < 85 15 825 1237.5
85 < x < 90 24 ' 875 2100
90 < v < 95 ' I8 92.5 1665
95 < v < 100 9 975 8775
100 < x < 105 3 102.5 3073

Zf=84 T fv=7330
Table 17.3

tep 2: Finct f .

ftep 3: Find X fx.

. : . 7330
tep 4: Estimated mean number of magazines sold = T
=873 (to 3 s.f)

OXFORD
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in general, the estimated mean ¥ of a set of grouped data is

where v is the mid-value and fis the frequency of the class interval.

Worked _ . |
E 1 The time taken, in minutes, tor a group of teenagers to
xamP c cycle between two parks is recorcled.

Time taken
(x minutes)

Sy W< =25 2B <530 [I<x=35 | <xy=4d0

Rumber of 5 10 20 15 18
teenagers
Calculate an estimate for the mean time taken by the teenagers to cycle between
the two parks.

Solution:
Time (x minutes) Frequency (/) Mid-value (x) Sfx
5< =20 5 175 875
20 <y =125 10 225 | 225
25=<x=30 20 275 550
=x=35 15 325 487.5
35 =<y =40 I8 37.5 675
T f=68 T fr=2025
Estimated mean time taken = %

20 ¥ minutes (to 3 s.f.)

PRACTISE NOW &

The ages, in years, of the employees of an advertising firm are recorded.

Age Mer=30 <=4 40<r=50 S0<ys60 60<x=TO
(x years) .

Number of 12 10 20 15 18
employees

Calculate an estimate for the mean age of the employees.

SIMILAR
QUESTIONS

Exercise 17A Questions E3-16

OXFORD
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BASIC LEVEL

1.

The number of passengers on coaches travelling
along 12 popular scenic routes are 29, 42, 45, 39, 36,
41, 38, 37,43, 35, 32 and 40. Find the mean number
ot passengers on the coaches.

Consider the prices, in $, of various computing
hooks at a bookstore:

1990, 24 .45, 3465, 26.50, 4405,
K93, 5640, 48.75, 29.30, 35.65

Find the mean price of the books.

The mean of 7em, 15em, 12 em, 5 em, & em and
13¢mis 10 em. Find the value of 4.

The mean mass of 5 boys is 62 kg. When the mass of a
boy is excluded, the mean mass of the remaining
4 boys becomes 64 kg. Find the mass of the boy that
has been excluded.

The mean of 8 numbers is 12, Five of the numbers
are 6, 8, 5, 10 and 28. The remaining three numbers
are cach equal to &. Find

{i) the sum of the 8 numbers,

{ii) the value of k.

The number of goals scored per match by a team
churing a soccer league season was recorded.

| Number of

goalsscored | 0 | 2 34 5 ¢
per m_atch _ _ |
Number of 6lalslelalal
matches
Find

(i) the total number of matches played,

(i) the total number of goals scored,

(iii) the mean number of goals scored per match
by the team.

OXFORD

The number of days the students in a class were
absent from school in a term was recorded.

Numberofl 5134 516 9
da!'_sa_bsentJr

Numberof |,y , ' 5 5 5 | 5
students

Find the mean number of days of absence.

For each of the following, find the mean of the
distribution.

(a) °
e o
. e o
s o e & o o o
6 7 3 9 10 11 12
(b) Stem Leaf
7 2355
8 27884999
9 i1 377
I 127 8
Key: 7 | 3 means $7.30
{c)
6
)
-
g 44
S
o 3 |
&
=)
1

o WA v "
3 4 5 6 7
Age (years)




9. The mean of 10 numbers is 14, Three of the numbers have a mean of 4. The remaining seven numbers are 15
18, 21, 5, m, 34 ancl 14, Find
(i) the sum of the remaining seven numbers,
(ii) the value of ar.

10. The mean monthly wage of 7 experienced and 5 inexperienced workers is $1000. 1t the mean monthly wage
of the 5 inexperienced workers is $846, find the mean monthly wage of the 7 experienced workers.

11. The heights of three plants A, B and C in a garden are in the ratio 2 3 1 5. Their mean height is 30 ¢m.
(0 Find the height ot Plant 8.
(it} It another Plant 1 is added to the garden such that the mean height of the four plants is now 33 em, find
the height of Plant D.

12. The marks obtained in an English and a Mathematics test by 40 stuclents were recorded. The total score of
cach test is 10,

Marks obtained 0 | 2 3 4 5 6 8 D [0

Number of students (English) 0 | 6 14 4 8
Number of students (Mathematics) 0 4 1 6 5 n 3 5 3 ]

I~
=~ =
-
]

1J

{a) Find the mean mark of the students for each subject.

(b) Given that the percentage passing mark for cach subject was 50%, find the percentage of students who
(i) passed English,
(i) clic not pass Mathematics.

13. The heights, measured to the nearest em, of the plants in a nursery are recorded.
Height (x cm) 0<y=10 N<e=20 20<y=30  30<=x=40 40 <.y= 50
Number of plants 4 6 14 6 10

(i) Calculate an estimate for the mean height of the plants.
(i) A plant is selectect at random. Find the probability that the plant is not taller than 40 ¢m.

14. 100 lorries are required to transport raw materials from a quarry to a construction site. The time taken, in
minutes, for the lorries to travel from the quarry to the construction site using a fixed route was recorded.

Time taken (f minutes) Number of lorries
o= < |18 i
HE=1< 120 6
120=1< 122 23
122=71<124 28
124 =1 <126 27
126 <1< 128 9
128 1 < 130 5
130 =1< 132 1

(i) Calculate an estimate for the mean travelling time of the lorries.
(i) Find the fraction of lorries which took less than 124 minutes to travel from the quarry to the
construction site,

@ OXFORD




15. The speeds, in kim/h, of 100 vehicles are recorded.
Speed (x km/h) <y=d) J0=xy=50 S<y=a0 M=yx=70 T0= =80
Number of vehicles 16 25 35 14 10

(i) Calculate an estimate for the mean speed of the vehicles.

(i) Find the ratio of the number of vehicles which travel at a speed of not more than 40 km/h to the number
of vehicles which travel at a speed of more than 60 km/h.

16, The table shows the mean distances, d million km, of 20 moons from Jupiter.

21.03 2355 2293 2312 2322
2303 21.11 23:22 2328 21.31
21.28 2358 21.27 2340 2117
21.15 23.62 2318 2225 23.36

(i) Complete the frequency table for the data.

Mean distance (d million km) Frequency
210=d <215

215=d<220

(i) Using the frecuency table in (i), calculate an estimate for the mean of the mean distances of the moons
from Jupiter.

ADVANCED LEVEL

17. The mean of three numbers x, ¥ and : is 6 and the mean of five numbers v, v, =, a and & is 8. Find the mean
of a and b.

18. The table shows the lifespans, x hours, of 30 light bulbs.

167 171 179 167 171 165 175 179 169 168
171 177 169 171 177 173 165 175 167 174
177 172 164 175 179 179 174 174 168 171

@@ Find the mean lifespan of the light bulbs by dividing the sum of the lifespans of the light bulbs by 30.

@i1) Using the class intervals 164 = v < 167, 167 = v < 170 and so on, construct a frequency table for the
data.

(i) Using the frequency table in (ii), calculate an estimate for the mean lifespan of the light bulbs.

{iv) Comment on vour answers in (i) and Gii).

OXFORD
i e Chapter 17 @




ll !Z/s)i_)} Median @;

In a survey to find out the living standards of the people in a city, the monthly incomes

of 9 randomly chosen households were obtained as shown in Table 17.4.

MHousehold A B C D £ F G H I

Income (§) | 3720 3940 | 3960 | 4030 | 4050 | 4250 4400 4550 | 24250
Table 17.3

The mean income of these 9 houscholds is $6330. However, we chserve that 8 out of
9 households have incomes well below $6350. This value gives a distorted picture of
the standard of living of the people in the city hecause household 1 has an extremely
high income of $24 250.

To obtain a more accurate representation of the data, one way is to use another
type of average called the median. The median is the middle value when the data is

rearranged in ascending order.

The data in Table 17.4 has already been arranged in ascending order and the median
is $4050. This is more accurate as most incomes are hetween $3720 and $4550.

Worked

Find the median of the following set of data.

Example 20, 25, 21, 24, 22, 26, 20
Solution:
Total number of data = 7 ol
) s T+1
Midclle position = T+

= 4" position
Rearranging the data in ascending order, we have:
20, 20, 21,(22), 24, 25, 26
4" position

- Median = data in the 4" position
=21

OXFORD
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; PRACTISE NOW 7 |

i SIMILAR |
| QUESTIONS |

Find the median ot each of the tollowing sets of data. Fxercise 178 Questions 11a),
(a) 20, 16,9, 3, 18, 11, 15 (b) 11.2,156,302, 173, 14.2
Worked Finching the Median when the Number o1 Pata is Fyen
E 1 Find the median of the following set of data.
Xample 12,8, 19,30, 14, 21,9, §
Solution:

Total number of data = 8 (oven)

+t

b
Middle position = 5

= 4.5" position
Rearranging the data in ascending order, we have:

5.8,9,12, 14, 19, 21, 30
A

4.5" position
-+ Median = mean of the data in the 4" and the 5 position

12+ 14
)

=13

PRACTISE NOWV 8
QUESTIONS

Exercise 17B Questions 1(b), (d1, 8

Find the median of cach of the following sets of data.
{a) 32, 15,20, 15,25, 12 (b 8.7.3.89,6.8, 838,89, 10, 6.7

"@Thinking
4 Time

In Worked Example 8, would we obtain a different median if the data is arranged
in descending order instead? Explain your answer.

OXFORD
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In general, to obtain the median of a set of data, we arrange the data in ascending
or doscending oreler first,

If the total number of data is relif, the median is the nuddie value of the
arrangedt dlata.

If the total number of data is cverr, the median is the mean or the twvo middie
vilues of the arranged data.

Class

Discussion

Creating Sets of Data with Given Conditions

Create as many sets of data as possible that satisty all the following conditions:
* Each set oi data consists of 7 values.

« The difference hetween the minimum and the maximum value is 10.

* The mean of the data is greater than its medlian,

Are your answers the same as those obtained by your classmates?

Worked
Example

The dot diagram represents the average number of times
a group ol people visit the supermarket in a week.

[ B N N
-~ @

D000

N -
o

4

Find the median of the distribution.

Solution:

Total number of data = 13 1ol
. 13

Middle position = :I

= 7" position

- Median = data in the 7% position
=3

o

OXTORD



Y PRACTISE NOW 9 [

1. The dot diagram represents the average number of magazines a group of
Secondary Two students buy in a month.

*
°
. ° .
° ° ) 3
. ° ° ) ° [
; ; ; f t t !
0 1 2 3 4 5 6
Find the median of the distribution.
2. The histogram shows the number of concert
tickets sold by the members of the Guitar .
Club in a school in a morning. Find the 3
median of the distribution. g4
S
&3
w 1
<2
!
0 >

1 2 3 4 5
Number of concert tickets sold

indmg the Median trom a Steme-and-Lear diagram
Worked Finding the .H::m em ear diag
The stem-and-leaf diagram represents the volumes,

EXﬂmple in m/, of chemical solution in 20 bottles.

Stem Leaf

2 6 6 8 9

3 o 1 1 2 2 2 3 4 5 7 38
4 3 4 9

5 5 7

Key: 2 | 8 means 28 m/

Find the median volume of the chemical solution in

the bottles.
Solution:
Total number of data = 20 ¢vens
2
Middle position = '0: :

= 10.5% position

- Median volume = mean of the data in the 10* and the i 1% position

32433
S

=325ml

OXFORD

L SIMLAR |
QUESTIONS

Exercise 17B Questions 2{ak-h

.

The data in a stem-and-lear
diagram has aiready been arranged
n ascending ordoer

Chapter 17 @




PRACTISE NOW 10

The stem-and-leaf diagram represents the distance covered, in km, by a group of
athletes cluring a training session,

Stem Leaf

3 5 6 6 7 8

4 ¢ 1 2 3 4 7 8 9
5 0 1 1 1 4

6 1 2

Key: 3 | 6 means 3.6 km

Find the median distance covered by the athletes.

Worked
Example

The heights, in cm, of 18 students are recorded.
Height (cm) 152 154 156 158 164)

Number of 5
students -

I
A
o

Find the median height of the students.

Solution:

Total number of data = 18 1even
15 +1

Micldle position .>+

= 9.5" position

. Median height = mean of the data in the 9% and the 10" position

156 + 158

2

=157 cm

|

| PRACTISE NOW 11

The time taken, in minutes, for a group of children to complete a puzzle is recorded.

“Time taken (minutes) 5 0

7 2 9
Number of children b 4 3 10 3

Find the median time taken by the group of children to complete the puzzle.

@ Chapter 17

. SIMILAR
QUESTIONS

Frercise 178 Question P

>

D¢y o take the value in the middle
column, 1.¢. 156.cm, as the median
height just because the 3 column
is in the middle ot the 5 colomins

3 column

¥

Height 157154 | 156 158 | 10y
fem)

Number

of 2] =0 2002 R
students

i SIMILAR

QUESTIONS |

Fxercise 178 Question 2id)

OXFORD
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:_lJ 798 Mode

=

e

In statistics, the value which occurs most frequently in a set of data is known as
the mode of the set of data. For example, the mode is important to manufacturers
who would like to produce most of their goods (e.g. shoes, shorts, skirts, etc.) in the
most popular sizes so as to gain a higher percentage of the market share. Are you
able to come up with another example where the mode is important?

From the dot diagram in Fig. 17.1, we can see that the most irequently occurring
clata is 4. Hence, the maode is 4.

]
[ ] o
[ ] ® [ ]
[ ] @ [ ] L
L [ ] L ® [ ] ®
—_ 1 I L [ Il ]
I L] T LI T T 1
I 2 3 4 5 6 7
Fig. 17.1
Worked Finding the Mode or a Set of Ungrouped Dlata
E 1 The scores of 10 students for a Mathematics test are
Xampie 89,10, 10,3,5,6, 10, 6and 1.
(i) State the modal score.
(i1) If 2 more students’ scores of 6 and 8 are added, %We sy that the distribufion of
. the scores in Worked Example
what will be the new modal scores? 12(1) is himodal wince there
. are twor modal scores.
SOlutlon: * {f there is no value in a set of
7 i . data that occurs more frequently
(1 Modal score = 10 since it occurs most frequently, e, 3 times than others. we salt that tha
(ii} New modal scores = 6 and 10 isince they occur most trequently, e 3 imes cach distribution has no made

SIMILAR
PRACTISE NOW 12

The lengths of 10 ribbons are 100 cm, 110 ¢cm, 95 ¢cm, 60 cm, 20 cm, 60 cm, 110 ¢m,  Exercise 178 Questions 31al-thl, 5
BRcem, 102 cm and 120 em.

(i) State the modal lengths of the ribbons.

{ii} If a ribbon of length 110 ¢m is removed, what will be the new modal length of
the ribbons?

OXFORD
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‘Thinking

Time

Design a set of data such that the mean is 55, the mode is larger than the mean and
the median is larger than the mode.

Worked 1 3
Example For each of the following, state the mode(s) of the

distribution,

{a) A
&0 +
=
£
S
S 60+
=
© 401
-]
£
£ 204
z
Vanilla Chocolate Strawberry Mango
Ice-cream flavours
th) Stem Leaf
1 o0 1 2 3 4 4 5 5 5 6 7T 8 9
2 0 0 1V 3 3 5 7 % %7V 7T 17 1 B & 9
3 0 4 4 8
Key: 1 | 1 means 1.1
L Commission ($) 1000 1200 1500 2000
Number of salesmen 2 5 3 1
Solution:

(@ The modal ice-cream flavours are chocolate and mango isince they have the
highest trequency, Le. 80 students like each of the flavours),

(b) Mode = 2.7 isince it occurs most frequently, i.e. 6 times).

(©) Modal commission = $1200 (since it has the highest frequency, e, 5 salesmen
receive ST200 in comnussion),

OXFORD
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i PRACTISE NOW 13 §
\ QUESTIONS &

For each of the following, state the mode(s) of the distribution. Excreise 178 Questions diakie)

(a)

0 a1 02 03 04 05 06 07 08 09
(b Stem Leaf
2 6 6 7 8§
3 112 2 2 3 6 7 7 7
4 0 2 5
Key: 2| 7 means 27
{c) 4
g1
g 6.
=4
@
=
g 44
&
21
0 >
1 2 3 4
@ Monthly salary ($) 2000 3000 3500 4500 S000
Number of employees 10 56 42 25 17

U\ }'{_}l{]_}
Chapter 17 @




E.'-

Mean, Median
and Mode

17.4

In the previous sections, we have learnt about the three most common averages in
statistics — mean, median anc mocle.

Fuample 14

Problem involving Mean, Median and Mode
The number of spelling errors a group of students
made in an essay is recorded.

Num.ber of 0 | 5 3 4 5

spelling errors

Number of 4 g . 6 5 4
students

(a) If the mean number of spelling errors the students
made is 2.4, calculate the value of x.

(b) If the median of the distribution is 3, find the
possible values of x.

(¢) If the modal number of spelling errors the students
made is 2, state the smallest possible value of 1.

Solution:

4x0+8x1+2xv+06x 3+5:-:4+4J¢5_,)4

@ 4+8+2+6+5+4

21+ 66
v+ 27 =24

20+ 66 =24y +27)
2v+66 =240+ 648
04v =12
=3
(b We write the data as follows:
0,....,0,1, ...
b e —

4 b X

The smallest value of v accurs when the

The greatest value of x occurs when

the median is here,

LA+ B +r=5+54+4
12+x=14

r=2
= Greatest value of v =2
= Possible values of x =0, 1 or 2

(c) Smallest possible value of x =9 (wnie v - 8

@ Chapter 17

median is here (if possible).

SLd+8+x+5=5+4
17+x =9
x =8 (not possible since x = ()

. Smallest value of v =0

OXFORD
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SIMILAR
PRACTISE NOW 14

The number of hooks a group of students borrowed from the school library is recorded.  Fxere i“;' 178 Questions 67, 9-11,
. : 12{a)-ib), 15-106, 17(ai-ic), 18

Number of books 0 I 2 3 4
Number of students 2 X 3 4 |

(a) If the mean number of books the students borrowed is 1.8, find the value of x.

(b} If the median of the distribution is 2, find the possible values of x.

(c) If the modal number of books the students borrowed is 3, state the greatest
possible value of x.

g’ %":) Thinking
Time

The monthly salaries of 25 employees in a company are recorded.

Monthly salary ($) 1500 5000 10000 15000 25000 50 000

Number of employees t2 5 2 4 I !

More than 50% of the
employees carn at
feast $5000,

The average monthly
salary of the
empioyees is $7920.

Almost half of the
employees earn
$1500.

Khairul Lixin

Devi, Khairul and Lixin seem to make statements that contradict each other. Who
gives the best picture of how much money the employees in the company earn?
Explain your answer.

OXFORD
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‘st Comparison of Mean, Median and Mode

Class

Discussion

Comparison of Mean, Median and Mode
Work in pairs.

1. Consider the time taken, in minutes, for a group of students to complete
a History quiz: 15, 17, 13, 18, 20, 19, 15

(i) Find the mean, median and mode of this distribution.

Mean _ Median | Mode

(i} If another student’s time of 55 minutes is added, do you think the mean,
median and mode will be the same? Find the new mean, median
and maode.

Mean Median _ Mode

(iii) Which average is most affected by the addition of a large number?
Explain your answer.

(iv) When a set of data is affected by extreme values, which average is the
most appropriate measure to be used? Explain your answer.

2. Thesizes of shoes sold at a shop on a weekday morning are given as follows:
6,7,88.795,60

(" Find the mean, median and mode of this distribution.

Mean Median _ Mode

(i) Which average best represents the sizes of shoes sold that morning?
Explain your answer.

3. The number of children some families have are recorded as shown.
23 0,4.5,1,2.2. 1,1

(Y Find the mean, median and mode of this distribution.

Mean | Median Mode

iy Fill in the blank.

Even though the mean is not an integer, it still has a physical meaning,

i.¢. 2.2 children per family is equivalent to children in 10 famiiies. SIMLAR
QUESTIONS

4. Briefly explain when an average, mean, median or mode, is preferred over  Exercise 178 Questions 13-14
another,

OXFORD
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From the class discussion and from the previous sections, we can draw the
following conclusions:
The mean is usually preferred over the median and the mode because alf the
values in a set of data are used in the calculation of the mean. It is the most
reliable measure when there are no extreme values in the set of data.

The median is preferred for describing economic, soc iological and educational
data. It is popular in the study of the social sciences because most sets of data in

1.

the social sciences contain extreme values.

The mode is useful in business planning as a measure of popularity as it reflects

the opinion of the masses.

" Exercise

17B

BASIC LEVEL

Find the median of each of the following sets
of numbers.

(@ 5,6,1,53,56

(b) 30, 33, 37, 28,29, 25

(©) 1.2,1.1,4.1,32,4.1,16,2.8

(d) 39.6,12,135,226,31.3,84,55, 4.7

For each of the following, find the median of
the distribution.

(a) ™
° ° ] ® °
] ® ™ ] e @
° ® ® ° ™ e o ]
: i + + + - + -4
36 37 38 39 40 41 42 43
(b) A
5 4
gaqt
]
s 34
=
g2y
1 4
o U, N
40 50 60 70 R0 90
(c)
Stem ~ Leaf
3 0 I 4
4 2 5 8 9
5 1 7 8 9 9 9
6 307 7
7 4

Key: 3 | I means 3.1
OXFORD

Number of cars

{d] - I . 1 - r -
x |30 35 40 45 50 55 60

Frequency 5 6 10 8 7 5 |

Find the modeis) of each of the following sets
of numbers,
(a) 2,5,8,3,7,53,973
(b) 8.1,77,78,93,64,77,93,8.7
For each of the following, state the models) of
the distribution.
(a)
A
54
N
i
=
< 1
0 >
Black Grey White Red  Blue
Colour

Chapter 17 @




(b} 7. In a science experiment, two groups of students,
Group A and B, were required to measure the length
of their pendulums. The lengths of the pendulums
measured by both groups are shown in the back
‘ to-back stem-and-leaf diagram.

S+ eeee

Slteeeee

2t eeees

Xroeeoe
e

AT e
S+ e

Group A | Stem Group B

1 ; 4 = 4
31 5
42 6
6 5 7
53 8 |

{c)
Stem Leaf
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3
3

aoh e
[§]

0 0 0 1
Key: 2 | 2 means 22 Key: 4 | 9 means 49 cm
(d) (@) Compare and comment on the lengths of the

pendulums measured by Group A and Group
B studlents.

e

Then they were required to find the time taken for
] the pendulum to swing forwards and backwards

[ RS

(1 oscillation). The time taken for the pendulum

_ to make 1 oscillation depends on the length of the

A : ; _ pendulun. The longer the length of the pendulum,
Vs 20 25 30 35 the longer it takes to make 1 oscillation.

Frequency

0

Y

(b) State, with a reason, whether you agree or
(e) . . disagree with the following statement:
| x | 6] 7181910 Group A claimed that the average time taken for
 Frequency | 1 1 1 1 1 oscillation in their experiment is longer than
that of Group 8.
5. The temperatures, taken at midnight, of 6 consecutive
nights in Singapore are given as follows:
22°C, 27°C, 26 °C, 28°C, 27"C, 23°C
(i) State the modal temperature.
The temperature, taken at midnight, of the 7 day
in Singapore was 22 °C.
(ii) 1f 22 °C is added to the above set of data,
what will be the new modal temperatures?

8. The median of 8 numbers is 4.5, Given that seven
of the numbers are 9, 2, 3, 4, 12, 13 and 1, find the
eighth number.

6. The table shows the number of goals scored by
a soccer team in 20 matches.

3
4 2

4 1 2 1 0 0 |1
12t 3 4 3 2

| B ]

{a) Represent the data on a dot diagram.
(b) Find
(i the mean,
(i) the median,
(iii) the mode,
of the distribution.
OQXFORD
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The stem-and-leaf diagram represents the distance
covered, in km, by a group of amateur runners
during a training session.

Stem Leaf
2 I 4 6 9
3 0O 1 2 2 2 4 4 5 8
4 P
Key: 2 | 4 means 24 km

(@) Find
(i) the mean distance,
()  the median distance,
{iii) the modal distance,
covered by the runners.

(b) A runner is selected at random. Find the
probability that the distance covered by the
runner is a prime number.

. The histogram shows the allowance, in dollars,
a group of Secondary Two students receive a week.

=
>

> 8+
(%]
S 64
=2
g 44
i
2 4
30 31 32 33 34 35
Weekly allowance ($)
(@) Find

(i) the mean allowance,
(ii) the median allowance,
(iii) the modal allowance,
the students receive a week.
(b) Find the fraction of students who receive an

allowance of at most $32 a week.

OXFORD
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11. The number of pets 40 students own is recorded,

Number of 9 4 6 g 10
pets |
Number of . 5
students -
fa) (i) Show thatx+yv=18.
(i) If the mean of the distribution is 6.4,
show that x + 3v = 30,
(iii} Hence, find the value of x and of v.
(b) Using your answers in (a)(iii), find
(i) the median,
(i) the mode,
of the distribution.

¥ 6 14

12, The number of magazines read by a group of

women in a week is recorded.

Numbe.:r of 0 I 2 3
magazines

Number of 5 , | ;
women

{a) If the median of the distribution is 2, find the
value of x.

(b) If the median of the distribution is 1, find the
possible values of .

13. Jun Wei and Raj were playing golf. Their scores

on the first nine holes are shown in the table. In golf,
the lower the score, the better it is.

Hole: [1l2fa3]|4|s|e|7]8]|9|Total
JunWei 3 2 5 7 3 2 2 417 45
Raj 4 (4168|313 |2]6]6] 42

On the ninth hole, Jun Wei hit his golf ball into

a sand trap and lost the game.

() Find the mean score on the nine holes for
each player.

(i) Which player scored better on most of the holes?
Do the mean scores indicate this?

(it} Find the median score for each player.

(iv) State the modal score of each player.

{v) Which average, i.e. the mean, the mode or the
median, gives the best comparison of the
abilities of Jun Wei and Raj? Explain your answer,
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14. Two classes, each with 21 students, took a physical
fitness test. The number of pull-ups done by each

student in 30 seconds was recorded.

Secondary
2A

Secondary |
28 |

Number of

[
pull-ups ’

Number of
students

Numberof | _ .
pull-ups

Number of 1
students

&

9

(i) Explain why we are unable to calculate the
mean number of pull-ups done by the students
in cach class.

(i) Find the median number of pull-ups done by

the students in each class.

ey

(iii) State the modal number of pull-ups done by the
students in each class.
(iv) Does the median or the mode give a hetter
comparison of the number of pull-ups done
by the students in the two classes? Explain
your answer.

@ Chapter 17

15. The histograms show the number of SMS messages
sent by the same group of 20 students in the months
of June and Julv.

th O
i e

Frequency
MW 4
=l i

§

'-"l\/% 4 —————>
65 70 75 BO 85 90 95
Number of SMS sent in June

Frequency
Oy =l o0

R W B
___.P S

60 65 70 75 80 85 90 9
Number of SMS sent in July

(i) Compare the number of SMS messages sent by
the students in the months of June and July.

(ii) In June, one student sent 25 SMS messages only.
If this data is included, will the mean or the
median of the distribution be affected more?
Explain your answer.

OXFORD
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ADVANCED LEVEL

16.

17.

18.

The number of major hurricanes, which strike the Atlantic coast each year over
a period of 50 years, was recorded.

Number of major

. 0 1 2 3 4 5 6
_ hurricanes

[§%]

Numberofyears 5 13 15 x 1 ¥

(@) 1If the mean of the distribution is 2.18, find the value of x and of ¥.
(b) Using your answers in (a), find
(i) the median,
(i) the mode,
of the distribution.
(©) There are at most p major hurricanes striking the Atlantic coast each year
in 36% of the years. Using your answers in (a), find the value of p.

The number of social networking accounts a group of students own is recorded.

Number of social networking accounts ¢ 1 2 3 4 5
Number of students 416 (3 |x|3]2

(@) If the mean number of social networking accounts the students own is 2.2,
find the value of x.

(b) If the median of the distribution is 2, find the greatest possible value of x.

(c) If the modal number of social networking accounts the students own is 3,
state the smallest possible value of «.

The number of books read by a group of students in a week is recorded.
Number of books 0 I 2 3 4 5 6
Number of students | x+1 x-2 x+2 ¥ x-2 x-4 x_3

(i) Given that the mean and the mode of the distribution are equal, find the
value of x.
@iy Using your answer in (i), find the median of the distribution.

OXFORD
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Summary|

———

Definition

Properties

@ Chapter 17

Mean _ Median Mode
» The mean ¥ of a set of data is given by | ¢ The median is the middlc | ¢ The mode is the
- Sum of data vialue when the data is value which occurs
N rearranged in ascending or |~ most frequently in a
3 fv descending order. set of data.
-5

where I fv represents the sum of fv and
£ frepresents the sum of f.

» The estimated mean ¥ of a set of
grouped data is

- i
=57
where 1 is the mid-value and f'is the
frequency of the class interval.

» Takes into consideration a/f values in a * Takes into consideration e Takes into
set of data the middle value {when the  consideration the
» Affected by extreme values, thus may  number of data is odd) or  most common
give a misleading interpretation of the  two middle values (whenthe  value in a set of

distribution of the data number of data is even) data
» Not affected by extreme e Not affected by
values extreme values
OXFORD
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For each of the following sets of numbers, determine the mean, the median
and the mode.
(@ 8, 11,14,13,14,9, 15 (b) 88,93, 85, 98, 102, 98

The mean of a set of 6 numbers is 2 and the mean of another set of 10 numbers
is.v. If the mean of all 16 numbers is 7, find the value of x.

The numbers 24, 22, 34, 28, 29, 24, 25, 29, « anct b have a median of 27 and
a mode of 29. Given that ¢ < b, state the value of ¢ and of .

2000 people responded to the blood bank’s appeal for blood donors.
The blood type i.e. A, B, AB or O, of each donor is recorded.

Bloodtype A | B AB O
Number of donors h 800 200 k

(@ (1) Write down an equation in terms of i and k.
(i) Given that 94 = £, find the value of # and of £.
(b) Using your answers in (a)(ii),
(i) draw a bar graph to illustrate the data.
(i) state the mode of the distribution.

5. The dot diagram represents the annual increment, in percentage points, 20

lawyers of a law firm receive.

[ ]
® ®
[ ] o
[ ] ®
® [ ]
® [ ) ® [ ]
® [ ] [ ] @ [ ] L ]
3 4 5 6 7 8 9 10 1l 12 13 1 1
Find

(i) the mean annual increment,

(ii) the median annual increment,

(iii) the modal annual increment,

the lawyers receive, in percentage points.

OXFORD
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6. The stem-and-leaf diagram represents the current, in Amperes (A),
flowing through 25 clectrical conductors.

Stem Leaf

5 |2

6 8 9 9

7 0001 2 22 2 3 4466 777
8 4 4 5

9 0 3

Key: 6 | 8 means 68 A
{a) Find
() the mean current,
(i) the median current,
(i) the modal current,
flowing through the electrical conductors.
(b) Briefly describe the distribution of the data.

7. A box contains five cards numbered 1, 2, 3, 4 and 5. A card is drawn from
the box, its number noted and then replaced. The process is repeated 100 times.
The table shows the resulting frequency distribution.

r r 1

__Card | 1 2 3 4 5

+ + H b

Frequency | 21 | «x = v 8 17

(@ (i) Show thatx+ y=44,
(it) If the mean of the distribution is 2.9, show that 2v + 3y = [12.
(i) Hence, find the value of x and of y.
(b) Using your answers in (a)(iii), find
(i) the median,
() the mode,
of the distribution.

8. The number of songs downloaded each hour from an online music store
is recorded.

T T T T

| Number of songs downloaded | 10 15 20 | 25 | 30
Frequency m 5

i

A
[
iy

(@) If the mean number of songs downloaded is 20.25, find the value of m.

(b) If the median of the distribution is 20, find the smallest possible value of in.

(©) If the modal number of songs downloaded is 15, state the greatest possible
value of m.

OXFORD
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9. During a camp, each student was tasked to build the tallest possible structure
with blocks. The table shows the heights, x cm, of the structures they built.

122 144 136 136 140 139 126 132 125 129
127 116 132 138 124 135 122 137 135 129
133 130 128 118 131 27 128 147 133 119

(@ Using the class intervals 110 < .v < 120, 120 < x < 130 and so on, construct a
frequency table for the data.
{b) Using the frequency table in (a),
(i) draw a histogram to illustrate the data,
(i) calculate an estimate for the mean height of the structures,
(i) find the percentage of structures which are shorter than 140 ¢m,

10. Three netball teams each played five games. The table shows the scores of
the games played by the teams.

T T T

Game 1 + Game?2 = Game3 | Game4 = Games5

Cheetah = 65 95 3 9% 88
L S ——— 4 4 r 4
Jaguar 50 90 63 87 LY
Puma 90 85 46 44 80

(@) Suppose you want to join the team that is doing the best so far.
() By considering the mean score of each team, which team would
you join? Justify your answer by showing your working clearly,
@) If, instead of using mean scores, you decide to base your decision
on the median score of each team, which team would you join?
Justify your answer by showing your working clearly.
(b) Suppose you are the coach of Team Jaguar and you are being interviewed
about your team for the local newspaper. Would it be bhetter to report
the mean score or the median score of your team? Explain your answer.

Challenge
Yourself

1. Four whole numbers have a mean of x + v + 5, a median of x + v and a mode
of x. Find the numbers in terms of x and Y.

2. Civen that : ’
H+§b=|3—§(’.

ok s
L+2-c+f'8 2[) d,

find the mean of a, b, ¢, d, ¢ and f.

3. The mean, the median, and the mode of the distribution of the heights of
9 boys from the school basketball team are all equal to 183 ¢cm. Three of
the boys have a height of 183 cm and the tallest boy has a height of 187 ¢m
Given that the heights of ali the boys are integers, find the least possible
height of the shortest boy.

OXFORD
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.m Revision Exercise

1. &= {x:xisaninteger and 20 < v < 35}
A = {x:xis a multiple ot 4}
B={v:3v-6<8)
(@) List the elements in the set A" U 8.
(b) Insert the elements of the above sets in the Venn diagram below.

&

A B

(€) Shade the region which represents A 1 5.

2. A two-digit number is chosen at random. Find the probability that the number is
(i) an even number, (i) a prime number less than 18,
(i) a multiple of 10, (iv) divisible by hoth 3 and 4.

3. All the hearts are removed from a standard pack of 52 playing cards. A card is drawn at ranclom from the
remaining cards. Find the probability of crawing
(i) the ten of hearts, (i) a rec card,
(iii) either a king or an ace, (iv) a card which is not a two,

4. The table shows the number of times the students in a class fell ill last year.

8 5 7 5 3 6 7
7 10 9 6 8 1o 2
5 4 O g 6 0 5
2 4 5 9 3 6 6
5 5 5 3 2 3 7

() Represent the data on a dot diagram.
(i) What was the most common number of times the students in the class fell ill?
Gii) Find the percentage of students who did not fall ill last year.

5. The table records the amount of time spent on playing video games daily and the test scores (marks) of
some students.

Ti t i
e bty playing Test scores (Marks)
video games daily (hours) |

85

B0

72

50

42

34

22

15 |
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(@} On a sheet of graph paper, using a scale of 2 cm to represent | hour on the horizontal axis and 2 ¢m
to represent 10 marks on the vertical axis, plot the values given in the table above.

(b) Draw a line of best fit for the scatter diagram.

() Using the line of best fit drawn, estimate the results of a student who spends
(i) 1.5 hours, (i) 7.5 hours,
playing video games daily.

(d) Find the equation of the line of best fit drawn, giving the gradient correct to 3 significant figures.

(e) Describe the correlation between playing video games and test scores.

The histogram shows the number of servings of rice the Secondary Two students in a school consume

cach day.
Wl -

2 40
304
20 -

10 4
0 1,
0 1 2 3 4 5

Number of servings of rice

Frequen

() Find the total number of Secondary Two students in the school.

(i) Find the ratio of the number of students who consume 1 serving of rice each day to the number of
students who consume 2 servings of rice each day.

(iii)) A student is selected at random. Find the probability that the student consumes at least 3 servings
of rice each day.

During a Science enrichment programme, a group of lower primary school students learnt how to make
a temporary magnet. The number of paper clips each magnet was able to attract was recorded.

Number of paper clips [ 10111211314 L5 e
Number of magnets L6 1110 |20 22 014 6 || 2
Find
(i) the mean, (i) the median, (iiiy the mode,

of the distribution.

The lifespans, in days, of the bees in a colony are recorded.

Lifespan (x days) O<x=10 10<x= 20 20<x =30 30<x=4040<x =50
Number of bees 6 11 22 29 32

() Calculate an estimate for the mean lifespan of the bees.
(i) Find the fraction of bees whose lifespans are at most 40 days.
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ﬁm Revision Exercise

It is given that
E = {v:.xis a positive integer and 10 < 5x < 44},
A = {v: xis a multiple of 4}
and B = {x: x is divisible by 3}.
(i Draw aVenn diagram to illustrate this information.
(i) Write down n(A N B).
{iii) List the elements contained in the set A U B.

28 stuclents from the Ecology Club are planning to visit the Marine Life Park during
the December holidays. Of the 16 girls, 2 of them have visited the park. 6 boys
have not visited the park. If a student is chosen at random, find the probability
that the student

(i) is a boy who has visited the park,

(i) has not visited the park.

There are 48 boys and 2 girls on the country’s wushu team. After a sports fair,
x boys and 2x girls join the team. Given that the probability of selecting a boy

] , find the number

at random to represent the country for a competition is now %

of girls who join the team.

The times, in seconds, for 30 students to complete a 40-metre shuttle run are
recorded in the table.

118 105 109 140 108 112 112 108 107 116
07 113 106 112 109 114 1.5 108 123 119
122 118 104 112 103 126 109 107 108 |1

(H Construct a stem-and-leaf diagram with split stems.

(i) To obtain a grade A for the shuttle run, a student must take less than
11.5 seconds to complete the run. Find the percentage of students who
scored an A for the run.

OXFORD



5. A survey was conducted to find out the number of times a group of
Singaporeans withdrew money from automated teller machines (ATMs)
last week. The data collected is given in the table.

Number of times (x) Number of people
0<x<2 _ 14
2=yv<4 30
4d=x<6 15
6<x<$ | 12
8=x<I0 9

() On a sheet of graph paper, draw a histogram to illustrate the data.

(i) % of the people withdrew money fram ATMs at least p times last week.

Find the value of p.

6. The mean of 4, b, ¢ and d is 8 and the mean of a, b, ¢, d, ¢ and fis 76.
Find the mean of ¢ and /.

7. The marks obtained by 36 students in a mathematics quiz are recorded.

T

Marks obtained |3 4 | 5|6 | 7] 8 9

Number of students 3 = 4 71 ¥ 5 4
(@) If the mean of the distribution is 6, find the value of x and of ¥
(b) Using your answers in (a), find
(i) the median,
(ii) the mode,
of the distribution.

OXFORD
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Problems in Real-World Contexts

PROBLEM 1: Swimming Competition
Three students, Kate, Lixin and Nora, have been shortlisted to represent their

school in a 100 m freestyle swimming competition. Each student is given three
attempts and their timings (in minutes and seconds) are recorded in the table.

Student  Kate Lixin " Nora
1+ attempt 221 S8 L 159
2 attempt 50 20 208
Jeattempt | 231 | 220 200

Based on the information given, which student should be selected to participate
in the swimming competition? Show how you arrive at your decision and justify

your solution.

PROBLEM 2: Louvre Pyramid
The Louvre Museum in Paris, France, is one of the largest museums in the world.

The Louvre Pyramid, which serves as the entrance to the museum, was completed
in 1989. It reaches a height of 20.6 m and has a square base of length 35 m.
The apex of the pyramid is vertically above the centre of the square hase.

The pyramid is constructed using 603 rhombus-shaped and 70 triangular
glass panels. The photograph on the left shows the side of the pyramid with
the entrance. The pyramid has only one entrance and it does not contain any
glass panel. The photograph on the right shows one side of the pyramid
without the entrance, which contains 153 rhombus-shaped glass panels and
18 triangular glass panels at the bottom. Find

(i the number of rhombus-shaped and triangular glass panels on the side of the

pyramid with the entrance,

(i) the volume of the pyramid,
(iii) the total area of the glass panels on each side of the pyramid without the entrance.
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Problems in Real-World Contexts
e p————— 5 on ———u—=—s ]

PROBLEM 3: Lucky Draw Scams

The table shows the number of lucky draw scams in Singapore from 2010 to 2012.
In such a scam, the victim is informed by an anonymous caller that he or she has
won an overseas lucky draw, but in order to claim the prize, he or she has to first
pay “processing fees” or “taxes”. Once the victim transfers money to the caller, the
caller uses other excuses to cheat lhe victim of more money.

P = -

Year 2000 20m 2012

Number of Reported Cases 346 | 298 1 327

'Number of Cases where Victims

‘were Cheated

Total Amount of Money Cheated

Per Case

(@) For each of the given years, find the percentage of the reported cases in which
the victims were cheated.

(h) Estimate the mean amount of money cheated per case for each of the given years,
giving your answer to the nearest thousand.

(©) Should lucky draw scams be a concern for the police? Justify your answer based
on the data given and computed.

175 183 181

S38 million | $6.4 million | $7.4 million

1

PROBLEM 4: How Long Do | Need to Get Home?

Vishal lives at Block 411 Commonwealth Avenue West, He claims that he onl ly needs
3 minutes to walk from the Clementi Mass Rapid Transit (MRT) Station to his block
if he takes the route as indicated by the arrow in the map. Verify if his claim is true.
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Problems in Real-World Contexts

PROBLEM 5: Conical Wine Glass
The photograph shows a conical glass.

N

A problem commonly faced by bartenders is when their customers request for only

half a glass of cocktail.

Bartender Ethan: “1 always fill the cocktail to half the depth of the glass.”

Bartender Jun Wei: “I disagree. 1 always fill the cocktail to two-thirds of the depth of
the glass.”

Bartender Michael: “I believe that the cocktail should be poured to three-quarters
of the depth of the glass.”

Bartender Rui Feng: “No, | think that the cocktail should be poured to four-fifths of
the depth of the glass.”

(i) Which of the bartenders’ method is obviously wrong? Explain your answer.

(ii) Make a guess whose method is the closest to getting half a glass of cocktail.

(iii) Formulate the problem mathematically to determine which of the bartenders’

method is the most accurate.

PROBLEM 6: Braking Distance

It is important for a driver to know how far it takes for his or her vehicle to come
to a stop after applying the brakes. The table shows the braking distance of a car at
different speeds just before the brakes are applied.

‘speed (km/h) 0 (1020 30 40 [50 60|70 80 90 100
\Braking distance (m) | 0 I 2 5 |8 |12 17 24 31 3845

(@) If the speed of the car just before the brakes are applied doubles, does the braking
distance always double? Justify your answer by using at least two sets of values
from the table.

Open a spreadsheet and type the headers and values given in the table. Select the
entire table and insert a scatterplot with only the markers (or points). Right click on
the points and add a trendline to model or best fit the data: choose a linear function
before choosing a polynomial of degree 2, i.e. a quadratic function. Set the intercept
at0, i.e. the trendline must pass through the origin, and choose to display the equation
of the trendline on the scatterplot.
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Problems in Real-Worid Contexts

(b) Use both trendlines to estimate the braking distance of the car when its speed
just before the brakes are applied is
(i} 45 kmih,
(it} 5 km/h.
Alternatively, you may wish to use the equations of the trendlines to find
the braking distance of the car at each of the speeds just before the brakes
are applied.

(€) Which trendline provides a better model of the braking distance of the car?
By looking at both trendlines and your abservation in (a), explain your answer.

The two-second rule is a guide to help drivers keep a safe distance from the vehicle
in front. When the vehicle in front passes a landmark, such as a lamppost, the driver
will start to count 2 seconds by saying ‘One thousand, two thousand’. If the driver
drives past the landmark hefore the 2 seconds are up, he is considered to be too close
to the vehicle in front.

(d) Find the distance travelled in 2 seconds for each of the speeds just before
the brakes are applied. Will the car be able to come to a stop in time if the
driver follows the two-second rule, regardless of the speed it is travelling at
just before the brakes are applied?

PROBLEM 7: Singapore River

The photograph shows part of the Singapore River from Robertson Quay.
Suppose you are an engineer tasked to build a bridge across this part of the river.
Your first job is to determine the width of this stretch of the river. (Your teacher
may choose a suitable river or canal near your school for you to measure its width.)

Guiding Questions

(a) Are there any assumptions that you may need to make?

(b} How do you represent the problem mathematically by drawing a model of
the method of solution using similar triangles? Solve the problem to estimate
the width of this stretch of the river,

() s your mathematical solution the same as the solution for the real-world problem?
Explain your answer.

(d) Are there alternative methods of solution? Discuss some methods of solution
which may not be feasible.
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{b) x=3.y=~I

Practise Now 7
(a) x=1.v==2
(h) x=1.x=-3

Practise Now 8
cr=10.v=3

Practise Now 9
rm=], v=2
Practise Now 1)

T o=
. V=

I =
Practise Now 11
(@) v=9.v=15
(h) x=-3.v=06

Practise Now 12
1. 135,225
1 345 146°

3. 30em

Practise Now 13

7

9

Practise Now 14
1. 10,40

2. S76

Practise Now 15
5

Chapter 3

Practise Now (Page 93)
{ay -2

ih) -6

) v

(d) 6¢°

(€} ¥-2

N Fv=-d4y=2

s} OXFORD



Practise Now (Page 94)
(@) 2 - w1

(h) 2 +x-1

(©) -2v -3r+3

) 3¢ -Tu+7

Practise Now (Page 96)
(a) 4’ +20-2
(b) 3v -6x+9
€} ' -3x-13
(d) v +8c-16

Practise Now 1
(a) 13¢ - 54

() ' = 13r+2
(€) -3 —i3x+1
(d) 2 +1+13

Practise Now (Page 98)
{(a) 6143

(h) -6x+3
{€) —2v" + %y
(d) -2+ +6x

Practise Now 2
{a) 12v+3

{b) 35+ 14
fch 10x — 5%
dy 16 +6a

Practise Now 3
{a) -x-32
(hl 9¢' +dx

Practise Now 4

[a) " +6y+ %

by 15¢ - 3y + 24
ek 10 - 13y -3y
diy 77+ 3914

*ractise Now 5
3+ 29r -5

ractise Now (Page 107)
al (x+ D+
by (v 1}v-35)
) v+ 2)x+6)
d} (v -2)x-6)

'ractise Now 6

1} (+ D+
M} {(v-Da-7)
D x=-IXv+2)
D v+ D=8

_(_))\' FORD

Practise Now 7

@) v+ D(x+4)
by (5x-3)x-2)
(© (-2v+3)v-3)
(d) 3Gy -8)a- 1)

Chapter 4
Practise Now 1!
1. (a) 3Du
(b) ~t6xy
(e) o'
)y 10y
2. : afls
Practise Now 2
[a) ~5v+ 2xy
YRR ETa Gy

Practise MNow 3
(a) vy - Syz
(hbh =74 + 2uy

Practise Now 4
(2) 2¢ + 17x gy
(h) 63"+ Tx = I8y - 2]

Practise Now 5§

507 - My + 3

Practise Now 6
(a) ¥ = xv-y— 20+ Sy
(by v' -4 -2 —6

Practise Now 7

Lo () (4 3y - 5v)
(B} (6r+59)(r+ )

2. (Gxy-8Yav-2)

Practise Now 8

I. (a) “+4v+4
ibl 25y + 30y +9

2. 41\-'+3,\+9

Practise Now 9

l. {a) | -6x+9¢
(bl 4’ - 124y + 97
¥ Tl 1 s

2, x- i.n+9_\

Practise Now 10

. (@) 25x'-64
(h) 4v" - 49¢
1 '

3 -\

R T

Practise Now 11

(a) 1002001

(hy 635209

(c) 89975

Practise Now 12
533

Practise Now 13
1. (a) (v+6)
(h) (2a+5)

I 2
2: (2.""‘ 2)
Practise Now 14
1. (@) 2-9)°
(hy (Sx-y)
il I 2
2. |‘6x §y)
Practise Now 15

L (@ (6c+ L) 6x - 11y)
(b} (9+2a)Y 21

3 3
2, [2x+5)](2x Sy)
o 2v+ 920 -5

Practise Now 16
41 20N}

Practise Now 17
{a} 4x(2ey+1)
ib) wir+h)

e} a'v(iab+1)
id) 3e(d + 24" + )

Practise Now 18

@l (ve1)2+a)
(b) ix+2)9-p)
(€} 32y 3)c -2
d) (4-)NTh+1)

Practise Now 19
a) (v+di v+ 3
b) (v+3Eda+ b
el - D+ 1)
) (B -2+ D)

Chapter 5
Practise Now 1
(a}) Oor-2
(b) OQorl
() ~Sor7

!

2
{d) --30r.z



Practise Now 2
1. (a) Oors

(b) —+
() =1 or-<4
(d = ors

2. ) l;arl

|
or |
3

(i)

LM 6
(i) —4

Praciise Now 3

(@) 2or-3

i F
b 2
(h) T Or%

Practise Now 4
1. .10
2. 4.9

Practise Now 5
Gom. 4 cm

Practise Now 6

1. (i) 576m
(i) 24s

2, () 18m
(it) 35

Practlise Mow 7

Al-11.0].B2.0).C0.-6)

Practise Now 8
(a) 5
{c) () 35
(ii) 04or36
(iiiy 3.2

Practise Now 9
(h) () =I5
(ii) 5

{c) x=0

Practise Now 10
1. (a) 28m
(¢ () 65m. 175
(i) 405+
2, (b (i) 17.25m
(i) 185

@ Practise Now Answers

Chapter 6
Practise Now 1

1,

(a)

(n

Practise Now 2

. h o+ Tk
(@) ===

3
(k) p -1
€

Practise Now 3

3
L@
3
b} f’_ﬁp‘!
lch :*5"
I L
w4+ 3

Practise Now 4

3
1. fa) =
dave”
1p
bl -
ib) 10r°
14x = 3)
el 15
h=23
(dy =
2. !

2

Practise Now 5

63
1. (z -
@) $0a
b 5
b 5530
44
© =
2. (@) 6n' + Tmn - 3w’
. bnn
By —kp
(b) 12{p —¢)

{c) 10y + 7v
2(4x - 3v)

Practise Now 6

x-13
al e iy
¢ (v + F}2¢ - 51
L 2=p- 3
ib) (v + By - 3}
k]
ch -
48

Practise Now 7

1. (i) am-: f"
(i) 10
. i
2. (i) = R

(ii) <4 years

Practise Now 8
v+ 5
v -2

1. ) ~=
i 5
(i) 1 T
I

2. () k= }(p_. al

iy =27

Practise Now 9

1. il 1=l?- o
S
(i)
% Ak
2. i) v=z “’;J i)
(i) 23

Practise Now 10

1. (a) 2
3
2
(b} 23
2. 13
3 4
13

Practise Now 11

() 52

I3
hy -27
Chapter 7
Practise Now 1
(a) Yes
(b) No

Practise Now 2
i) 44

(i) -66

(i) -2

(iv) 2

(v) 36

(vi) =25
{(vii) 7 ;
(viii) —1

i) 3

Practise Now 3
(i) 2b-5

(i) 7H+5
(iii) 18h =28

OXFORD
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Chapter 8
Practise Now 1
AHBECFDGI

Practise Now 2
iy s

(i) DC

(iii) AD, 2

(iv) BC.53
(v) LABC.90

Practise Now 3

(a) Notcongruent
(b) ADEF = ATSU
(c) Nuot congruent

Practise Now 4
ta) (i) 38°
(ii) 28°
(iii) 28°
(iv) 27 cm
(v) 9cm
() AC and £D arc parallel lines.

Practise Now 5
‘a) No
b} Yes

Practise Now 6
l. r=30.v=42
Low=60x=100y=72:=45

*ractise Now 7
m

’ractise Now §
a=30.h=75
nooXx=72,y=9.125

'ractise Mow 9
18cem, 30 em

. T5cem.8cem
45m

‘ractise Now 10
1) 1:130
3 1050 cm

ractise Now 12
ii) 1 cmto 8 km
¥) (63 £0.5) km

ractise Now 13
(M 3.125m
(ii) 1.36cm
(i) 268m
(i) 268 cm
(ii) 585 m
OXFORD

VNEVE R f

Practise Now 14
1. (i) 325km
(it 5cm
|
SO0 (M)
(i} Ikm
(it} 29 cm

(il

b

Practise Now 15
I. () 12km’

(i) 4.5em’
2. 126 km
Chapter 9

Practise Now 1
AT=3. =11 B(=1.=5). A"(T. =1}, B"(5. =5)

Practise Now 2
(@) 3v+da=-12
(h) Jv+dx=12
(€) 3v+4r=36

Practise Now 3
{a) Li-1.6), M(0,9). Ni1.6)
(b) (4,3}, 907 clockwise

Practise MNow 4
AT8.2).B87(9.5).C7(11.5)and D112, 2)

Practise Now 3

o
o2
o (1)

Chapter 10

Practise Now (Page 259)
(a) AR

(b) DE

(e} PQ

[ ]

Practise Now 1
1. 10cm
2. 25cm

Practise Now 2
1. 9m
2, 2im

Practise Now 3
1. () 4dem
(i) 854 cm
2. (i) 60cm
(ii) 40.5cm
Y ) 139cm
(i) 134cm

Practise Now 4
1. 2745m
2, 2m

Practise Now §
116 m

Practise Now 6
30

Practise Now 7
(i) 208 km
(ii) 36.6km

Practise Now §
t. {(a) No

(b} Yes, /R
2. (i) 46.1m

Chapter 11

Practise Now (Page 285)

I. (i) AR
(i) BC
(i) AC

2, )
(ii)
(iii)
(iv)
(v)

wl e A ] e e A e whl e

(v

2=

(ii)

~

(iii)
(iv)
(v)

(vi)

Practise Now 1
(2) 0914
(b) 3.63
{c) 09352
d) 3.78
(e) 15.1
(f) G360

Practise Now 2
lay x=55
thy v=045

Practise Now Answers @




Practise Now 3
1. 925 m
2, 123m

Practise Now 4
1. 26.5cm
2. 7.0 c¢cm

Practise Now 5

1. (i) 205m
(i) 104m

2. (i) 639m
(i) 6.62m
(i) 124 m
(iv) 828m
(¥) 337 m
(vi) 593 m’

Practise Now (Page 297)

(a) 5137
(h) 69.5°
{c) 50.9°

Practise Now 6

(a) v=354
(h) yv=643
(¢) -=572

Practise Now 7

1. (i) 233°
(i) B.29m

2. (i) 369
(i} 3.75 ¢m

Practise Now 8
1. 385m
2. 33.Im
3 200m

Practise Now 9
840

Practise SNow 10

T5.6 m

Practise Now 11
I BEm

Chapter 12
Practise Now 1
1. 84cm

2. 2550000 m

Practisc Mow 2
9m

®

Practise Now 3
504 m

Practise Now 4
(i} 8om
(i 7T em

Practise Now 5
1. 1140 ¢m
2, Tm

Practise Now 6
6600 cm

Practise Now 7
1. 3W6Hem'
2. 59Im

Practise Now 8
1. 427w’
2. 500cm’

Practise Mow 9
1. 1890¢g
2. 110cm

Practise Now 10
190 e’

Practise Now 11
S5.064 cm

Practise Now 12
5007

Practise Now 13

(a) (i) 15300cm
iy 3210 e’

(h} (i) 31.2c¢m

(ii) 1092.5mcm

Chapter 13
Practise Now 2
(a} vr=4

(b} v=6

Practise Now 4
(i) Infinie
(if) 1

(iii) Infimite

Chapter 14
Practise Now (Page 393)
1. (a) {2.4,6.8!
(b) (i) True (ii) Truc
(iii} False {iv) True
(¢) (i) 2€. (ii)s5ed
(iii)9 ¢ 4 (iV)6 €A
2, 00

Practise Now 1
iy C=111,12, 13,14, 15,16, 17}

D 110011,12, 13, 14,15, 16, 17}
(i) No

Practise Now 2
(a) No
(b) Yes
(€) Yes

Practise Now 3
iy F=1{1 (i} No

Practise Now 4
(iy £E=11.2.3.4,56.7.8.9. 10 11, 12,
13}
f=12.3.57.11,13}
{iiy 8= {1.4.6,%.9.10, 12}

Practise Now 5
1. (if) Yus

2. (i) P={1.2.3.4.5.6,7.8.9.10, 11
12,13}
0=12,3.57.11}
i) pc P
i) R=11.2.3.4,5.6,7.8,9, 10, 11.
12,133
(W R=P

Practise Now (Page 403)
(i) (a) {7} {8517, 8}
(b) {7}, 18}
(i) (a) {a}. {b}. {c}. ta. bl facch, {hoe),
fa b, e}
(b) | i.1a}, {b}. {c}. {a. b}, jaccl.
ib.c}

Practise Now 6
I () C=i6 12, 18}
PD=13.6,9 12 15 18]
(i) $6.12. 18}

(iv) Yes
o) E=11.23.46.12}
Fais 111,13}
(i i

OXFORD



Practise Now 7
. () C=11.2.4.8]
D=1{1,2.48 16!
(iii) {1. 2.4, 8, 16}
(iv) Yes
2. () E=1{7.14,21,28 35 42, 49, 56!
F=1{9.18.27,36.45, 54}
(iif) {7.9, 14, 18, 21, 27, 28, 35, 36.
42, 45,49, 54, 56}

Practise Now 8

L (a) £={1.2.3.4.5.6.7.8,9]
A=1{1.3,57.9}
B=1{3.6,9)

() (i) {2.4.8}
() {1.57}

Chapter 15
Practise Now 1
Red. Orange. Purple. Yellow, Green: §

Practise Now 2

(@) B.B.B.B.B.R.R.R,.R,9
by NLA T.LLO.N..A. L: 8

c) 357,358,359, ., 38931

Practise Now 3

15
i

15
A
it} 3
iv) 0

*ractise Now 4

DI

i) ;3

i) 5

"

‘ractise Mow 5

. 6 g
i) 3
(i)
@ ¢
(i) 112
(i) 0
(iv) )
12

OXTORD

Practise Now 6
3

(i) 5

o

Practise Now 7

(O]

(= I - -1

(ii)
(i) 0

.5
) 5

Practise Now 8

L. () 14+
4 x+ 2
W 7
(i) &

2. 4

Chapter 16
Practise Now 1
(i) 14

Practise Now 2
@ 11
(i) 20
(iii) 20

Practise Now 4
(i) 90kg
(iti) 25%

Practise Now 5
(i) Michael
{iif) Khairul
{iv) Michacl

Practise Now 6

(ii) Strong, positive correlation
(iv) 12.8 litres per 100 km

(v)
(+i) No

Practise Now 7

(i) Strong. ncgative correlation

(iv) 127 %
(v
(vi) No

Practise Now 8
(iii) 3

19

) 3

Practise Now 11
(a) 45

Chapter 17

Practise Now 1
0.5

Practise Now 2
56

Practise Now 3

. @ 77
i) 9

X 168c¢m

312

Practise Now 4
(iy 200

(i) S19.600
(iii) S9%

Practise Now 5
1. 14

2. 3245

Y. 35 minutes

Practise Now 6

473 vears

Practise Now 7
fa} 15
{h) 17.3

Practise Now §
(ay 17.5
ihy K4

Practise Now 9
1. 1
2. 3

Practise Now 10
4.55km

Practise Now 11

T minuics

Practise Now 12

(# 60cm.110cm

(ii} 60cm

Practise Now 13
(a} 04

(h) 32,37

(c) |

(d) S3000

Practise Now 14
{a) 5
(b) 1.2.3.4.5
(© 3

Practise Now Answers @



Exercise 1A

1.

wn

©® oA

11.
12,

ik

14.

16,

@ 4 ikg
i) 72

) 125m
Giy 32

m x=15y
(iiy 9

(iii) 8

mH @=7r
(iiy 33

(i) 6

(a) S(zg_
(h) 3 b

3 2 kg

4.5

4

(a) 36,441.5
(by 8.95:24.66

i) o v=4x

i) -=8

(i) F=98m
(iiy 1372
(iii) 22

iy P=257
i) o0

(iii) 4.8

(i) V=15R
(i) 225

(iii) 10

() 51360
(i) 135

(iii) D =& + 600
{iv} No

95 tonnes

Exercise 1B

10.
1,
12.

Answers

(i) L=25JN
(i) Scm

(iii) 36 hours
16

4

BO0%

Exercise 1C

2.
3.

4.

> w

12,

13.
14,

15.
16.

(b, (e) and (¢)
16 days
(i) &
(ii) x= 200
(iii) (0.5

1
i @-= 3p
G 01 7
(i) 2.5
5
(i) 840
(i) 40 days
2 days
0.5
5

.(a) 05.8:6.48
(h) 435.144.12,
. (1) 600 kH#

(i) 375m
24

@ r=%

(ii) 4 hours

(iii) 32

36 minutes

11

4I4 e
9 minuies

70

Exercise 1D

1.44

8. (1) 20c¢m
(i) 12um

i1. 004

Review Exercise 1

1. (i) v=3
Gi) 33
(i) 4

2. W =

3
) 3
(i 3 s

L) y=4
(i) 1372
(i) 10

4. (i) 1335
iy =z

5 () 5
(i) § -

6, (i) v= .
(i) 2
(iii) 0.5 25

7. ) g=—

{)
Gii) 0.75
(iiiy 15

8 (i 2
(ii) 7

9, 1,1.25375.6

10. (i) $35.61

(ii) 125 munutes
(ith) €C=0.086n+981:C 981 andn

1. (i) G =55
(i) 12101
(i1i) 55 m

. | 1. ) 6.25 12, $45.380
1. (i) v=4dy i 13. () 200 Pa
(i) 864 (i) v=— (i) 8000 dm’
dif) 3 Gi) 5 . 14. 7
2, (i) —=2In 2, () z= _2":
(ii) 6 . o Challenge Yourself - Chapter 1
(i) 12.5 (i) 6.75 k'
3@ 2 (iii) 81 2 0 =g
. =
diy 3 3 (@) vand x_ Gy 150
4, (a) vand ¥ (b) vand <. : 1208
. o X 3 (i) T= -
(h) vandJ¥ te) + andx r
(¢) vandx' (d) nandm - | {ii) 30 days
(d) plandg’ (©) gandip+ 1y {iii) 50
5. =27 4, ?;
6. -3ors 3, 1?;.5
7. 5.7:81.192 6. 10.20. 10,125
H. 0.5.18 00160686 :
7. (i) #=- .wherekisu constant

o
(i) 8O N

OXFORD
@ Answers et




Exercise 2A
L. ¢, undcfined
2. (@) 1.0

by 1.-1
(c) -2.8

@ -3.-3
(&) 12‘,3
M 1-;.3
(&) _|_:.4
) 2.4

(i) l;.--6
W -5

3. -1.0.1.-2 1 undefined

4. 0, 3.undctincd._—]’
Exercise 2B
1. {a) 1000 hours
iby 30 km
fch (1) 50
(ii) 0
(iii) 60
2 (a) 40km
() 12 hours

{c) (i) 20

, I

(ii) —135

(i) -20
Exercise 2C

I. (a) yv=6.y=-2
2. (@ x=03uy=-2

3 @ p= %,r]—-l
) -3
1
(d) (i) 32
4. (a) -5.-3.1

(€} (i) 13: units’

Exercise 2D
I. (@) x=-1.v=-3
(b) x=-5.v=22
(¢} x=3.v=1
d) v=0yv=2
{¢) v=3,v=3
H r=3yv=-4
Lo(@) v=4.v=2
() x=1v=-]
(©) v=26,v=-26
(d) x=-135.v=-05

OXFORD

USIVERSITY P pis

e

(a)
(b)
(c)
(a)
(b}
(c)
(d)
(a)
(bh)

(i) -7.9.17

(i) 0.2.3

r=—yv=|

Infinite number of solutions
No solution

Infinite number of solutions
No solution

Na solution

[nfinite number of solutions

Exercise 2E

h

ia)
(b}
(c)
(d)
(e)
i

g v
(hy x

(i)
Q)
(k)

)
(a)

(b) v

(c)

(dy x

(e)
(]
(a)

h)

(o)

(e)

n
(a)
(b)
(c)
(d)
(e)
(f)
g

h)
(a)
(b)
(c)
(d)

d) x

r=8.v=8
r=12,va?
|
.\—I._\'=:‘
r=3y=2
v=1,y=2
v={yve]

| i
1=|§._\‘=—l§
V= l;..\=?.
a=-7.h=-13
(:2.:1:%
f:l.h:-l-

I 2
J=3§ k=<3
r=3,y=2
v=d y=-5
v=-ly=2
v=-8.v=19
y=d4.v=5
r==2 yv=—
x=3y=|
v=7.v==]|
v=1yv=2
¥=3 ==
v=2.v=3

1 1
\-43._\':—1
T=6.y=1
x=1y=3
r=—l.v==|
v=3 =10
r=1ly=2
=5 v=-l
.\':3.1,.‘\'—53

1
x=0.v=1;

¥=075v=-025
x=3v=5

r=2 v==15
r=05,v=15

6. @) v=2v=]

6
(b) .1'=I.JI v= 10
£ a=1lv=]
(d} r=2v=-1
() yv=2 yv=22
H yr=-b6,v=2

7. (@ x=5+v=06
(hy x=1l,y=-1
€) v=6,yv=-4
d) v=13,v=11

8. (@ x=-d.y=4

(b) x=4,v=-3
)
() .r:§ y=10
d) x=1.y=-2
() v=-3,v="
__6
0 TRRT!

9. (@) v=15.v=-5
(b) x=-2yv=11
(© v=9.v=4

(d) v=3.v=0
10. (@) v=-] y=1
(h) x=2.v=
(€} v=1l.v=4

(d) v=-2y= ;

I p=1,¢9g=-2
12, p=2.¢=3
13. 19m.6s

Exercise 2F

1. 25113
2, 515
3. 515.827
4. $2.5240
5 6
5 6_’.67
6. 8.40
7. 46°.74°
8. 2lcm
9. 875cm’
10. 32cm
n. 3
5
12. 7.6
13. $69
14. 7.20
15. 10

16. $32,343
17. S13000.512 000
18. 6. 14
19. 72
20, 30.45.51.50
21, (i) 4000
() S5

Answers @




Review Exercise 2 2. {a} 6 L) (a5

1. (a) 5.7 (h) 6x (b) (=3b+ 1)(h-25)
(hy =7.—4 (©) 1o (©) 202+ D +2)
L om=2.n=12 d) 30w d) 5(d-50d -2
3. (i) S080 3. (@) 12v+ 10 (e) H2 S+
(i) $3.80 (b) 421+ 18 3B+ 3WA- L
(iii} Company 2 (¢} -Bx-24 (g) 204+ SN2k +3)
(iv) Company B ) —10v+2 (hy Sn(Tm—6)m+ 1)
(v) Compuny A (e) 1547 - 20x 5 w ! p=3p+3)
4. (a) 10.2,-6 (H 240 -0 Y
© 2 (@) -10x+ 1545 () ~02r(16g—Ndg+ 1)
(@) (i) (5.3 (h) 3 +x
5. () () p=-%q=1] 4. (a) 13a+27 Review Exercise 3
(b G) 55.-05.35 (b) 63 - 33h L (@) 206 -70a
(© v=ly=1 () S+ 7T¢ () -21b+ 12b°
6 (@) x=2.vy=-2 (d)y 36d° - 284 {©) 150+
(by y=2.va= 2_’1; 5. {(:}) :,:_- 14(-).;":-‘211-1s i d) .:d. +17d - 20
- W+ B+ 2. @ 1y e
() eyl y= 6. () —1ha -3 () 8K +h-3
W) v=13.y=-8 (h) ~b+3 (©) -k +12k+4
() v=3.v=- (€) 29¢ -3¢ (d) 16m +m—43
N x=2ry=15 (dy 7d° - 12d 3@ @+Ha+d
7. 17014 le) O —4If () (h—THb - 8)
8. dHcm (M 130" -h ) (c=Ne+17)
9 7 7. (a) “« Ba -9 (dy (d+3d - 15)
. 4'3 (h) ..;J:'+Sh— 14 4@ G223+ 8
T {ch ¢ -:l le + 30 ) Gh+2h-7)
i) 30 (d) —(3({ +13d +5 () N2+ Dk +3)
12, $11.S13 (ed 11 +J+0q _ )y 33 22m-3
13, 21,15 () 20 -66h+2Th _ I s
. §. (a) Y4l+s 5005 (3x+ 2)2v - 5)
14. 5050 Sl :
15, 14 Fu 6 ke (hy 2v + 16x
o a0 (€) 123018 Challenge Yourself — Chapter 3
17, 38.37 (d) A .. 100 - 12 Tor lh
' 9, (a) -2v+3v+4d
Challenge Yourself - Chapter 2 o g e T““{;‘;'S‘“'ﬁﬁ
I- (l) p=dg=12 d) Tx (b) Tn
(!I) Pl 3. (a) Bwv- 8y
(ki) Ip :t-l.cf is any real number Excrcise 3B (h) ~2Txy+ I8
2, x= - v=3 1. (@) (a+ a+38) (€} 6x + 2ixy
3. 2.3 (b th+3h+5) (d)y 3wy - 33
4. (i) 8 {¢) (c-d)ic=5) (&) —ba =9ab
(i) 7 (d) (- 2)d - 1) (0 8¢+ 200d
Gii) S (e} (f=2f+38) (g) —V2hk+ 18K
5. y=d.v=I8.=T8arx=8.v=11. (= 10)%A+12) (h) 96m + 56mn
s=8lorx=12.v=4.;=84 (g) (k+2HA-0) () 6p + 2pg + Ldpr
(hy {m+ 1im =21 () =75 + 2850+ 2
Exercise 3A 2. (@) Gu+THn+) 3. () 13ab - 16ue
1. {a) 150+ 11 ) p+HiZp+3) (hy 4 - Vddf + 14
(b) 12 -3r-8 © G¢-H2g-3 4, (@) ¥ +Tur 46y
(€) —v —1ly (dy (4r=3)r-D by ¥ +55+2+ 10
Wy v+ (el (ds=35)02s+ 1) . 2
(€} —¢' - 16y @) (6r- SN +4) Bey () =y
(0O 10V +y-3 (B} Qu+3(2u-7) (h 27y
(hi (9w + 132w -3) (¢} --2(}.\",\"

() sxv':

QXFORD
@ Answers




. {u)
(b)
(c)
d)

T. (@)
(b}
(c)
{d)

8. (a)
(b}
{c)
d)

9. {(a)
{b)

10. (a)
(b}

1. (a)
(h)
(c)
{d)
(e}
(
4

12, 24
5

13, (a)
(b)
14. (a)
(b)
()
(d)
15. (a)
(h)
(c)

(d}

Ivv+ o’
“27x'y - 634 ;
300"+ 1307y
3+ 2007y + 150y
Tud — Saq
Vlddf + 10di - 20
Gk + 19hm
=81 + 10np
o +2ab -3
3¢ +cd - 14d
2047+ 32kh + 50
T - 28m7 + 2 - §
B = 25xy - 124
- B+ 3

Vv 120+ Oy 4 27y

RN T P
(a = Dh)a +Ib)
{¢+ 3Die = Th)
(2h = 30)h + 58
(3 4 20)(m — 61)
Mp+2pip + 30
12y = 55)(r - 25)
s

160" = Huay = 12y
350 4+ 40ry - 2247

27 < dr+ Ty + 6y 15y

oo - 130+ 28

RS S S|
3120 - 13h 4 12

(v = 3y + 53

(dxy + 5)(3xv - 8)

22(2rv — 3wy - 4}

;(3\-- 26X 2k + 3v)

Exercise 4B

1. (1)
(b)
(c)
(d}

2. (@)
(h)
{c)
(d)

LY
{h
{c)
(d)

L (a)

(b)

{c)

56

o0

wrn

i + 8+ 16
U+ 120+ 4
o+ Bedd + 164
BUA + 360k + 457
m 18m + 8]
250° - d0n + 16
81 = 90p + 25p°
By - d8gr + 645
=25

47 =121

49 — 4’

W — 100y

I 447 209

T95 664

3999 9u6

OXFORD

7. (@) 5 a+ :nb+‘)b'
(h i o+ i:'{lﬁ- ;—:1"'
8. (a) ;’ W~ 1Shk + 25k
(h) ;: m o+ ‘: mn+ 9y’
9. (a) -36p°+25
- 16 .
(h)y 81r - 554
s: ~
(c) T
(dy w'-16
0. @) & %241+ 84
(b) 23x + 8- 5Ty
11. &
12. 25
I
B 356t 65t
14. (i) 4¢
(i) 400
15, (i) o
(i) 9
Exercise 4C
L@ (e+7y (hy b+ 1y
© (c+d) (d) (20 +54)
2. @ (m-35)y (b (130 -2y
(€ 9-10p)° () (T4 - 3
L @ v+ 1= 12}
(b) (61 + 5)6¢ - 5)
€ (154 Te)(15 ~ Tu)
{d) (7w +90)(7w - 9)
4. (a) 1800 (h) 54
5. (a) 3a+2) (h) (5"’ e :‘)
4 1 : : 2
(c) ( d o+ -fJ ) (' +4)
7 5
6. (@) 3m-2n) {h} %(p— q)z
(€ (dr— %.\-)’ (@) -y
7. (a) 2da+ Th)da - 1h)
(h) (c' + éti](( - ;d]
M 30 _
© (m . “](m _4;)
(dy (m+ 8’ - 8nh)
8. (@) alu+6)
h) -5+ 195h+11)
(€) (c+d+20c—d-2)
d) 2h— 1+ 20020 -1 - 24)
€ GSm+n-1Sm-n+1)
n 4
9. () (v+2em
(i) (+607+12v+ §)em’
10, ) ~(Ilxv+T)Tv+11)
(b) v+ 1 +3v)dv+ 1 -3y
© Qo+ yv=2)2x-v+72)
(d) |3r1-+_1+l:[\'+_\' 1}

Exercise 4D
L. (@) 95v-9y)
{c) 0y '(:: —.xy)

(b) 3x(13y - 5x2)
(d) -5’3y +2)

2. (@) (v=23)ba + 5)
(b} {x+3¥)2h~c)
{© (Sx=y)N3d-4p
(d) S(v+3v)h + 24
3. @ (x-S¥a+4)
(b) (a+h}r+ ¥
©) (T+3){v+20
(d) (x-3x+2y
4. (@) (a+Mix-:7)
th) (¢ + 2ed)(-2¢ + 9y
{©) (Zh-k)x-3v)
(d) 2(dm—-m3x+y)
5. @ Gr+dvia+T7h
by Gy+35)de=-3)
(e} (d+fHv-2)
(d) (x4 2v)3v—4dn)
() (y—4)2x-3)
M S5(v-5xHv-~2)
(8 xv(y =54+
(hy k—Ix-y)
6. (@) 240y - 57)6p + )

(b)Y 20x + 23)(x = 2¥}5x — {0y - 6)

7. (D ip"(q+4r')
(i) 48
B0 C+He-D

i) -+ 100 -

Review Exercise 4

I @) <24+ 10ab - 14g
by 6+ 17cd + 12
() — = Tk + 150°
Wy 2m' + Tt e m— |

2. (@) Op7 = Tpy-24
) =12¢" - 6yr — 4y
(€) 157 +69r — 94
(d) —n? + Tuw + 34y

Lo@) (-Tve+ 9v)
(b) {2v+3v)v+v)
(©) Gev-—3H2vv+ 1)
) (3 - 201 - 24y

4. (8) - 100y 425
(b 2y

24 16 -

O 4+ 22 op 4+ o
€ 9+ 5wt =

d)
() 25¢°- 22 ¥

> o [ >
n Sy .

@ 0+ -1
(b) (v+3v)°

(£) 25(x-2v

) (6v+ 7o+ Tiby — 7y

il

T

Answers @




6. (a) -T2y +3v)
{(h) 9xy{y—du)
(©) (u+ M3y -3y}
(d)y (v-25-x+20)
(e) (v + 3v)x+2)
n @G- +D
(g 2(2v -3 2d)
(h) (- 2)(5x+ 6y)
7. (v+ D+ 2% -2)
8. (a) 808201
(n 318000
%, 106
ML (i) f+6f+9

(i) 4+ Mk + K+ 128+ 0k+9

Challenge Yourself - Chapter 4

1. 0
2, 16

Revision Exercise Al

. L:l,p:l.S.q—'IM
2. Zmm
J x=l.y=2
4, 26.8
5. (@) 3¢ +23ab +430°
4 26
(hy 12+ Sul- 25—(!“

6. (a) 2(2-f-1)
By (1 - 6hky
€y Smaim-3n-3)
(d) (v = )2p—3g)

Revision Exercise A2
1. 43.75%
2.0 v=
. 13
(in) o
(i) £25
p=3.g=-

91

2¢7 + 5

bt

2% rabbits
{a) a' —23¢" +39a- 12

g 1
b b =
f. (@) Cod -3Mcd +4)
(hy (Ghk+ 1)
(cy —dm(d+m)
(dy Gr=)p+2q}
7. (a) 648025
(b) 806000

A

kv = T 20 + 4y = 1960 42 chickens.

Exercise 5A

1.

=]

10.

11.

- V=

(@) OorY
(¢) Oor-1

1
n el
(e) Qor2 =

{a) 4or9
(¢} -doril

6 i
e or | =
©®© -o 4

g - : or2
{a}) Gor-9
() Oor-5
(&) Oor % IT
(@) -6

() =4

(e) |
(m) =
() 3or-9

1
() -1 "

or—05

() or -3
(Y or
{(a) =!1

c) =

2
3
-3

(@) Sor-12

(a) Ix or -3

() Sor-T7

(@) -% or 6
{g) -lorl

3 \ 2 I 1
{i) 3 or - 5

(a) l ord

L)

-10
tiy 7

or |

Bnd | o lad

Exercise 5B

L
2.
LH

e b
P .

x>

11.

12,
13.
14.

-

3

7.8

5.12

9. 18 or =18,-9
23m.9m

4m

§

16 ¢m. 28 cm

. (i) £2.51

(i) —6:- ar5
(i) 4m
Jorl2

{iy t1.25m
(iii) .75 m

by Qor-7
(d) Oor 6

|
)y Oor 12

(b) 3or-5
{d) —lor-2

) 1= or-

(R) -2
{b) Gor?

; 1
(d) Dorl 5
N Oor—
(hy 8
d 12
( 5
(N =5
B Tory
(@) -3or8
N 20r4

(h) 3- or-

(h) =8
(d) 13;
{h} -I‘l-‘ or
(h) |- orG
() Borld

(h -3or?

{h) —2ord
2

(i) 4 ; or

4
(b = or

(iiy 2

(iii) 100 ¢cm
{iii} 9 hours

(i) 4

(i) 345

e h )| e

15.

(iy 11025m
(iii) tsor7s

{iiy 8s

Exercise 5C

1.

8.

(a) a=0.h=-5
(©) (i) 2450145

(i) Y
(d) v=-1
(a) p=-T.4q=-3
©) (i) 12

(in 3.1.-0.75
(i) AS. 0. B@. 0. C0.20)
(i) 8
() 93
(i) 103,05
(€) -3450r245
(i) v=x(04 - 8x)
(i) S4
(iii) +.5cm. 45¢cm
(m (i) -Odor2d
i) -1
() v=1
(d) OQor3l
(i) $5000, 1 year

Review Exercise 5

e x e m &

10.
1.

12.

Challenge Yourself - Chapter 5

[
2,

1
: iy Tt
(d) Dor-2 >

(b) 2: or?2 >
3

) 0 x.:rl4 dy -3

(¢) | (f) =7

7
2 by 1!
{ 3

a) - or=2
()3

—_ -

1 3
p B2 - )
{c) | or 2 {d) 3 or =2

d

{i} --Ii ar 7

2 1
5 (i) -3 F ors
i -3
2. 10r6.9
{ii) Dorb

(i 2or =

s 1
(i) - 5

(iii) 30
(ifi) 24 cm

30

M 20m (i) Isor3s
AC-5.00. BUL.O0. C(O.5)

(a) 6

(©) (i) 480
(i) —=+850r 1.85
(iiiy -6.3

d) x=-1.5

(i) 64m.4s

8
(i} 3.32

OXFORD

FRIVEREITY FERRS



Exercise 6A

1. (a)

AN
©
35y
o
(©) :S-ub‘
2. @
T
« + 20
(c) =
M —-n
(e) = m
|
I G
@) a-bh
3
L
k
W e
3
b @) EF)J
3
[y
(c) =
I
AL .‘;.'-:-(fl ]
(© .f.t_’l;Za + 3b)
4a
@ =2 :
V= 3x
® ; 4+ x4
z a—b
@) 2a + 3b
&
i = I
(m) dimr
W+
_5_41"4"‘
(@) 1445
8
(c) St
9
() T
It
® he3
. mo+ 2
(i) -"—”
(k) bia - 2h)
X+ =
- ¥-z

OXFORD

UNIYI RN TR PE P

(h)

()

(b}
(d)
n
h)

{d)

(b)
(d)
(b)
(d)
()
{h)
)

il}

(h)
()
i
{(h)
)

]

Exercise 6B

aler -~ 36y
kA

n

IE;J(IJ + ) X

6p st

rg’ 4,

9x
T Ay
dic + dv
Te-d

(a)
(b)
()
{d}

(e)

(a)

(h)

(d)
(e}
)
®)
{(h)
(a)
{h)
(c)
(d)
(e)
N

29
IS.‘.‘

1
h
o -«

3! ﬂ!
If=-17h
2k

Sa

1'. 3_\'

|

.Hu + 20
r.'((l+_4)
- 5b
20 + ¢)
10ed + 2
(d = 5)¥2d + 3)
-f-17
(f+50/-1
52 - 494
(3h - 706 - Sh)
2k + 5
k + 1)k - 1)
8 — 10m
.(2m+_l)(2m.— l-)
2 =)
(n -2y
7
.()(a £ b_)
20 -1
2(3¢ - 7)
12/ + 104
15¢27 - o)
Su+7
6l — 4)
Tm - |
6(3n - 2)
Sho+ Tk

Jx

Z(_r ¥)
10~ 21y
6z~ 2v)
4’ - 23
(3 — 5)da - 1}
8h + 5
2h+ 1)
S5-2n
hh - 6)
Om’ = 25m + (2
u-:(r-.- T4_)(m —_'H

s by 6_\:

G-
3

2: 4+ 3

5. (a)
(h)
(<)

{d)

6

Exercis
i. (a)

(b}
(c)

()
(a)
(b}

[3¥]

(¢}
(d)

3 ()
(b)

(c}
(d)

6. (a)
()
()
(@)

7. (a)
(h)
(c)
{d)

8 (a)
(h)
(3]
(d)

2a+ 5
e :3)(« + D

I
b+ 1Kh - 6)
Jp: +4p 40
2p f.l)(p 5)
2% —av o+ 4
(x+ \)(;.4- 2\-)

v+ b

e 6C

v= -

5h-

R
a= g
m

a=mb+ )
3
p=5(5¢-1)

el

14

2A
h= f -

=’ + 4
D=~ dac
V=2t JPr

k=

Answers @



9. (a)
(b)
(o)
(d)
10. i)
(i)
11. ()
(i)
12, (a)
(c)
13. (a)
14. (@)
{c)
{e)

16. (i)

17. ()
(i)
18. 3
19. (a)
(h)
{c)
20. (a)

th)
{c)

v
"= y¥is
=z u'.'.: 2ax

v=pafv-g
o im - 3
5 n
Vv 2
h= = r
1 = 3
=308
het +a'c
17 3
25
5
5 (b) 126
7
+11.53
2210 (b 190
0! (h) -1
2 I
3 (dy 1 :
3 2
B
fu ..
- ey (i) 60 ¢m

I=g( 7"1 ) i) 00912 m

190ms’”

17.6
6GBE
+275
L}
r=Y
K

J’E
r= F{

(i) 00005
(i) 0,005 77T m

Review Exercise 6

1. {(a)
()

(e)

Jv x{c + 3d)
w (h) 5(('.— o
: @) =
20 ) 4(3f + 4D
=2 LY
L, )] =
3w+ 2 2+ 6
Hw —2) M 337
3(1'::: |
4 {h) —I3;l
6 @ Jox-D
4 -
|4p:q(p qy
n N T=—rsiae-
(r-q}
6 v+ o4
v -1 th) 4

@ Answers

7
3 da
il B
168
(b) A3+ 20)
11
© G -2p
d 16h + 25
(d 6(2h + 5)
10k + 17
{¢)

k= D4k + 5
Im’ o+ 16m - 20
(2;;1 - SH8 ¥ 3nm)
-Tn + 5§
(2n - 1Y
2 IJ
(p+d4Xp -1

4 @) a= "-“‘,) k)

100(A - P)
: B
| —a

(h) r=

€) t= &
L +a
Sk
S+ 24

a
€ b= 3a-2

 y=xJk-0" -z

el
P ot
5. {a) 2 <

Co
by - )
(h)y ~140

(dy h=

6. (a) 4 {b) £10
7. (a) 7860 (b) 166
) 6.4 {d) 9.81
3 2
H. (a) 45 {b} 2;)'
. R R,
9. (i) R= R, :'E:

(i) 1.2 ohms

10, (i) ;.‘=b:\.'r’ {x—a)

(i) 7or-I

Challenge Yourself — Chapter 6

1. r + )

2. n=6k=-5

Exercise TA

1. (&) Yes
(b) Mo, 2 has two inmages
{c) Yes
(d) Yes
(e) No. 4 has no image.
(f) Yes

2. 8.-28.-2.-7

aO@m3 Y S ()10

4. @18 G-17 (D8 ()
1 1

5. (a) @3, M5y

|
(i) 25 (iv) 45
(h) 20.28

3

6. ()5 (-2 D

¢

@3 M1 i) 3
7. 13.17.2)

{i) No  (ii¥ No

(iv) No  {iv) No

| 3 i

T .5 3

() No (i) No (iii)
|

8. 2.

.3 Lo |
(iv) Sa+5.lya+ 5.0y

3
VI (D 5,

Review Exercise 7
1. () No. 1 has two images.
(b) Yes
{¢) No. 3 has no image.
{d) Yes
|
2. -8.5.2 . 1
3.0m 2 (i) 27
giiy 12 (iv) 34

SVl )

4, W ! () 34

(iii) -6 (iv) =33

(v} 5 N
5. {a) () B (ii) ‘):i

Gip 85 V)24
(hy 40.4
6. (iy 4 (i) 4
diiy 2 (iv) 3
W 13 i
7. (i) Wa-=3 (i) (m+24
(ii) 6 .l, a—4

Challenge Yourself
102

Exercise 8A
1. AJFBLCEDGILK
2. (1 35em
(i) v
(i) WX.3.5¢cm
(iv) Z¥. 2.1 em
() ¥YX.2cm
(Vi) LVWX.90
3 EF=3d4cm GH=2l4cm,

LFEH =W, LFGH =75
MN=5cm. OFL = 3cem, & LMN = 65,

LNOL=120°
(1) AABC = APQR
() ADEF = ATSU
{¢) Not congruent

A (i) 567
(i) 16cm

OXEQIRD

9

17




iy 75°

{ii) 109 cm
(i) 6cem
(i) 96°

Exercise 8B

1.

(a) v=90.v=35 =355
th) v=28,v=34
) v=72.v=108

d) v= ‘).()._\'=52

(a) No

{b) No

() v=95,v=52.-=48
(hy v= 80,y =105
¥=16,v=18735

= 1000y = 27007 = 100
8m

v =56, v=06

1=068.v= 105

i) 4vm

{ii) 13m

Exercise 8C

|
2;
LR
3
v

10em. 3.5¢m
(i) k=2 (i) Bem. 7 em
(iy lemto8 km (i) 56 km
() i) (12525 m
(i) 1920 m (i) 0.1 ¢m
(iiii) !
35 000

() [.1km (i) 0.5cm
M 320km™ (i) 2cem’
dem. 9 em

. Bem

<)) 435mby375m

(h 675m°

(ifi) 78.75 m’

(i) 1emw0.235m

(i) 17em

{i}y 636m (ii) 53 cm
(i) 14km (i) 0.8 cm

(i) 112500 (i) 3125 m

(i} 1:30000 (i) 56¢m
(i) 3 km’

0y 219km’ (i) 0.505 cm’
T4 m° |

- i) 312k
6 000 000 1 "

(i) $S82.80
(iv) 2 hours 42 minutes
(¥) 42km'h

. 2800 hectares
. (i) 49 m

()\l‘()RD

SR T EVER

Review Exercise 8

1. {a) Notcongruem
(th) ADEF = ATUS
2. () 6em (ii) 93-
L @®H 92 (i) 4.2 ¢cm
4. iy e (i) 6em:Bom
(iii) 53¢
5. (a) Yes {h} Ycs
6, wu=53h=15
7. +=85.v=9
i) 607 (t) 7.5¢m
9. M 20m (if) 50 ¢cm
I, (i) 156 m (i) 65cm
1 -
11. (i) 35 Ei)() {i} 0,75 km
(iii) 32 ¢m
12, () 1983¢m (i} 243 km

12, (a)

(b
(c)

(i) (5.2)
Yes
(3.3)

(i) (5.2)

(iii} 154 em”

13, Gy 1 150000
(i) 36 cm’

4, () I4em

15, () 98 m

Challenge Yourself - Chapter 8
0y ADPC. ADAB, ARPC. ABQL:

2.

(iii) 4 hectares

(i) 10.5 km

(i) 1 km’
(iiy 25 em’

@) i (4.5
(h) No
(c} (4.2

Exercise 9B

2. () i3.-3)
(c)y (9.-2)
{a) (6.5

fiiy (4. -y

(hy) (7.6)

(h) (7.0)

4. 1207 anticlockwise rotation about €,
2407 anticlockwise rottion about O

(i) (2,00, 180°
{a) (iri6. 3
(h) (i}(5.2)

otn

(e) (2.2).¢0.0.2

7. x+v=2

(iiy 180°
(i) 90°

(2.-1}

8. (i) 6 (i) (45, 1)
(i) (1.3.5)
9. (a) 77.5° (h) 3i.5°
Exercise 9C
Lo A5, =23, B(6. U}, C(8. 0} and

DR -1

AABP, ADQP

1. Q10.3). Ri5.-2)

(i) 2:3
41

Exercise 9A

+

L7 I SO )

(@) (i)(3. )
{iii) (3. -3
(v}(3.2)

(b} (1) (-3.
(i) (-3, 3}
(V) (-3.-2)

cy i1, 3
(iii) (3. 3)
(V) (-2.3)

(a} (0)

(h) No
(1.2)

{ii} (" =)
(i} )
(iii) ( 6. 1)
(i) v=ux

I\J

(~1.11}
(i) (-1.-%)

(i) (-1, -3
(iv) (-3.4)
(vi} (p.—q)
(ii} (1. 3)
{iv) (3,
O0) (p.g)
() (3. -1)
(iv) (-4, -3)
i) (4. p)

(i) (6.1)
(iv) (10, 1)
(i) v =0

(a)rv=2 (h)yv=4d
WDv=v+ ] (Myr+v=2
e)v+v=1 (Ny=2x-2

(i (1.-2)
{3.10}

. i) (-2.2)
- {a)v==31-2

€hv=-3v+ 14

iy 2.

(B v=-3v+2

2, P4,
3. (5.0 [ B ]
4. (1) (4.8)
(iit) h=6.k=12
{iv) (-2.-4)
5. (@) (. 1))

() (10,0)
(e} (1.1

Review Exercise 9

Loa) (-2.1

2. (0.-7

3. (a) v =5v-28
by (1.-n

4. (a) Translation | ~

(i) p=g=0
th) (13.-4)

(d} (10.0)

(hy (-7,4)

(h) A reflectioniny =6

(¢)  180° rotation about (6, 3)

(d} 90° clockwise rotation about (6.0
fe) 907 clockwise rotation about (6. 6)

50 (a) (-2.-%)
(¢) (-2.-5)

6., v+u=()

7. (@) v+v=%
(€} v+v=4

8. (1) (3.2
() (3.4}

9., m=2¢=-3
10, (a) (3.1
{c} (7.3)

(h) i5.2)

th) v=y+35

(h) {-12,5)
(d) i~1.4)

{h) (3.2}

Answers @




I (@) () 5.3 i) (4.7}
(b (i) 4.-3)  Gi) 3.2
(©) (i) (-5.2y G (2.5)

Challenge Yourself — Chapter 9

A translation of 9 cm along AC.

Revision Exercise Bl )
1. (a) 8 h £

ic) ,]J or L {(dy 0. 11or-12

2. ax+51=66:34m
I.o(a) p=-ldg=-5

ey () -2
(ii) 1.30r0.2
(iiiy 1.1
(d) +=073
4 —x 4 1 b -9y - 4
@ gmn W™ Groneeon
10ay + 4
5 W) T 15a + 3
(iiy 3

6 (1) Tu-2
(iiy 10a+1
1 1
(i) 32:r+‘)3
7. (B 8cm
(i) s0° i

8 (i) —
@ 0 000

(i) Y9cm
(iii) 775 em’

9. (0.5

10, 147 clockwise rotauion about O,
187° anticlockwise rolation aboul O

Revision Exercise B2

1 1 ! or I
4 2
2. (i) -8 (i) 5
3. A(—S.0). B(-1.00.Ci0.3)
4. (@) 2ab - 4:: 7k
(b) 2cd -4 +3d
5. (D v= 2
mn
(i) 10ms’'
6. (i) =5 Gy 17
(i) 30 (iv) =25
7. M 95, em (i) 7.8 cm
. () 183m @iy 1525¢cm
s
9, y= gx+ 3
10. () [ 1]
a3
ol

Exercise 10A

1. (a) a=29 (hy Hh=237
{c) c=156 (d) =370

2, (@A) u=36 b h=128
{€) ¢=7.233 {d) d =200

L 17em

4. B6Tm

5. 36cm

6. S98m

7. (i) 28¢m (i} 10.8 cm

8. 5373m

9. (@) a=2206 (hy h=219

) e=151 (dy =28
() c=446
10, (@) a=15.b=0138
() ¢=428.d=303
(€) e=429 f=147
) g=321
1. () !l4d4m
12. 985¢m
13, 669 m*

(iiy 111m’

Exercise 10B

1. 50.3m

2. T m

3, 583m

J. 466m

5. Minches

6. 175m

7. 3.dem

8. 13cm

9. (i) 120m (i) 129m
10. (i) 4.34m (i} 1.72m
11. 168w

12. 3

13. (i) 922¢m
14. 10.2km
15. (a) (i) 33cm
(i) 21 cem
{hy 1089 em’. 1386 cm’
¢y (i) 4dcem
(i) 838 em’
(dy Circle

(i) 586.cm

Exercise 10C
1. (a) Yes: 2B (b) Nu

{¢) No (d) Yes: 20

3. No

Review Exercise 10

l. (@ a=115 (b} b=103
(¢©) ¢=10 (d) d=185

2. (i) 120cem (ii) 903 ent’

3. 21.7cm

4, 1.73cm

5. 108 cem’

6. (i) 923cm
(i) 60cm
8. (i) 93w
(i) 124 m
9. M) 130m (ii) 139 m
w. 13
3

(ii)y 2210 cmy’

-1

(1) 26.6m

Challenge Yourself — Chapter 10
1. (b (i} 12,1620
(i) 7.24.25:15.20.25
(¢ ) 257
(i) 21,2835
(dy (i) 7.24.25
(i) Nu
@iy 9.40,41
2. L1 unity’
3. Yo
4. (i) 4560¢m {ii) No

Exercise 11A
1. @ ) PO (i) PR
(iii) QR
(b) (i) XY (i Xz
(i) YZ

5 12
. 12
2. (a) ) 3 (in) =

s . 2
Gty = (iv) ::
3 2
™ oD 2

i
by @ o
(i) 2:‘ (i) 775
24 |
) T: i) o
oW M Gi) °
G L v 2
W 5 e
by i = (i) 2
X X
(i) {iv)
- X
v = (viy *

X &

4 (@ 107 (b) 0.967
() 0.864 dy 1.23
(e) 235 (0 0285

5. {(a) 4.66 (hy 1.53
() 1.13 (dy =141
(e) 0723 (H 0657
(® 201 (h)y 0910

OXFORD
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Exercise 11B

1. (a) «=138
2, (@ a=109
@ a=744

& L

(hy h=375
(b) b=151
(b) h=677

(a) a=671.h=995

By c=117.d=109
(©) ¢=681.f=976
() g=226.4=243

5. () 73m

6. (i) 21.7cm
{iif}) 68.3¢m

7. () 537m
3

9

Exercise 11C
1. (@) 318"
(c) 68.7°
2. (@) a=275
() ¢=678
() e=dl4d
8 g=487
i i=3519
(i) 646"
(i) 279°
i 17.1°
76.1°
(i) 71.8°
1937

ARG R W

Exercise 11D

1. 212m

2. 150m

3 P2m

4. 529°

5. () 433m
6. 170°

7. T9%m

8. 206m

9. 500°

10. 153 cem
11. 509 cm

12. i) 386cm

(i) 39.7¢

13. 132 m

(i} 109 m
(i) 37.5¢m

(i) 13200 m’

() 43.5°

(by h=540
(d) o =284
i f=4138
thy h=418

() 632 m
(it} 804 cm
(i) 750 m

(i) 204 m

{ii) 25m

{ii) 347 m

Review Exercise 11

1. @) a=176
(¢} =579
L) 40m

2

il 2 2
(i) 23
o)) dunits

s £
3
. 5710
(i) 145
- (i) 25em
(i) 329
(iii} 283 m
OXFORD

by b=1i235

(i) 32m

(i) h=346

(i) 459 m

(i) 698 cm
(i) 437 m

9. 300m
1. 130m
11. 35.6m

12 () 5.69m (i) 3,15 m

Challenge Yourself - Chapter 11

1. 136 units
2. " <r<dse

Exercise 12A

1. 20cm’

2. 46¢m’
1 23;— m'
4. Scm

5 T75¢m
. 5m

7. T8 emy’
. 10416
9. 8 i cm

10, () 141 em (i) 636 cm'
I, () 6.75¢m (i) 226 cm’
2. ) 9375m iy S84y
13. zsg #m

4. VA is shorter than VA,

15, (i) 693cm gi) 603 em’
Exercise 12B .

L. (a) 528¢m’ (h) 25()% cm

(c) 180 cm’ (d} 12 900 mm’

15 ¢m

24 m

3em

(a) 138cm’ (b 1930 mm’
(¢} 3040 cm’

6. 14 mm

7. 622cm

8. 160m

9. 287 em

10. 8192

12, () 5¢m (i) 393 ¢m*
13. 204 em’

14. 1230 cm’

I5. @) 2710mm" Gy 1290 mne’
16, 6620 cm*

17. (i) 660 cm® {iiy 1360 cm’
18. 1540 m’

(PSR ]

L7 I N
Fape-

Exercise 12C

1. ia) 2140em’ () 11500 mm'

(€} 268m
X (&) 697¢m () 143 mm
) 571m () 9em
® 720 mm fy 225m
3. @ 1810em’  (b) 1020 mm’
© 13’
4. 467 oy’

5. (@) 4.09¢m (b) 24.0 mm
(€} 159m {d) 4cm
(e} 150 mm N 35m

6. 135¢m

7. 709

8. 215k

9. 3cm

10. 240c¢m

11, 1486 cm

12, 434 m’

13. 7240 em’

14, 2:1

15. (B 182em’ (i) 22 ¢m

Exercise 12D

1. 1980 m*

2. 1560 ¢m’

3o 2260em’ (D 902 end’
4. D)y 32300em’ (i) 5080 cm’
5. 424

6. () 352m’ (i) 552 m"
7. 273m’

8. 675¢m

Y. (i) 8dem (i) 5635mem’

10. (i) 44400 em’ (i) 7610 em”

Review Exercise 12
L ) @) 23200em’
(ii} 5440 cm’
(hy (i) 2359m'
(i) 11.9m’
(€} @ 134000 cm’
(R 15100 cm’
{(d) (i} 334m'
(i) 242my°

2. (i) 658¢m’ (i) 553 ¢m’
3. 10115 kp/m'

4. 1020 cm’

5. {i) 344k (i) 5.34 ¢cm
6. (i) 400 (i) 144 mm

8. 323562
9. () 10500 kg/m'
(i) 794 ¢
10. () 09Y9em
an 0.792em’ 102 em’
11, 200 ¢m
12, 3:1:2
13. Xg cm

4. 793 cm

Challenge Yourself — Chapter 12

I. 454cm’

Answers @




Exercise 13A
1. (). ie). (D (2)

2. (a) | (by 1 (c)
) 3 ey 2 N
(g) 2 (h) 2 (i)
gy 2 (k) 1

4. (@ 2 by 2 (¢)
(d) 1 (&) 3 ()
(g 1! th) 1 (i)
g ! k) ! ]

. (@) v=2 (b y=+4
€) v=3 (d) x=4

1. (@) W.M.A.T.H
{hy E.H
{¢cy H
(dy N.S

Exercise 13B

)

3. @ ) ! Gy !
by (O 2 (i) 2
€y (i) 0 (i) 2
dy (i) 8 (i} 8
€ i 2 () 2
n @ 2 (i) 2
(g) ) 2 {iiy 2
W ® 2 (i) 2
M )y o (ii) 4

Exercise 13C

1. (a) True (h) Faise
{c) True (d) True
(¢) True (Hh True
{g) False () True
(i) False (jy False

2. (a) 4 {h) 6
{(¢) Infinite (d) Infinite

4. 4

5. (@) i) 3 (iiy 3
(by i) Y (i) 13
ey (i) 4 (i) 4
d) (i) 6 (i) 6
ey iy 6 (i) 4
(B () Infinne (i) !

(g) (i) Infinite (i) Infinite
(hy (i} Infinite (i1) |

tiy M 4 (i) 1

gy () Infinite (i) Infinite
6. 9. Yes
7. iy 2

i) 1

(iii) 2

@ Answers

£ 0

[ R IRV

Review Exercise 13

2. ()
(h)
{c)
(d)
(e)
)
()
X (a)
{©)
(e)
(g}

(iy 2 iy 2
i) o (ii) 4
(i 8 tiiy 8
iy 3 (i) 3
i 1 (i) |
(i o0 {iiy 2
M 2 (ii) 4
1 (by 2
! (d) 2
2 !
2 (hy 2

Challenge Yourself — Chapter 13

1. (i)
2, M)

Infnite
Infinite

Revision Exercise Cl

L) Qe+ 1y =(20 + -5
Giiy 12
(iii) 84 cm’

25 53.5°

L 122em

4, DI75cm

£, (i) 243c¢m (i} A7.1<m

. x=06
7. 6

Revision Exercise C2

1. (i) 408cem Giip 12.5°
2, 12lm
3. 455¢m
4. {a) 1 S513cm
(ii) 969 cm’
h 1o
A, 430cem
6. v= 4-'\ =
7. Infinite
Exercise 14A
1. () {1.3.5.7.9}
(h (i) True (i) Truc
(iii} False (iv) True
2. (a) 12 {h) 8
(e} 7 n 12
o {2.3.4.5.6.7.8.9}
(h) {-10.-9.-8 -7.-6.-5.— -3,
2.-1}
{©) {2.4.6.8.10.12}
(dy {A}
4. (a) {A.E1}
{b) {red. orange, vellow, green. blue,
indigo. viodel}
ic) {9.18.27.36.45}
(e} {12.14.16.18.20,22}

5. (a)
(c)
(e)

6. (a)
{c)
({]
g
(i)

7. (@)
(b}
()
(d)

8. (a)

(h

—

9. (i)
(i}
10, (a)

(h)
{€)
{d)
(¢)
n
(@
(h)
11, (¢}
12, (a)
(h)
(c)
(d)
(e)
13. (i)
(i)
14. (1)

(iii} False

(v)

(<)
()
16. (a)

(b)
{c)
(d)

17. (i)

(iii) False

True
(vii) False
15, (1) True

Yes {h) No
No {d) No
Yes () No
Yes (b Yes
No (d) Yes
Yes N Yes
No {hy No
Yes (j) Yes
{ }: Empty se1

{ 1 Empty set

{ 1 Empty set

12} Not an empty set

{Monday, Tuesday, Wednesday.
Thursday . Friday., Saturday, Sunday }
(i) Tuesday € D

(i) Sunday €

(iii) March € D

{iv) Holiday € 1

No

{4.9.16,25,36.49}

{red. orange. yelow, green, bluc.
indigo, violet}

1S.Y. M. T.R}

{January, Junc. July}

{1, 13,1517}

{b.c.d.f. g}

{ Tuesday, Thursday }
{2.4,6.8.10,12}

{February}

The set of first 5 letters in the alphabet

China: the set of ASEAN countrics
Rubber: the set of edible fruits

20: the set of perfect squares

75: the set of perfect cubes

Pie chart; the set of statistical averages
@={:R={1}
O=0:Rz0
False (ii) False
(v)False
(vi) Faise
(viii) True
{h) True

False (d) False
False () False
§={v:xisagirlinmy current

class wearing spectacles)
F={x:xisaprime number}
/= {x:xis a mubiple of 4}
V= {x:xisamukiple of 4
between -8 and 12 inclusive]
(it} Truc
{iv)Truc

False

OXFORD
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Exercise 148

L

o

(@) {2.4.6.8.10.....20}
(b} {4.8.12,16.20}

(©) {3.6.9.12. 15, 18}
(dy {1.3.5 7.9,

19}

(e} {1.2.3.5.6.7.9.10. 11,13, 14, 15,
17.18.19}

(0 {1.2.4.5.7.8.10. 11,13, 14, 16. 17,
19, 20}

(a) {30.31.32, 34, 35, 36. 38, 40, 4]
43.45)

(b) {35.43.44)

(¢) {31.37.41.43}

(dy {30.31.33.34, 35 37, 38, 3941,

42,43, 45)

(e) {31, 32, 34, 35, 37, 38. 40, 4.

43, 44}

(@) {2.3,5.7}

(hy {2.4.6.8.10)

(€) {5.10}

W) {1.4.6.8.9, 10}

(€ {1.3.5.7.9)

0 {1.2.3.4.6,7.8.9)

(i) &={uger. cat. dog. mouse. lion}
A= {cal. dog. mouse)

(i) {tiger, lion}

(i) §={I,2.3.4.5.6.7.8.9.I()}
B={2.4.6.8. 10}

(i) {1.3.5.7.9)

(@) {20.40, 60,80}

(h) {60}

(c) {40.80}

{d) 0

(i) A={stu)
B={s.Luv.w.x.y. 2}

(i) Yes

(ii) Yes

) £={1.2.3.4.5.6.7.8.9}

C={1.4.6.8.9}
C={23357

) E={ab.edoe.fighij}

D={b.c.d.f g h.j}
D= {ac.i}

A F={1.2,3.4.5.6.7.8.9.10. 11.

12.13.14.15.16.17.18.19. 20}
F={4.8.12.16)
(i) . K

(DG ={1.2,3,4.5.6.7.8.9.10. 11,

12,13, 14,15.16.17.18. 19,20}
(iVkE=G

LACH
. {a) True (h) True
{¢) True (d) False
{¢) True
OXFORD

USEVERALEY P

13,0 15017,

1S, () {3 {13423 1.2

16.

17.

{h} {}.{pcn}.{mk}.{rulcr}.{pcn.ink}.
ruler},

{pen. ruler}. {ink.

{pen.ink, ruler)

() {} {Thailand}. { Vietnam}. { Thaikind,
Vietnam}

) { ) {a}. {c}. {i}. {0} {a. ). {a. it
faco} {e i} {e. o} {i. 0}, {a. e},
feo i, o} {a, e, o), {a. i, o},
fa.e o)

@) {}. {x}.{y)

(b) {}.{Singapore}, {Maiaysia}

o) { 3. {3} {4}, {5}. (3.4}, {3.5}.

{4.5)

£ {ar. {b}. {c}. {d). {a. by,

{eed facdd) (b} {b. d}.

{c.d}, {a.b.c}, {a. bod). {a.¢.d}

{b.c.d}

M O={1.2.4.5.7.8.10.11.13, 14,
16, 17,19, 20}

(i) O = {x: xis a positive integer less
than 21 that is not divisible

(d

—

by 3}
I18. (@) # (hy 2
) = (d) =
(€) = n =
g C (h) =
(i) * (j) =
(k) C i =
19. (a) True (b} Truc
() False (d) False
(e} False () True
g} True (h) False
(i) True @) True
(k) False () True
(m) False
Exercise 14C
1. (a) {b.¢} o
() {m.n.y} () {t.s.c}
(e} {1.r.a.i} N {a.i 0}
2. () {2.4)
3. (i} {biuc. yellow_ pink}
4 @ {1.23.4.57.9
() {1.2.3.4.5.6.7.5.9)
{c) {2.4.6.8)
(d) {2.3.5.6.7.9}
(e) {2.4.6.8)
S, G {11.12.13.14,15. 16.17. 18. 20}
6. (i) {appic.nmngc.hunzmu.gralpc.duriun.
pear. strawberry'}
7. () {durian.mango. pincapple. rambutan.
soursop}
(ii) {durian. mango}
8. (a) {3.6.8.9, 12}.{6.9}

(b) {a.b.x.vom.n o ph@
(c) {monkey, goat. lion. tiger), {goat}
d) {a.m k.y}. 0

9,

(@) E={1.2.3.4,5.6.7.8.9.10, 11,
12,13, 14, 15}
I={4.8,12}
J={1.2.4.8)
© M {3.5.6.7,9.10.11,13. 14,15}
(i} {12}

11 () M={1.4.9.16.25.36.49. 64}

P={1.8.27. 64}
(iii) {1. 64}

12. (i) N={8,16.24.32)

Q= {4.8.12,16.20,24.28, 32}
(i) {8.16,24, 30
{iv) Yes

1340y kR={1.2.3,6,9.18)

$=4{10,12.14.15. 16}
i) {)

4. () 7={4.8.12)

15. (i)

U={1,2,3.4.6,8. 12,24}
(iii) {1.2.3,4.6,8.12, 24}
(Iv) Yes
V=1{1,5.25)

W={6.12 18 24)
(ifi) {1.5.6, 12, 18,24,25}

16. (a) E={4.5.6.7.8.9.10, 11,12, 13,

14.15.16.17. 18)
Y=1{6,9.12.15.1%)
Z={9.18)

(©) () {4.5.7.8.10.11,13. 4. 16,

17}

(ii} {6.12.15}

17. () £={0.1.2,3.4.5.6.7.8.9. 10, 11}

P={2,357.11}
0=10.1,4.6.8.9.10)

) () {0.1.2.3.4.5.6.7.8.9.10, 11}
(i) {}orp
(i) {0, 1.4.6.8.9. 10}

18. (b) (i) They are the same.

20 () A

22, () A

(i) They are the same,

(i &

{iv)A

(i) B

(ili) Not possible to sumplify further.
(iv) Not possible to simplity further.
{(v) A (vi) &

(vi) Not possible to simplify further.
{viii) B

(i) @

Review Exercise 14
1.

(@ A={1.3.5.7.9}

(b} (&) True (i) True
(iti) False (iv) False

(e) (i) -3¢ (i) 3¢ A
dinneg A (iv) 9€&€ A

() B={2} ix not an cmipty set.

(b) C = {Sawrdity. Sunday) is not an

cmpty set.

¢y D={}=0 d)F={}=0

Answers @




. 3 - 2 o a
3, () {—4.-2.0.1.3} 12. @ {ii) =5 Review Exercise 15
(h) {} o o 1. (@) () 5.6.8.36.58.65.68,85 86.
(©) {-5.-4.-3.-2.-1.0.1} i 5 i 5 S6%. 386, 658. 685, B56. 865
(d) _{‘5__4, 3210, 1..2, o L . : iy 15 |
4, (a) True (b} .}*.alsc 2 : ) G - (i)
(¢) True (d) True i) {iv) — 5 3
5. (i) {4.5.7.8. 10,1112, 13,14, 15, ' 2 W I
. I o b 2 3
16, 17. 19,20, 21,22, 23) U (i) o |
6. () {-7.7} i) | o2 (iii) 6
(i) {1.2.3.4.5.6} iU s N W o
Gil) {-7.-6.-5.-4,-3.-2,-1.0. 1.2, 15, 2 h 26
3.4.5.6) ) o : i) )
7. (i) {3.5.6.7.8. 10,1112, 14,15} 16 @) (i S5 GG 113 '13
8. (D) {5} 5 oW {ii) -
9. () {}. {1 A AD (s i i i o G
{.‘&.i.l} . 4 n 7 |
, _ o M O - Gy 5.0 i L
(i) { ). 1o s {sn a0t 7. G) 26 57 57 5. W 5 {ii) 0
(i) 64 (i) 0 (i) =
Challenge Yourself — Chapter 14 S L | .
2, 2% 0 =5 @ %o 6 W (i) +
o} : (i) (iv) L. 13
Exercise 15A 5 110 (W) o
1. 1.2.3.4.5.6:6 9. ) - (i) - : i
4 7. G 0 1
2. (a) 2.3.4.54 . g @) (f) , ('_f) o
(h) A.B.C.D.E.F.G.H.LII0 20. 2 by @ i)
(€ R,.R.R.R.R.B.B.B.G. o s T
G 10 Exercise 15B 8. ) i) S
(@) T.E.A.C.HE.R:7 Lo 2 i (iii) 0
L) (i) - . |
(&) 100, 101,102, ... 999: 900 5 W 9. (i) 55 @ o
.3 L . )
3.0 g G o {im) - (iv)o 0. () 37p-2g-145=0
e . 3 w2 (i) p+29-55=0
1 2. ) (i)
(iil) (v) 2 m 3 (i) p=5.g=20
LT o 7 .S LS
4. (i} T (ii} i 30 s (i) -
3 : Y % Challenge Yourself - Chapter 15
3 o ] i 2. (i) (i) 0
{v) = 4. (i) . (1) = '_){
5. 0 G 3 G (i)
= )
L @ 5 5. @) 15+ iy 5 Exercise 16A
o 2 . ' 1. (i) 15ke (iit) 36 kg
h. (1) T (i) ~ (i) 60 Gv) 9
TR ) s o . 4 w9 2. (i) | minuke (i) 13 minutes
G W) LT ’ T iy 31 Giv) 1131
L L3 .2 ! ,_
7. () : (i) 3 7. (w) (i} = (i) 3 3. (i) 15% (iii) o
(i) v 2 CORRUIC S R 4. (@) Strong.negative
5 5 13 ! (b) Moderate. positive
8. ) 11 (i) % 8. 91 {¢) Strong. positive
.'+ - 9. 3'.'4 (d) nowne
() 7 10. 10 5. 57000
9, 11 7 6. (i) 60%
R ) 12,0 5 (i) 20+ 46 7. () Séminues )
. ® 5 LT (i) 30 B @) 2 . X
n. @ - i 13. v= 16,3 = I8 (B) () 415% () 167 %
! U () Girls
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9.

10,

11,
12.

14,

16.
17.

18.

. i) 25%.60%

(ii) 26

(iii) 35%

(i) 7 minutes, 9.8 minutes

{ii) 30%

; 3

(iv) 5

(a) 2007.2008,2010.2011.2012
(i) School @ (ii) School P
(iii) School P

tiii) Class B
(ii) Strong, positive correlation
(iv) 137 mm Hg

(¥) No

. (i) Strong. negative correlation

(iv) 68 years

¥) y= g-& v +88

(vi) No

(ii) No correlanon

(i) 3 (i) 56 ; %
(iv) 8

Stem-and-leaf diagram

Exercise 16B

-
h

. (i) 9.8

(iii) 2 hours {iv) 26
w

13
(i) 4:1 {iiii) No
(i) 3
(i) 40 (iin) 150

(iv) 46 = %

5

(a) 55.5.60.5.7:60.5.655.6; 655,
70.5.5:70.5.75.5,10: 75.5. 80,5,
5:80.5.85.5.5.85.5.90.5,2: 905,

95.5,.3:955,1005.3

(h) 91-95; 66-70; 81-85

(a) 84

(a) 10.2 x standard, 3;
5.1 x standard, 6:
5.1 x standard, 11;
5.1 x standard. 13;
15, 3 x standard, 1

(@) 10.1.2:10.1,1;20.04: 30,02

) 84343 G114l

32.37.42,.47.52.57
(iif) 349,99
(iv) 3

Review Exercise 16

1.

2.

(ii) 1 minute and 2 minutes
(i) 73 1 %
iy 4 °
T )
(iii) 25

(i) 6

OXFORD

UNIVFRSIT Y rmp

i (i) t65cm (iti} 145 cm
(v} 2:1

4. (1) 82 km'h {ii) 5%
(iii) 84

5. (i) $96.880
6. (c) i) 9

(iit) Group A

(¢) Strong, positive
7. No correlation

K. (i) (ili) 51278
FEor
9 (i) =
M (@) 20<y=25 12
0 <x=35T;
B<r=4a0,4;
40 <v=453
thy 39

Challenge Yourself — Chapter 16
2 students obtain 3 marks. 5 students obtain
4 marks. 5 students obtain 9 marks.

Exercise 17A

L 38

2. $33.36

38

4. 54 kg

5. (i) 96 (iiy 13

6. () 30 (i) 60
(iii) 2

7. 1.35days

8. () 9 (b) $8.90
() 4.85ycars

9. (B 128 (i) 2i

10. 51110

M. () 27¢m (i) 42 ¢cm

12. (a) 4.3

M & 371a G a0u

S
3. 2em Gy
M. () 123.52 mimutes
Lo 29
oS
15. (i) S527kmh (i) 2.3
16, (i} 7:0:1:1:8:3
(it} 2255 million ki
17. 11
18. (i) 172,01 hours (i) 172.7 hours

Exercise 17B

. @ 5 (b) 295
(€) 2.8 (d) 12.75

2. (a) 395 th) 70
(©) 57 (d) 425

%)

10,

11.

12.

13,

14,

15,

16.

17.

18,

(a)
(a)
(c)
(¢)
(i)
{b)

(a)

{(b)
(#)

(b)

(a)
(h)
{a)
(i
(iii)
(v)
(ii)
(iv)
(ii)
(a)
(b)
(c}
(a)
(c)
(i

3 (h) 7.7.93
Red {h) 78.79

o) d) 30

No mode

2THC (ii) 22°C.27°*C
(i) 205 (ii) 2

(iii) 2

(iy 323km

(ii) 32km

(idi) 32 km

|

5

(i} 53207 (i) %32
(iii) 532

3

5
(i) v=i2.yv=6

iy 7 (i) 10

7 (h) 3.4.5
5.4.67 (i) Jun Wei; No
3.4 (iv) 2.6

Mode

7.7 (iii) 6.8

Mode

Mean

r=10.v=4

(i) 2 (ii) 2

1

7 (b) 7

2

- (it) 2

Review Exercise 17

1.
2,
3

ok

th

10.

(a)
10}

12.13.14 (h) 94,955 98

a=26.h=29

(a}

(h)
(i
(iii)
{a)

(a)
(b)
(a)
(c)
{b}
()
(h)

() h+k=1000
(i) h= 1004 = %0
{ii) O

6.55%

8%

(i) 74068 A

(iii) 72 A

(iii) v=20.y=24
(i) 3 (ii) 3

14 (b) 9

11

(id) 13()1 em (i) 905
(ii) Cheetah

(i) 6.5%

(it) 73 A

(i} Jugu}nr
Median
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Challenge Yourself — Chapter 17
L ovxay+2v.ox+2v+20

2. a3
3

172¢m

Revision Exercise D1
1. (a) {21.22.2?‘25.26.27.2‘),3().3].

32.33.34}
. i -

2. 3 (i) =0
1 . 4
(iii) 10 (iv) e
. . |

.m0 (i) -
i R e
(iil) 3 (iv} T

4. (i) 5 (iii)2(_;‘-&

5. {¢) (i) TL.A5 (i) 3

(d) v=-114v+389

{(¢) Strong. negative correlation

6. () 175 i) 3:5
IOVT B
(iit) 35

7. () 12675 TIRE
(i) 13 )

8. (i) 32days i)

Revision Exercise D2

1. (Giy ¢ (i) [3.4. 6.8, 9}
. 3 ey

2. (i) = fii) =

3. 280

4. (i) 70%

5. i) 2

6. 068

7. (@) x=9%v=4
() () 6 (ii) 5

Problems in Real-World Contexts

3. @) 1416 G 842w
(i) 473 m’ >
3. () 50.6T.614% 55.4%
(h)  $22 000, 535 000, Sd1 000
(i) Fthan's method
(iii) Ruw Feng's method
6. (a) No
(by (i) t6m.10m
(i) 2m.05m
(¢)  Quadratic trendhne
)y Om:s556m:lm
16.7m: 222 n 278 m:
333 m: 389 mr H 4
S0 m: 55.6 m: Yes

i
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Book Piracy and

Plagiarism
are c ri m es Look out for the new security label

whenever you purchase an Oxford
Beware of both! textbook or supplementary reader.
Labels with the features shown below
are proof of genuine Oxford books.

A colour shift oval with an image of the Quaid’s
mausoleum changes colour from orange to green
when viewed from different angles.

The labels tear if peeled from the book cover.

The labels have security cut marks on the top and on
the bottom to prevent them from being peeled off and
reused.

The word ‘ORIGINAL’ appears when the area under
‘Rub Here’ is rubbed with a coin.

L - ® The words ‘OXFORD UNIVERSITY PRESS ’ written in
very small print become visible when viewed through
a magnifying glass.

o) s Pirated books can be recognized by:

accept the book if the
label is missing, has been
torn or tampered with, the
colour on the security label does

- inferior production quality
- low-grade paper

not change, or the word
‘ORIGINAL’
does not appear upon
rubbing the area
with a coin.

. variations in texture and colour
- poor print quality
- blurred text and images

» poor binding and trimming

. substandard appearance
of the book
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New Syllabus Mathematics (NSM) s a series of textbooks where the

inclusion of valuable learning experiences, as well as the integration of real-life
applications of learnt concepts serve to engage the hearts and minds of students
sitting for the GCE O-level examination in Mathematics. The series covers the
new Cambridge O Level Mathematics ( Syllabus D} 4024/4029 for examinations
from 2018 onwards. The newly formatted questions, which require application of
mathematical techniques to solve problems, have been inducted.

Special Features

. Chapter Opener to arouse students’ interest and curiosity
. Learning Objectives for students to monitor their own progress
. Investigation, Class Discussion, Thinking Time, Journal Writing, and

Performance Task for students to develop requisite skills, knowledge
and attitudes

. Worked Examples to show students the application of concepts

. Practise Now for immediate practice

. Similar Questions for teachers to choose questions that require similar
application of concepts

. Exercise classified into Basic, Intermediate, and Advanced to cater to
students with different learning abilities

. Summary to help students consolidate concepts learnt

. Review Exercise to consolidate the learning of concepts

. Challenge Yourself to challenge high-ability students

. Revision Exercises to help students assess their learning after every few
chapters

Components

Textbooks 1to 4

Workbooks 1to 4

Teachers' Resource Books 1tod

Workbook Solutions 1to4
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